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Abstract：The problem of robust H。state estimation for a class of continuous-time systems with known state delay and 

measurement delay as well as wi th norm-bounded parameter uncertainties is concerned witl1．Sufficient conditions for the solu— 

tions ofthis problem are presented to ens1．1l'e that there exists the asymptotically stable state est~nator such that the n fullc- 

tionfrom exogenous disturbanceto oil中ut estimation en-or satisfiesthe prescribedH performancefor all admissiblep~turbation$ 

in terms of two algebraic Riccati inequalities．The results extend t0 the case of the problem of robust H。state estimation for a 

class of continuous-time systems with unk!qown state delay and measurement delay as well as with norm-bounded parameter un- 

certainties．For known  state delayandmeasurementdelay systems，the state estimator~rived does notdepend onparameter un· 

certainties，but depend ontime delays，andforunk／lown state de1ayandmeasurement delay systems，the state estimatordepends 

on neither parameter uncertainties nortimedelays． 

Key words：robust H。state estimation；time delay；uncertain system；algebraic Riccati inequality 

cLc number：11P13 Document code：A 

具有状态和测量时滞不确定系统的鲁棒 H 状态估计 

杨富文 

(福州大学 电气工程系，福建 福州 350002) 

摘要：考虑一类已知状态和测量时滞且范数有界参数不确定连续时间系统的鲁棒 H。状态估计问题 ．这个问 

题解的充分条件由二个代数 Riccati不等式给出，它可以保证存在一个渐近稳定状态估计器使得对于所有不确定性 

从外界干扰到输出估计误差的传递函数满足指定的 H。指标．以上这些结果可以推广到一类未知状态和测量时滞 

且范数有界参数不确定连续系统的鲁棒 H。状态估计问题 ，对于已知状态和测量时滞系统，所得状态估计器与参数 

不确定性无关 ，而与时滞有关．对于未知状态和测量时滞系统，其状态估计器不仅与参数不确定性无关 ，而且与时 

滞也无关 ． 

关键词 ：鲁棒 H。状态估计；时滞；不确定系统；代数 Riccati不等式 

1 In~oducfion 

The dynamic behaviour of many physical processes 

contains inherent time delays and uncertainties，and can 

be modeled by time-delay system with un certainties[ · 
． 

It is well known that time delays and／or parameter un— 

certainties are often the main cause of instability of con— 

trol system．In the past few years，many researchers 

have investigated the robust control problem for time—de— 

lay systems without／with uncertainties using H ap— 

proach and obtained many significant results[2—81
． 

Meanwhile，much attention has been paid to the problem 

of H state estimation[9_15]
． But only a few papers ad— 

dress problem of H state estimation for time-delay sys— 

tems[ 6 加]
． The problem of H state estimation for lin— 

ear time-invariant system with delayed  measurements has 

been considered in 【16j，and a state space solution to 

the problem is characterized in terms of two algebraic 

Riccati equations and one fmite··horizon Riccati differen·· 

tial equation．Th e problem of H filtering for linear 

time-varying systems with time—delayed  measurement has 

been investigated in[17]，and the solution to this prob— 

lem involves a Riccati differential equation similar to the 
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one which arise in H filtering for systems without time· 

delay．【l8，l9，20J have considered the robust H fil— 

tering for uncertain linear systems with delayed states and 

outputs．In this paper we address the problem of robust 

H state estimation for linear systems wi th inherent 

time-delay in state and time-delay in measurement output 

as well as wi th non'n—bounded parameter uncertainties． 

For known state delay and measurement delay systems ， 

a state estimator witl1 time-delay is constructed to ensure 

that the output estimation error satisfies the prescribed 

H performance for all admissible perturbations in terms 

of two algebraic Riccati inequalities ．For unknown state 

delay and measurement delay systems ，a state estimator 

wi thout time-delay is constructed to ensure that the out· 

put estimation error satisfies the prescribed H perfor- 

ma／lce for all admissible perturbations in terms of two al— 

gebraic Riccati inequalities ． 

The rest of this paper is organized as follows．In Sec· 

tion 2，the robust H state estimation problem for con- 

tinuous·time linear systems  wi th kn own  time-delays and 

norm-bo unded parameter uncertainties is formulated． 

Sufficient conditions for the solution of this problem ale 

presented in Section 3 which involves two algebraic Ric— 

cati inequalities ．The robust H state estimation problem 

for continuous-time linear systems  witIl unknown time- 

delays and norm··bo unded parameter uncertainties is con·· 

sidered in Section 4．An illustrative example is provided 

in Section 5．Concluding remarks are finally made in 

Section 6． 

2 Problem formulation 

Consider the following class of linear systems  wi th 

time delays and parameter uncertainties ： 

)=(A+AA) (t)+Ad (t—d1)+D1w(t)， 

)=(C+AC)x(t)+Cd (￡一d2)+D2w(t)， 

)=Lx(t)， 

)=声(￡)；￡∈[一max(dI，d2)，0]， 

(1) 

where (t)∈ is the state，'，(t)∈ is the mea— 

sured output， (t)∈ is the output to be estimated， 

w(t)∈ is the square·integrable disturbance， (t)is 

the continuous initial—value function，dl and dE are the 

constant kn own  time-delays， A，Aa，C，Cd，D1，D2，L 

are known  constant matrices that describe the nominal 

system ．AA andAC ale perturbation ma trices which rep— 

resent parameter uncertainties and assumed to be of the 

time-invariant form  

嘲AA： 删， ㈤ 
where M1， and N are kn own  co nstant matrices of ap· 

propriate dimensions，and／-,∈ R is a perturbation 

matrix which satisties 

T≤ ，
．  (3) 

The perturbations AA and AC are said to be admissible if 

they satisfy(2)and(3)．In the following，we will as— 

sume that the system (1)is quadratically stable for all 

admissible perturbations ． 

Consider the following state estimator for the system 

(1)： 

『壹=， (t)+Ad碧(t—d1)+G[Y(t)一cd露(t—d2)]， 

【2(t)=L露(t)， 

(4) 

whem露(t)∈Ⅱ＆ is the estimated state，2(￡)∈ is 

an estimate for (t)，and F and G are state estimator pa- 

rameters to be determined ． 

Define the State estimation error e(f)and the output 

estimation error ez(t)by 

e(t)= (t)一露(t)， (5) 

ez(t)= (t)一2(t)． (6) 

De fine an augmented state vector to be  

]． 
Combining the system (1)and the falter(4)into an 

augmented system gives 

露。(t)=(A。+AA。) 。(t)+A出 。(t—d1)+ 

C出 。(t—d2)+B。w(t)， (7) 

ez(t)= (t)， 

f 。=[。F A—GAC— ]， 
- Gill 

： ，

@ 

fA出 【三 ，c出 [一。GCd三]， 8b， 【
B。：[。 

，

G=。 ]， ：c￡ 。]． 。 
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The objective of this paper is to design the asymptofical— 

ly stable state estimator(4)such that，for all admissible 

perturbations AA and AC，the H norm of the transfer 

function 

H(s)=C。(sl—A 一AA 一A出e一 l—Ca,e一 )一 ， 

(9) 

from w(t)to ez(t)satisfies I1日(s)ll <y for a giv． 

ell positive constant y > 0． 

3 Robust H state estimation for known 

time-delays systems 

Before giving the main results，we first present three 

lemmas． 

Lenmm 1 For any ma~ces of appropriate dinlen— 

sions X，Y and any positive constant a > 0， 

Syr+YXT≤ aXXT+上yyT． (10) 

Lemma 2 Fo r any matrices of appropriate dilnen— 

sions X，Y and any symmetric po sitive definite matrix of 

appropriate dimensions／／ > 0，we have 

XyTe J~+ Te—j ≤X／／XT+Y／／一 yr(11) 

for all甜 ∈ R． 

Lemma 3 Fo r any symmetric matrix 

=  

the following statements are equivalent． 

1)￡<O； 

2)Lll<0，L 一 T2 Ll2<0； 

3)L <0，Lll—L12 T2<0． 

In the following，we give a sufficient condition such 

that the augmented system (7)is asymptotically stable 

and simultaneously ll H(s)ll <y for all admissible 

perturbations AA and AC． 

Theorem 1 If there exist symme~c po sitive deft— 

nite ma trices p >0，Ⅱ >0 and >0 such that 

(A。+AA。)Q+Q(A +△A )T+ 

!  
一 QcTC,Q+B,BT+Aa,II一 A2+ 

9n9+c出 一c + Q <0， (12) 

then the augm ented system (7)is asymptotically stable 

and I1日(s)I1 <)，． 

Proof The results are readily obtained from Lya— 

punov method and algebraic operation． Q．E．D． 

Th eorem 2 If there exists a po sitive constant a > 0 

and symmetric positive definite mat／ices Q>0，／／>0 

and > 0 such that 

A．Q+ +．=
一

QC~C,Q+Be + 
， 

A出Ⅱ一 A +qnQ+ca, 一 c +Q Q+ 

Q Q+aM,MI<0， (13) 

then the augmented system (7)is asymptotically stable 

and I1 (s)ll <y for all admissible perturbations 

△A and△C． 

Proof Using Lemma 1 and／-／-T≤ ，，we have 

AA Q+QAA = 

Me1-'N,Q+QN,CrTMI≤ 

aM,／-T'TM + QⅣ Q≤ 

．  aM, + QⅣ Q． (14) 

From the above inequality，if Ineq．(13)is satisfied， 

then Ineq．(12)holds for all admissible perturbationsAA 

and AC．Using Theorem 1，we can conclude that the 

augmented system (7)is asymptotically stable and 

I1 (s)ll <)，for all admissible perturbations AA 

andAC． Q．E．D． 

Ineq．(13)is not solvable in its present form as the 

augm ented system ma trices contain the state estimator 

parameters F and G．In the next theorem，we seek to 

make suitable choice of F and G and replace(13)by 

two algebraic Riccati inequalities which are solvable． 

Theorem 3 Consider the system (1)and suppose 

there exist symmetric positive definite matrices Q1>0， 

Q2>0，／／1>0，／I2>0， l>0 and 2>0，and a 

po sitive constant a > 0 such that 

A1 Ql+QlAT,+ QlLT l+Rl+ 
， 

QlⅡlQl+A A +Ql lQl一(QlcT+ 

Rl2)(尺2+CdZ? c ) (Ql cT+Rl2)T<0，(15) 

ATQ2+Q2A+ Ⅳ+Q2Rl Q2+ 

r2+Q2A ArdQ2+ 2<0， (16) 

where 

A1=A+R1 Q2．c1= 

Rl=DlD +aMlMT， 

Rl2=DlDj+aMlM ， 

C+尺T2Q2， 

R2= D2Dr+口 gr
， 

then for all admissible perturbation△A and AC， 

(17) 

there 
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exists the asymptotically stable state estimator(4)with 

F=A1一Gc1， (18) 

G=(Q1cj’+R12)(R2+c c )～，(19) 

such that『I H(s)『l <y． 

Proof By Theorem 2，we define S for the sufficient 

condition(13)as follows 

．s = = 

A Q+QA + 1 QC)C。Q+BeB +A如Ⅱ一 AT+QIIQ+ 

c 一 cT+ Q+ 1 VT Q+aMfliT<0
， 

(20) 

Q，11 and ale assumed to be block—diagonal positive 

definite matrices： 

【 。， 

lⅡ=【 02]>。， =【 ]>。． 
(21) 

Substituting(8)and(21)into(20)，the author has 

S11=FQ1+QlFT+ Q1LT 1+(D1一GD2)(Dl—GD2)T+ 

a(M1一GM2)(M1一GM2)T+Q1111 Q1+ 

f +Q1三1 Q1+ c]cT， (22) 

sl2：(A—C,C—F)Qi +(D1一GD2)DT+a(M1一C,M2)MI， 

(23) 

S22=AQ +Q AT+i
Ⅱ

Qf NTJ7vQ +DiDT+ 

aM1 T+Q主 112Q +Aa／／~ AT+Q 2Q ． 

(24) 

From(23)，if we choose。F by setting S12=0，then 

F：A—Gc+[D1DT+aM1MT—G(D2DT+aM2Mw)]Q2= 

A1一CA：1， (25) 

which is the same as(18)from(17)．Substituting(25) 

into(22)and using(17)，we get 

S11=Al Q1+QlAT+ Q1 LTLQ1+Rl+Q1111 Ql+ 

AdfI AT一(Q1cT+R12)(R2+ 

c c )一(Q1cT+R12)T+ 

Q1 1 Q1+[G一(Q1 cT+R12)(R2+ 

c c．：)一][R2+c c ][G一 

(Q1 cT+R12)(R2+cdZi c-5) ]T． (26) 

In order to ensure that(20)is satisfied as far as possi— 

ble，G is chosen according to(19)，so that the last term 

on the fight—hand side of(26)vanishes，i．e． 

Sl1=A1 Q1+Q1AT+ 1 Q1LTLQ1+R1+ 

Q11I1Q1+Ad117 AT+Q1 1Q1一(Q1cT+ 

R12)(R2+cd c ) (Q1cj’+R12)T．(27) 

Moreover，(24)can be rewritten as 

S22=Qf [ TQ2+Q2A+ ⅣTN+Q2R1 Q2+ 

Ⅱ2+Q2AdII ATQ2+ 2]Q ． (28) 

Recalling the conditions(15)and(16)，we have that 

Sl1< 0 and$22<0．This implies that S <0．It follows 

from Theorem 2 that the augmented system (7)is 

asymptotically stable and ll H(s)II < y．Hence， 

there exists the asymptotically stable state estimator(4) 

with the choices(18)and(19)such that ll H(s)II 

< )，．This co mpletes the proof of Th eorem 3． 

Q．E．D． 

Remark 1 From Th eorem 3，it has been shown that 

the problem of robust H state estimation for systems 

with time delays and norm-hounded parameter uncertain— 

ties is characterized as a feasibility problem of finding a 

pair of positive definite matrices Ql and Q2 in accordance 

with(15)and(16)．(15)is coupled unilaterally with 

(16)．Hence，we can always solve for Q2 from (16) 

first and then Ql from (15)．They can be solved using 

LNII technique[ ]or modified algebraic Riccati equation 

approach[加。
．  

Remark 2 Note that the State estimator(4)coil． 

tains state—delay terms．If the time delays ale unknown， 

the state estimator(4)is not adopted． 

4 Robust H。。state estimation for an- 

known time．delays systems 

Considerthe system(1)with unknown time—delays dl 

and dE．A state estimator for this system is constructed 

as follows： 

Fe

． ，

(t (t)， (29) 

君(t)=L露(t)， 

where露(t)∈监 is the estimated state，2(t)∈ is 

an estimate for (t)，and F and G are state estimator pa- 

rameters to be determined ． 
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Ae=
F

、， 
】， 

：

MI -

．

GM2 ] 。Ⅳ]：： ， 

A如 

【兰三 d c如 【。0一 c 】， 3。b 
： 【。 ]， o]． 一 

Al Ql+QIAT+ 1 Ql TLQl+ l+ 

Ql1IlQl+AdⅡ主 A +Ql lQl一(QlcT+ 

Rl2)(R2+cd 主 c ) (Ql cT+Rl2)T<0， 

(32) 

ATQ2+Q2A+i
a
NTN+Q2Rl Q2+ 

Ⅱ2+Q2AdⅡ A Q2+ 2<0， (33) 

where 

rAl=A+(A$-／~ A +R1)Q2， 

{Cl=C+ T2Q2，Rl=DlDT+aMl朋lT， 

【R2=D2D；+口 2 ；，Rl2=DlD；+口 l ；， 

(34) 

then for all admissible perturbation AA and AC，there 

exists the asymptotically stable state estimator(29)with 

F=Al—GCl， (35) 

G=(QlcT+Rl2)( 2+cd c )_。，(36) 

such that ll H(s)ll <)，． 

Proof The proof is similar to Th eorem 3 and omit． 

Remark 3 In Theorem 4，the state estimator(29) 

does not contain the time delays，because time delays dl 

and d2 are unknown．This causes more conservative in 

estimation process．Appropriately selecdng the positive 

defmite matrices／／1，／／2， l and 2 may reduce the con— 

servafiveness． 

5 Numerical example 

Consider continuous linear time—invarian t system with 

time delays and parameter uncertainties described by(1) 

with 

A=r13： [ 2 

c=[ =[ 2 075】， 

【。 【 6 o?9】， =【 ， 

△A 蹦=【 00。 o?5]’ 
△c 删 = 003 005】， 
where P is an  uncertain matrix with T≤ ，

． We wish 

to design an asymptotically stable state estimator such 

that I1 n(s)I1 <7，where 7=0．5．First，selecting 

口 = 0．1， 

[ =[ o0。】， 

[ = o?1】． 
a)When dl and d2 ale known，then solving algebraic 

Riccati Ineqs．(16)and(15)，we obtain 

．  『1．9749 —0．53741 『0．0097 0．00151· 

Q2 【一o
．

5374 o．52l2 J，Q L 【0
．

0015 0．0120 J． 

From(18)，(19)and(4)，the state estimator is given by 

奎(t)： 

【 -1．93908 ] +[oo401 2 + 【o
．

9464—6．3 J露(‘)+ oJ露(‘一d1)+ 

【 0．7863 一[Oo2。05]0109 e( t 【
一 o． o．7o36 J【y(‘ 一 。 一d2)J， 

(c)=[o1呈】露(c)． 
b)Wh en dl and d2 ale uilknowIl，then solving alge． 

braic Riccati Ineqs．(33)and(32)，We obtain 

【 】，Ql=【 】． 

一 —  — —  — 一 。 

B } { 
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【．。．O．6。56。 6-0
．

． 016

0 2541

7 )
， L

— O．O167 ． J ‘ 

)= 

Therefore， through this numerical example，we have 

shown how to design the state estimators for the systems 

with known  time delays and unknown time delays．A1一 

though the State estimators designed by the proposed ap— 

preach may be more conservative，it is demonstrated that 

they can guarantee the prescribed H performance． 

6 Conclusion 

Th e problem of robust H State estimation for linear 

systems with time delays an d parameter perturbations has 

been investigated in this paper．For known  State delay 

and measurement delay systems ，the State estimator with 

time delays has been constructed to guarantee the pre— 

scribed H performance in terms of two algebraic Riccati 

inequalities．For unknown  State delay and measurement 

delay systems ，the state estimator wi thout time—de lay has 

been constructed to guarantee the prescribed H perfor— 

malice in terms of tw o algebraic Riccati inequalities ． 

Th ey can be solved via Riccati equation appmach or LMI 

technique that is similar to the one used in the solution 

of H estimation of a corresponding pluceSs without 

time delay．Th e approach propo sed in this paper can be 

easily extended to the case of discrete—time systems ． 
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