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Abstract：An output feedback tracking strategy for a class of uncegain nonlinear systems in strict feedback form is pro- 

posed． e unce~mn nonlinearities of the system do not need to obey the linear growth conditions．A high-gain differential do· 

selNer is used to estimate the derivatives of the tracking error．Instead of these signals themselves，their signs are used in a spe— 

cial variable structure observer． e controller is then designed via backstepping procedure．It carl guarantee the boundedness of 

all signals in the whole closed-loop system． e tracking error carl be limited in any desirable range． 
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一 类不确定非线性系统的鲁棒输出反馈跟踪 

张侃健，冯纯伯，费树岷 

(东南大学 自动化研究所，江苏 南京 210096) 

摘要：讨论了一类严格反馈型不确定非线性系统的输出反馈跟踪问题 ．所讨论的不确定性不满足线性增长条 

件．先设计高增益观察器估计输出偏差的微分，并将由此获得的信号的符号用于变结构观察器 ，随后用 backstepping 

过程设计输出反馈控制 ．得到的控制器可以保证闭环系统的所有信号都是有界的，且跟踪误差可以任意地小． 

关键词 ：鲁棒控制；不确定非线性；输出反馈 ；变结构观察器；backstepping过程 

1 Introduction 

Th e control problem has attracted much attention． 

Conceming how to achieve robust stabilization or track— 

ing via feedback control when a nonlinear system em— 

bodies uncertainties，such as unmodeled dynamics，un— 

known parameters or exogenous disturbance．Compared 

with the rapid progress in state feedback control【 ·21
．  

there ale very few results of robust output feedback sta— 

bilization or tracking for uncertai‘n nonlinear systems de— 

scribed by state space mod els[3一 
． The aim of this pa— 

per is to investigate the problem of robust output feed— 

back tracking for a class of SISO uncertain nonlinear sys— 

tems in strict feedback form ．111e uncertain nonfinear 

functions involved need not obey the linear growth con— 

ditions，provided that the nonlinear functions together 

with a sufficient number of their time derivatives are 

piecewise bounded by some known  functions ．The key 

contribution of the method is to introduce a variable 

structure observer with special form．‰ t is needed 

here is the signs of the signals obtained by the high—gain 

differential observer．Robust output feedback control law 

is obtained by a backstepping procedure witl1 the use of 

signals from the variable structure observer．111e con． 

troller can guarantee boundedness for all sign als in the 

closed-loop system ，and make the tracking error to be 

arbitrarily small by choo sing suitable parameters of the 

variable structure observer from a solvable set ofinequal— 

ities． 

2 Problem statement 

Consider the following SISO system 
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where (￡)=[ l ⋯ n] is an，z-th order state 

vector，functions ( ，d )’s represent the system non- 

linearities with uncertainties，d￡(￡)’s are uncertainties 

that include unknown but bounded parameters，unmod- 

eled  dynamics an d exogenous disturbances．Assuming： 

Assumption1 In system(1)，functionsA( ，d1)， 

i = 1，2，⋯ ， and their continuous time derivatives 

from 1st to(t／,一i)th order satisfy 

l ( ，di)l≤  ̂( 1，⋯， i+j)， 

VJ=0，1，⋯ ，／／,一i 

except at some limited number of discontinuous points． 

Here h ( l，⋯， + s are known sufficiently smooth 

functions ． 

Under this assum ption，system (1)belongs to a class 

Of nOnlinear system with strict feedback form[ ， 
． The 

aim ofthis paper is to design a tracking control via out- 

put and some sign als constructed by output．First of all， 

we have the following assum ption： 

Assumplion 2 The reference trajectory Y (￡)and 

alliIs fLrst,r／th．order time derivatives are bounded，or， 

there exists a po sitive constant y such that 

1)，! (￡)l≤y，v￡≥0，i=0，⋯／／,． 

As sum ption 3 Th ere exist some kn own  po sitive 

constants。f such that l ￡(0)I≤。i is valid for the initial 

values (0)of the system (1)． 

Remark 1 As sumption 1 is somewhat restrictive． 

But there still exists a wide class of nonlinear systems in 

strict feedback form  satisfying such an assum ption． 

Some abruptly chan ged exogenous disturbances can be 

considered．And in fact，the systems discussed in【8j 

satisfies this assum ption． 

Now all the states of system (1)are to be estimated． 

It is rather difficult to use high-gain observer directly due 

to the severe nonlinearities in the system．So the variable 

structure observer of special form  as follows is propo sed ： 

r立￡=露 +l+g (露l，露2，⋯，露f)+Lp (zi)， 

{未 = +g (露)+ ( )， (2) 
【 

： 1，2，⋯ ，n一 1． 

Functions gi(·)are to be chosen．Variable structure 

gains Li are po sitive constants to be determined ，i= 1， 

⋯

，t／,．Functions o- (·)’s are defined as 

{ 乏 ㈦ 

Auxiliary signals (￡)’s are defined in a recursive form 

as follows： 

l(￡)= l(￡)一露1(￡)， 

㈩=寿 ㈩)+ 
= 1，⋯ ， 一 1， 

(Lpz( (t)))， 

(4) 

where the po sitive constant and the non-negative con。 

stant ￡，i= 1，⋯ ，／／,wi ll be  determined later．Th e ini— 

tial conditions +l(0)，i=1，⋯，／／,一1 are chosen to be 

zero． 

Remark 2 In this paper，a system 

)= 

[zyi= -- Yi+ Yi+

J 

埘(￡)， ≥ m 

= 1，⋯ ， — m 一 1， 

= 一 ，n ，⋯ ， ， 

(5) 

with +l(￡)：=w(￡)and initial values yi(0)=0， 

i=1，⋯，t／,．It is easy to see that the first( —m+k)山 

time derivatives of the signal r(￡)exist if the input 

w(￡)is kth．order differentiable．Here k is any non-neg- 

ative integer． 

Several sim ple propo sitions are introduced： 

1 
( s+1) ’ where 

“ > 0 is a co nstant and m is a non-negative integer； 

suppose there exists a po sitive constant M such that the 

input satisfies l w(￡)l≤ M，then 

1)I r(￡)l≤ M； 

2)Furthermore，if there exist positive constants P and 

g satisfying 

w(￡)≥P+g(or w(￡)≤一P—q)， 

V￡∈ [ 0， 0+Tj，V to>0， 

then for any given po sitive constant r < q，there exists 

the positive constant which is not related to such that 

r(t)≥P+Z(or r(t)≤一P—Z)， 

V￡∈ [￡0+ ，￡0+ j， 

where T is a constant larger than ． 

Proposition 2 r(￡)= 埘(￡)，and sup。 

pose w(t)is differentiable，then 

)_寿  )+ 
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Proposition 3 For any constant L，let r(t)= 

， 
≥ m and ，m a陀 n。n．neg iVe m伦一 

gers，then there exists a positive constant which is not 

related to such that l r( )l≤ e一 ． 

These propo sitions can be easily proved by linear sys— 

tem theory． 

Setting e ： 一 露．it can be obtained 

f 0 =ei+1+ 一gi—Li (zi)， 

{e = 一g 一L (z )， (6) 
【 ：l

，

⋯

， 一 1． 

After introducing the variable structure observer，the 

objective of this work call be defined as follows： 

For a given po sitive constant e and an y smoothly 

bounded reference trajectory Y，(t)，an output feedback 

controller 

u=u(露，Y 一，)， ) 

with suitable parameters and后 ，厶(i：1，⋯，／7．)is 

said to be tracking with accuracy e，if it makes all the 

signals in the closed loop system bounded and there ex— 

ists a po sitive constant T such that 

l 1(t)一Y，(t)l<e，V t≥ T． (7) 

3 Controller design 

The controller for the observer(2)will be designed i‘n 

this section fu'stly． l the sign als of the observer can be 

obtained directly；the functions g (·)’s and the con— 

stants L ’s are to be chosen and l ( )l≤ L ，i= 

1，⋯ ，／7,．Th erefore，the controllaw can be  constructed 

as a special case of a class of strict feedback system with 

bounded uncertainties，such as investigated by[1]and 

[2]．So，taking the observer(2)as the controlled 

plant，the feedback controller can easily be design ed by 

backstepping proced ure as follows： 

Consider the following coordinate transformation for 

observer(2) 

面 ：露i—vi(露1，⋯，贾 一1， ，，⋯，)， 一 )，e )，(8) 

with sufficiently smooth functions vi(：el，⋯，霓 一1，yr， 
⋯

，)， ))as： 

1=y，(t)， 

= 一  一惫[荽(羞 ) + 】_ 一g + 
i-1 CgVi(巧+ + )+ i-1 3 vi (』)

+ y ， 

= 1，⋯ ，／7,一 1， 

(9) 

where (ef，i= 1，⋯，／7,)are arbitrary positive con— 

stants，the observer(2)can be rewritten in the new co— 

ordinates： 

未 ：钆 一 一毫【薯(鼍 ) + 一 
让  + “  ， 

i= 1，2，⋯ ，17．一 1． 

未 ：u+ 一∑ (句+1+白+ )一 l u+ 一刍 巧+1+白+ 一 

y 一 y 

Consequently，by choosing the controller 

= 一 n一 ~n-1一 gn+ 

鸶(铀+白+ + 
)， +)， 一 ⋯ ) 

and using the following Lyapunov function v(e)= 

∑面；，it can be concluded that the derivative of 

(面)along the trajectory of the observer(2)satisfies 

≤ 一 V+ ，that is 

( )≤ +(v(o)一e)e一 ‘，V t≥0． 

Here 

；： 1∑(／e1)， ：
．

min f． (12) 
A f

：
1 ‘ 1，⋯ ， 

v(o)is an initial value of ( )at t：o．Noting that 

the initial conditions of the observer can be set arbitrari— 

ly，and the initial values at t=0 of the reference trajec— 

tory together wi th all its first n—th order time derivatives 

can be used directly．the following eq uation can be satis— 

fled step by step： 

露 (0) (露1，⋯，露 一1， ，⋯，)， 一 )lt：。，(13) 

= 1，⋯ ，／7．． 

This leads to v(0)=0，thus it can be obtained that 

( )≤三，V t≥o．Since (e ，i=1，⋯，／7．)can be 

chosen arbitrarily，so is三． 

Based on the above analysis and noting that vi s ale 

expressed  in a special low—triangle form ，the following 

lemma can  be directly verified ： 

Lemma 1 For any positive constant e in (12)， 

there exist positive (L 一， 一2)and ai(L1，⋯， 

维普资讯 http://www.cqvip.com 

http://www.cqvip.com


176 Control Theory& Appfications Vo1．20 

L 一1)(i：1，2，⋯，n)such that the closed loop system 

formed by system (1)together with the observer(2) 

and the controller(11)satisfies： 

露 (0)I≤ h (L1，⋯，L 一2)， 

露 (t)l≤ a (L1，⋯，L 一1)，V t≥0， 

= 1，⋯ ， 

(14) 

and l露1(t)一Y，(t)l≤、／／2芒，V t≥0． 

Remark 3 The parameters L1，⋯ ，L ale to be cho— 

sen．They flre contained in the functions 0i(·)and 

h (·)in the controller(1 1)． 

With above assertions，the differential observer(4)is 

analyzed below．Appling Propositions 2，we can obtain 

from(4)and(6)that 

：1 e1· 

+ 

i-1 

c + 

=! 
( s+1) 一 ej(0)，i=1，⋯，n 

0=to<tl< 2<⋯ < <⋯ (15) 

to be discontinuous points of the functions ’s and de— 

finef／‘ 一 一 ’s to be any values at instant ，then ap． 

plying Propo sition 2 repeatedly，we yield 

1 = ( + ) 一 

÷一 )+1)i-1 ( s+ 叶‘ 

+ 

f：0 

V i=2，⋯，n， =1，⋯，i一1，l=inax{ l <t)}． 

(16) 

By Assumption 1 and applying the property(1)Of 

Proposition 1，from(14)it can be concluded that there 

exists q一0(L1，⋯，L _2'b1，⋯，b 一1)such that 

,us 1 i-lJ j_l_ l< ( + ) l 
(L1，⋯，Li-2，bl，⋯，bi一1)， 

’  V I el,l≤ 6 ，后= 1，⋯ ，i一1 

is satisfied for arbitrary po sitive constants bi．From the 

above inequality and(16)，it is clear that gi(·)’s can 

always be selected(in particular choose g ：0)such 

that there exist g (L1，⋯，Li一2，bl，⋯，bi一1)’s satisfy— 

ing 

c I< 
q (L1，⋯，L 一2，b1，⋯，b 一1)+ 

- ：。l+ 

I茎‘k妻=l 壹v=l ‘̂ I = ：一 ‘̂’I ： ：)I， 
V l ek I≤ bk，后：1，⋯，i一1． (17) 

From the discussions above by applying Pmpo siUcn 3 

and Lemma 1 together with Assumption 3．me following 

lemma can be obtained ： 

Lemma 2 For some positive ci(L1，⋯，厶一2，61， 

⋯

，bi一1)satisfying 

ci(L1，Li一2，6l，⋯ ，bi一1)≥ l 一1一gi一1 I， 

i= 2，⋯ ， 

and for any given i1 min 
+1一 }> >0，there ox— 

ists a po sitive constant such that 

一  

c (L1，⋯，L￡一2，b1，⋯，b 一1)， 

V t∈[tl+ ，t )，i=2，⋯，n 

for any satisfying吉>M with l=o，l，⋯and f in 
Eq．(15)． 

Combining the above Lemma and Propo sition 1．the 

following lemma can be proved ： 

Lemma 3 Fo r any given po sitive constant z-i，sup— 

po se that 

b

。

。 L1 一L ，⋯一b d 【 ≥ c ( ，⋯， 一2，6l，⋯， 一1)+ ， 

and 

e (t)≥ cf+di or —e (t)≥c +d ， 

V t∈[ o， o+ ]c[ + ， 1)， >rf 

for some t defined in(15)，then there exists a positive 

constant M(-t-2，⋯，r )，such that 

d (z )=sgn(e )，V t∈[ o+r ， o+ ] 

(19) 

is satisfied for the signals z (t)in observer(2)under 

山e ack c。nⅡDl(11)and any satis ing 1≥ 

丁—■ —～ ⋯ 

茹 

J  

∑ ㈦ 

．=∑ 

∑ 

e 

隗 

旷 

一、 l／、J 
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M．Hem df≥ 2 kf，kf is defined in(3)， and 

c (L1，⋯，Lf一2，b1，⋯，b 一1)(i= 2，⋯，n)are ob． 

tained in Lemma 1． 

Proof Suppose ei(t)≥ cf+di(Similar proof can 

be conducted for—e (t)≥c +di)，V t∈[；0，；0+ 

J，applying the Proposition 1 and usmg(18)，it can 

be  obtained that there exists a po sitive constant not l'e一 

·删 to sucn e ≥ ¨  ≥ ¨  

k ，V t∈[；0+ ，；0+ ]．By applying Lemma 2， 

it can be concluded that for given 詈there exists a 
po sitive constant i such that 

el 

c (L1，⋯， 一2，b1，⋯，bf一1)， 

V￡≥ 3i for any > Mi．Note that is not related to 

and take =
；旦警 {朋- ，2 vi』1．1hus，it can be 

obtained from (3)that (19)is valid．Lemma 3 is 

proved completely． 

W hat remains to be  done is to choose the parameters 

in(2)．From the above analysis，a set of inequalities as 

fcIllows can be  constructed： 

b1≥ 口1， 

bf+1≥2L +1(r +1+ +1)+口 +1， 

b1≥ kl， 

b +1≥2L +1( +1+ i+1)+ 

c +1(L1，⋯，L 一1，b1，⋯，b )+d +1+1， 

≥ 2bi+1+ 1， 

(L 一2b +1)(△一 i—ri)≥2L ( i+ )， 

厶 ≥ c (L1，⋯，L 一1，b1，⋯，b， )+1， 

1
≥ (r2，⋯， )， 

(20) 

with△：= 1 min{ 1一； }．Here i=1，⋯，n一1， 

and c (L1，⋯，Lf一1，b1，⋯，bf)are obtained from 

Lemma 2，d and M(r2，⋯，rn)is obtained from Lem— 

ma 3，and t defmed in(15)． 

From the structure of(20)，the following lemma ex— 

ists： 

Lemma 4 There exists a po sitive constant 0 such 

that the Ineqs．(20)are solvable for arbitrary given pos— 

itive constants di，i= 1，⋯ ，n一 1 and any satisfying 

0 < ≤ 0． 

Now，the following theorem call be established ： 

Theorem 1 For any given positive constant e，let 

后1=专．m(3)and= ．m I_emma 1，then for arbi— 
trary positive constants kl，i = 2，⋯ ，n，the controller 

(11)with any solution of(20)call fulfil the tracking 

task with accuracy e． 

Proof Obviously，Ineqs．(20)ale solvable by 

Lemma 4．For the controller(11)with any solution of 

(20)，what follows will be the proof by contradiction 

that I ei I≤ bi，i= 1，⋯ ，n． 

If this is not true．it can be de胁 ed that 

= 1，⋯ ，n， 

(21) 

with bounded T．So，it can be set T∈ [t ，ẗ 1]for 

some with defmed in(15)．From(20)，there exist 

bl≥cti≥ ei(O)，thus it is obvious that 

I ef(t)I≤ b ，V t≤ T，i=1，⋯，n (22) 

is satisfied from(21)．If T=t1，since e1(t)is confin— 

uous and b1≥ 口1≥ e1(O)，it can be concluded from 

(21)that 

I e1(T)I=b1，e1(T) 1(T)>0． (23) 

Let Lyapunov function，from(17)，(20)and(22)，the 

derivative of V1 along the trajectory of(6)satisfies 

1≤I el I(b2+b2)一L1 I el I≤一I el I， 

V I el I≥ kl，V t≤ T， 

which contradict(23)．If T=t，，I≠ 1，then 

I el(O)I≤口，≤ b，一2L1(r，+ ，) 

can be obtained by(20)．Since e，(t)is continuous， 

from(21) 

T1=max{t ll e，(t)II=b，一2 (r，+ )， 

t∈[0，T]} 

can be taken，and 

『I e，(T)I=b，，I e，(T1)I=b，一2L1(r，+ )， 

【I e，(t)I≥b，一2 (r，+ )，V t∈[ l， ] 

(24) 

ale satisfied．At the salne time，the sign of e，(t)is in— 

variant for t∈[ 1，T]．Therefore，from(20)and(6) 

it can be  obtained  

I e，(t)I=I e，+1(t)+J5一g，+LI o-1(z，)I≤2L1． 

(25) 
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From (22)，it can be observed that conditions of 

Lemma 3 ale satisfied when t∈ l 1，Tj．Now，if T1 

> +等with△=min +1一 }，that is，there is 

at most one discontinuous point in[ 1，T]，then from 

(20)and Lemma 3，it can be asse~ed that ，( ，)= 

sgn(e1)is not valid at most with measure + z-1 in 

[ 1，T]．Thus，it can be obtained from(24)that 

I e，(t)I<I e，(T1)I+2L，( +r，)=b， 

is valid for any t∈[ 1，T]．This contradicts(24)．So 

T1≤ + ，this leads to[ 1，T]c[T1，T]with 

T1：=t 一詈．Thus，the conditions of Lemma 3 are 

satisfied when t∈[ 1， ]．By using(2O)and apply． 

ing Lemma 3 again，it can be sure that GI(Z1) = 

sgn(e1)is not valid at most with measure + ，in 

【 1，Tj．This means that 

I e，(T1)I≥ 

I e，(T)l一2L，( + ，)+ 

(L，一2b，+1)(T—T1一 一r，)， 

and from (6)and(20)，and by(20)it leads to 

I e，(T1)I>b，，which contradicts(21)． 

From the above discussion，it follows that I ei I≤ bi， 

= 1，⋯ ，r／,．This leads to V1≤一I el I，V I el I≥ 

kl，and by applying Lemma 1 we can achieve that there 

exists a positive constant To such that 

I)，(t)一)，r(t)I<￡，V t≥ To 

is satisfied ．Th eorem 1 is proved completely． 

Th e forgoing discussion shows that Th eorem 1 is valid 

under the influence of discontinuous exogenous distur— 

bance．This is made po ssible because only the signs of 

signals ’s are used ．When the exogenous disturbances 

are abruptly changed，the large errors between ei and zi 

may occur in the high gain observer，but their signs will 

become equally swift． 

4 Simulation example 

Consider the following system 

f 1=x2+厂l( ，d1)， 

+A(

州

x,d

，

2

) ，
’ (26) 

【y= 
． 

The reference trajectory is yr(t)=0．7+1．3sin t，and 

the uncertain nonlinear functions are taken as follows 

rA =o．5+o．5sin t， 

{厂2= 2+0．1x~cos 0．5t+ 1sin￡+cos 0．5t， 

f3 x3+0．25e 1+~2COS 1+sin 1．5t． 

The initial values are 1(0)=0．1，x2(O)=0．4，x3(O) 

= 0．4．In the following design ，suppo se the uncertain 

nonlinear functions satisfy 

f I厂1 I≤ 1，I I≤ 1，I I≤1， 

l I厂2 I≤0．6x；+2x}+3．5， 

l I I≤I 3 I+I 2 I+1 0．1x；I+I 1 I+1， 

L I f3 I≤I x3 I+0．3e 1+I 2 I+1， 

for all f and the initial conditions satisfy 

I 1(0)I≤0．1，I x2(O)I≤0．5，I x3(O)I≤0．5． 

In the simulatiOn． 

E1= 0．3，E2= 0．6， 

1= 0．02， f= 1，i= 1，2，3， 

L1= 2，L2= 7，L3= 11， 

k2= 1，k3= 2， = 100 

can be  taken．With these parameters，Fig．1 shows the 

tracking error． 

， 

Fig．1 Tracking error 

Remark 4 In the simulatiOn there is no discontinu． 

OUS po int．but the simulatiOn results are almost the same 

if the sin t signal in厂1 is replaced by a unit square wave． 

5 Conclusions 

A robust output feedback—tracking controller for a 

class of uncertain nonlinear system has been design ed ． 

Here，a high—gain differential observer is adopted in a 

special variable structure observer．Thjs may be consid— 

ered as one ofthe key approaches that make the propo sed 

design  procedure successfu1．111e other achievements is 

that only the signs ofthe sign als from the diferenfial ob— 

server are used in the variable structure observer．By 

solving some inequalities，all the parameters in the con— 

troller can be obtained ．With these parameters，the con— 

troller makes all the signals in the closed-loop system 
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bounded，and furthermore，by choosing the suitable SO— 

lufion of the inequalities，any tracking accuracy Can be 

achieved ．It is worth mentioning that due to the unique— 

hesS of our variable structure observer and controller，the 

robustness of the closed system is significantly im— 

proved ． 
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