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Abstract：刀 problem of robust guaranteed cost control for a class of time-varying uncertain discrete delay systems is 

studied．刀 guaranteed cost control law is implemented by using a dynamic output feedback compensator．刀le proposexl meth— 

ods ale given in terms oflinear matrix inequalities(LMIs)．A numerical example is given to demonstrate the effectiveness ofthe 

proposed methods． 
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不确定离散时滞系统的动态输出反馈鲁棒保性能控制 

关新平 ，陈彩莲 ，龙承念 ，刘奕昌 ，段广仁 

(1．燕山大学 电气工程学院．河北 秦皇岛066004；2．哈尔滨工业大学 控制工程系。黑龙江 哈尔滨 150001) 

摘要：研究不确定离散时滞系统的动态输出反馈保性能控制问题，通过引入动态输出反馈补偿器，采用线性矩 

阵不等式的方法，导出了系统存在保性能控制律的充分条件．数值算例说明了其有效性． 

关键词：保性能控制；不确定性；离散时滞系统 ；矩阵不等式 

1 Introduction 

Many physical systems contain inherent time delays 

and uncertainties．Since time delays always result in in— 

stability ofcontrol systems，there has been increasing m— 

terest in the research of robust stabilization for uncertain 

time-delay systems[1，21
． 

Recently，with the development of robust control the— 

ory，the robust guaranteed cost control approach to the 

design of state feedback control laws for uncertain sys— 

tems has been a subject of intensive research．Quadratic 

guaranteed cost control for uncertain non—delay systems 

was dealt with in l 3～5j and robust guaranteed cost 

control for continuous—time uncertain systems  with delay 

was considered in[6～9]．However，all those 

researches have been done on uncertain systems  without 

time—delay or continuous—time delay systems ．Little at— 

tention has been paid towards discrete—time uncertain 

systems with delay．And furthermore．most of the work 

is based on the assumption that the system states can be 

measured such that a memoryless state—feedback control 

law can be constructed to stabilize the propo sed systems ． 

In the case that the system states are non—measurable， 

these methods will f 1． 

In this paper，we consider the problem of robust - 

anteed co st control for a class of linear discrete delay 

systems  with time-varying uncertainties．By using the 

discrete Lyapunov function technique，based on a dy— 

namic output feedback compensator we develop the ro— 

bust gu aranteed cost control for the uncertain system， 

which makes the closed-loop system quadratically stable 

for all admissible uncertainties and gu arantees an ade— 

quate level of performance．The proposed methods are 

given in terms oflinearmatrix inequalities(I．aMIs)．We 

show that the feasibility of the LMI ensures the existence 

of the output feedback compensator which solve the ro— 

bust gu aranteed cost control problem． 

2 Problem description and some prelimi- 

naries 

Consider a discrete—time uncertain system with delays 

in the states described as 
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(k+1)=[A+△A(k)] (k)+[Ad+ form： 
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1 { k + )_Cz k ?麦C k h一 ? ’c5 ( )=[ + ( )] ( )+ () 【 ( )= ( )+ =d ( 一 )， 
l [Cd+ACd(k)] (k—h)， 

L (k)=声(k)，V k=一h，一h+1，⋯，0， 

where h is a positive integer for delay time， (k)∈R“ 

is the state vector，and声(k)is an initial value vector at 

k．A，Adand B represent constant mamces with appmpri— 

ate dimensions， and AA(k)，AAd(k)，AC(k) and 

ACa(k)denote parameter uncertainties of the following 

form ： 

[AA(k) AAd(k)]=日lF(k)[El E2]， 

[AC(k) ACd(k)]=H2F(k)[El E2]， 

(2) 

where Hi and Ei(i=1，2)are known constant ma~ces 

with appropriate dimensions，and properly dimensional 

matrix F(·)is unkllown，time—varying but norm—bound— 

ed as 

FT(k)F(k)≤ ． 

Because we will consider the stabilization problem and 

controller design problem independent of the size of time 

delays，it is necessary to present the following assump— 

tion： 

Assumption 1 The matrix A + Ad is Schur stable． 

Indeed，the stability of the nominal system of(1) 

without un certainties is a necessary condition，but is not 

sufficient．Note also that ifA +Ad is unstable，the sys— 

tem cannot be stabilized indepe ndent of the delay size． 

Choose the controlled output z(k)as 

z(k)=C (k)+C (k—h)． 

Let a quadratic cost functional be 

垒∑zT( )z( )， (3) 

where J is called the guaranteed cost function．We are 

interested in finding ou~ut feedback compensator as 

k C k 0 0
’ ㈩  

M()= 牙()，杰()= ， 一 

where元( )∈ is the compensator state vector；A ， 

Bc and Cc are the system matrices of the compensator to 

be designed such that the closed-loop system with this 

compensator is robustly stable and achieves an upper 

bound for the cost function J for all admissible uncer- 

tainties． The closed-loo p system is of the following 

)= ))’ 
一  ／A+AA(k) BC ＼ I 

B C + B AC A J， ＼ + 
Aa +AA

△cd

a(k)

㈩  

= (e 0)， d=( 0)． 

In view of the form of closed —loop system ma~ces， 

we can guarantee the Schur stability of matrix + d by 

choo sing appropriate matrix A ，B and C ． 

The proof of our main results needs the following 

Lemma 1[ 。] Th e inequality Y+HFE + 

<0 holds for all F satisfying lI F ll≤1 if there exists 

￡ > 0 such that Y + eHHT+ ￡一 ETE < 0，where Y is 

symma~c matrix and H，E and F ale real ma~ces of 

appropriate dimensions ． 

3 Guaranteed cost control for delay sys- 

tems without uncertainties 

In this section，we provide an approach based on I．aMI 

to construct guaranteed cost output feedback co mpensator 

for linear discrete—t~-ne systems wi th delays wi thout any 

uncertainty． 

For convenience of description，we use the following 

notations ： 

= ( c 
／ 一S 一 + l＼ if2

11 l一 +R。Js—Q+R。J’ 

n。 ：( T T ATQ + cT~T)， 
= ， = ( ， 

一  

n∞ =(等A Q+0 c )， 
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=

- S

． 二 ( ： ～ATpAd +cT Czd ]． 
Qss=(一 一 。)， N。dc g ，n。 ，jp．，，ad。n as (1。) 
T=diag{霹，，， ，，}， 

T=diag＼避。l。避。1．I。I＼． 

Define Lyapunov function as 

V( (k)， (k一1)，⋯， (k—h))： 
h 

( )戌( )+∑ ( 一 )瞄( 一 )．(6) 
i=1 

For simplicity，we denote V( (k)， (k一1)，⋯， 

(k—h))as V(k)，and then V( (O)， (一1)，⋯， 

(一h))= v(o)．Also define V(∞)as the denotion 

of V( (K)， (K一1)，⋯， (K—h))when K一 ∞． 

Then we have the following theorem ． 

Theorem 1 Consider the system (1)with the out． 

put compensator(4)，the closed—loop system(5)is sta— 

ble if there exist symmetrc positive definite matrces Q， 

S and real matrices l， 2， 3 for some given po sitive 

definite matrices Rl and R2 such that the following LM／ 

is feasible： 

／70 = < 0
， (7) 

where “*”denotes the syrnmetrc blocks of the sym． 

metric matrix and 

t MN = l—SQ， 

{ l=CcMT， 2=NB ， (8) 
L 3=NA MT+QAS+QB艿l+ 2C|s． 

Moreover，the parameters of output feedb~k compe n— 

sator A ，B ，C Can be computed based on(8)，and the 

cost function J satisfies the following upper bound 

= 声T(o)Q j6(o)+∑cT(一 ) lj6(一 )． 

Proof Taking the forward difference of(6)we get 

△ c ，=( 二 ̂ )TⅡ。( 二 ̂ )一 
(k)z(k)， (9) 

， (11

0 0 I 

， I o —P o f：三TⅡ2三， 
一  

三 i 0 aT C zT]， 
Ⅱ2：l 一尺 P 【L： ：

一  P 

乙

--

z

T
d 

< 0．And fur- 

Hence，it follows from the Lyapunov stability theorem 

that the system(6)is asymptotically stable．On the oth— 

er hand，under the initial conditions (k)= 声(k)， 

u(k)=0 for—h≤ ≤0，we have 

<∑(一zxv(k))： 

T(o) (o)+∑ T(一 ) (一 )． 

Ulp to now，we should pmve that(7)is the sufficient 

condition for 172< 0 via Ⅲ too1
． 

Without loss of generality we can always ch0ose in— 

vertible matrc~ P，Xl，X2 as 

尸 =( QⅣ)-( S 
： (嘉，)’ 

and furthermore 

QS+NMT= l。 

NTS + UMT ： 0
．  

Therefore ，it is easy to see that PX2 = Xl which is 

equivalent to 

— — r丁～  

5  5  
0  0  0  

H ， 。 0 一 * 

B 孙 ． ． 

0  

* * * * 
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P：X】 ． (12) 

Pmmultiply Tv and postmulfiply T to／I2，we have 

／／3= 

r— 1+x~gx2 0 TX1 ] 

l 礅 乙--T：a f<0． I 
* * 一 1 0 l l 
* * * 一 ，J 

(13) 

If we choose R in(13)as 

R ：( 
and substitute correspondingly the system matrices and 

the decompositions shown in(12)into(13)，it is ob— 

tained(7)based on notations in(8)by using Schur 

complement lemma．Furthermore it follows J< ． 

Procedure： 

Step 1 Given R1>0 and R2>0，solve LMIs(8) 

tO obtain Q >0，S>0， 1， 2 and 3； 

Step 2 Compute a pair of invertible matrices M and 

N based on the fast equality in (9)by svd function in 

Matlab； 

Step 3 Substitute Q，S，M and N intO X1 and X2，and 

we ob tain P．If P > 0，next tO Step 4，else to Step 1； 

Step 4 Solve A ，B and Cc via the other three equa— 

fions in(9)． 

4 Robust gtmranteed cost control for de- 

lay systems winl uncertainties 

In this section we consider how to determine an output 

compensatOr for delay system with uncertainties de— 

scribed by(1)and(2)such that the closed-loop system 

is robustly stable with guaranteed cost ．The following 

result casts this robust gu aranteed cost control problem 

intO one which Can be solved by the approach proposed 

in Section 3． 

Theorem 2 Given positive definite matrices R a and 

R2，the closed—loop delay system with uncertainties(6) 

is robustly stable if there exist positive definite matrices 

Ⅱ3= 

一  1+琏R 2 0 

* 一 R 

* * 

* * 

* * 

* * 

(I10 n12 n13、 

豆0=l* 一￡， 0 I<0， (14) 

：[一尸兰+ 一0 R~T p+ 兰]<。． 

= ( 10) =(Ez 0)． 

一
P + R 0 T尸 乙--T： 1 0 

* 一 R P 乙--T：d 2 0 

* * 一 P o Q PH 

* * * 一 ， 0 0 

* * * * 一 ￡， 0 

* * * * * 一 ￡一1I 

< 0． 

(16) 

Th e following proof procedure is based on the sanle 

method via(12)tO(13)． 

Premultiply and postmultiply于to疗2，we have 

T 
1 

74Sx1 

一 xIx1 

* 

* 

* 

2
T
乙
-- T

： 

cTd 

0 

一 I 

* 

*  

0 

0 

xV1 

0 

0 

一 ￡一1I 

<0． (17) 

1  ，  

0  0  

一 
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into(17)，we have(14)by using Schur Complements 

AV(k)+zT(k)z( )<0， (18) 

(一i)= ， <，}． (19) 

-，< ≤2m~x(UTQUo+∑uTiRl )． 

s．t。

、 

h 

。． 

corresporiding contmuous time results sⅡlcle the use of 

digital hardware invariably requires that the designing of 

robust controller be implemented in discrete time． 

5 Illustrative example 

In this section we present an example to illustrate the 

theory developed in preceding sections．Given the dme— 

discrete delay system (1)with the following parameters 

／0．13 0．63＼ ／0．18 0＼ I o o
． 8 J'Ad=I o．22 o．4J， 

B = )，c=( 
／0．11 0 ＼ ／0．5 0 ＼ C

d l o．1 0．13) l o o．5J， 
ed=(O．2 O．2)，F( )= 1(sin(1ok)+1)

， 

= ( )， 
El=(0．3 —0．1)，E2=(0．12 0．3)， 

= (0．1 0．1)，h=4，R2=1，￡=1． 

The initial state matrices in(19)are such as 

= ( ， =㈣， 

㈣， =㈥， 
= (一0．。8．35，／， ：(-。0

． 。

．

278)． 
And the cost function is 

-，垒∑ T( )z( )． 

Consider system (1)without uncertainties，and by 

solving the LMI(8)based on Theorem 1，we obtain 

that 

，一0．0554 —3 8061、 

1 0．0366 —0．6072J， 、 ． 一 ． ， 

，一0．0835 3 5801、 【
0．1274 2．2820J， 、 ．127 ． ／ 

C =(一0．0263 —0．4518)． 

W ith the above control parameters．吐1e control law 

(5)robustly stabilizes uncertain discrete delay system 

(1)and guarantees the optimal quadratic performance 

J(k)≤1．3444． 

Consider the uncertain system whose parameters ale 

given above，and by using the optimization technique 
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and the svd function in Matlab，we have 

／一0．4997 一 1．32O6＼ 
A = I l， ＼

一 0．Cr7l0 —0．47l5／ 

／0．3525 6．9151＼ B 
= I l， ＼0

． 3o07 5．8423， 

C =(一0．0815 —0．1467)， 

J( )≤1．2399． 

From the example we can see that our method tO de— 

sign the output feedback compensator is feasible and 

simple enough． 

6 Conclusion 

An output feedback compensator which can robttstly 

stabilize the discrete delay uncertain systems has been 

obtained by solving the UⅥIs． have obtained a suffi— 

cient condition for guaranteeing not only the quadratic 

stability of the closed··loop system but also the cost func‘· 

don bound constraint．Moreover，we have presented the 

cost bound by assuming the initial values to be a zero 

mean random variable．1he LMI has the advantage that 

it can be solved very efficiently by the computer soft一 
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