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Robust H,, state estimation for linear state-delayed and
measurement-delayed systems with uncertainties

YANG Fu-wen
{ Department of Electrical Engineering, Fuzhou University, Fujian Fuzhou 350002, China)

Abstract: The problem of robust H., state estimation for a class of continuous-time systems with known state delay and
measurement delay as well as with norm-bounded parameter uncertainties is concerned with. Sufficient conditions for the solu-
tions of this problem are presented to ensure that there exists the asymptotically stable state estimator such that the transfer func-
tion from exogenous disturbance to output estimation error satisfies the prescribed He., performance for all admissible perturbations
in terms of two algebraic Riccati inequalities. The results extend to the case of the problem of robust H,, state estimation for a
class of continuous-time systems with unknown state delay and measurement delay as well as with norm-bounded parameter un-
certainties. For known state delay and measurement delay systems, the state estimator derived does not depend on parameter un-
certainties, but depend on time delays, and for unknown state delay and measurement delay systems, the state estimator depends
on neither parameter uncertainties nor time delays.
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1 Introduction

The dynamic behaviour of many physical processes
contains inherent time delays and uncertainties, and can
be modeled by time-delay system with uncertaintiest*?) .
It is well known that time delays and/or parameter un-
certainties are often the main cause of instability of con-
trol system. In the past few years, many researchers
have investigated the robust control problem for time-de-
lay systems without/with uncertainties using H. ap-
proach and obtained many significant resultst> 8!
Meanwhile, much attention has been paid to the problem
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of H,, state estimation'®~ 15} But only a few papers ad-
dress problem of H,, state estimation for time-delay sys-
tems!®~ %} The problem of H,, state estimation for lin-
ear time-invariant system with delayed measurements has
been considered in [16], and a state space solution to
the problem is characterized in terms of two algebraic
Riccati equations and one finite-horizon Riccati differen-
tial equation. The problem of H, filtering for linear
time-varying systems with time-delayed measurement has
been investigated in [17], and the solution to this prob-
lem involves a Riccati differential equation similar to the
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one which arise in H,, filtering for systems without time-
delay. [18,19,20] have considered the robust H,, fil-
tering for uncertain linear systems with delayed states and
outputs. In this paper we address the problem of robust
H. state estimation for linear systems with inherent
time-delay in state and time-delay in measurement output
as well as with nom-bounded parameter uncertainties.
For known state delay and measurement delay systems,
a state estimator with time-delay is constructed to ensure
that the output estimation error satisfies the prescribed
H. performance for all admissible perturbations in terms
of two algebraic Riccati inequalities. For unknown state
delay and measurement delay systems, a state estimator
without time-delay is constructed to ensure that the out-
put estimation error satisfies the prescribed H., perfor-
mance for all admissible perturbations in terms of two al-
gebraic Riccati inequalities.

The rest of this paper is organized as follows. In Sec-
tion 2, the robust H, state estimation problem for con-
tinuous-time linear systems with known time-delays and
nom-bounded parameter uncertainties is formulated.
Sufficient conditions for the solution of this problem are
presented in Section 3 which involves two algebraic Ric-
cati inequalities. The robust H,, state estimation problem
for continuous-time linear systems with unknown time-
delays and norm-bounded parameter uncertainties is con-
sidered in Section 4. An illustrative example is provided
in Section 5. Concluding remarks are finally made in
Section 6.

2 Problem formulation

Consider the following class of linear systems with
time delays and parameter uncertainties:

£(t) = (A +04)x(¢) + Agx(t - dy) + Dyw(e),

y(t) = (C + AC)x(t) + Cyx(t - dy) + Dyw(e),

2(t) = Lx(¢),

x(2) = $(2); ¢+ € [ - max(d;,d,),0],

i

(1)
where x(t) € R" is the state, y(¢) € R? is the mea-
sured output, z(¢t) € R™ is the output to be estimated,
w(t) € RYis the square-integrable disturbance, $(¢) is
the continuous initial-value function, d; and d, are the
constant known time-delays, A,A4,C,Cy,D,,D,,L
are known constant matrices that describe the nominal

system. AA and AC are perturbation matrices which rep-
resent parameter uncertainties and assumed to be of the
time-invariant form

AA M
AC] - [M:] v, 2)

where M, M, and N are known constant matrices of ap-
propriate dimensions, and I’ € R/ is a perturbation
matrix which satisfies
ITT < 1. (3)

The perturbations AA and AC are said to be admissible if
they satisfy (2) and (3). In the following, we will as-
sume that the system (1) is quadratically stable for all
admissible perturbations.

Consider the following state estimator for the system
(1):
{k =Fe(e)+A;2(e-d)+Gly(e)-Cu2(t-dy)],

2(¢) = L2(e),

(4)
where £(¢) € R” is the estimated state, 2(¢) € R™ is
an estimate for z(¢), and F and G are state estimator pa-
rameters to be determined .

Define the state estimation error e(¢) and the output
estimation error e,(t) by

e(e) = x(¢) - 2(¢), (5)
e,(t) = z(¢) - 2(¢). (6)
Define an augmented state vector to be
e(t)
xe(t) = [x([) .

Combining the system (1) and the filter (4) into an
augmented system gives
2.(1) = (A, + DA ) (t) + Agx.(t - dy) +
Ca(t - dy) + Bw(t), (7
e.(t) = C,x,(¢),

where
( [F A-GC- F]
Ae = ’
0 A
M, - GM; (8a)
AA, = [ ]1‘[0 N] =:M.IN,,
\ Ml
( Ag O -GC; O
e Y I e
J 0 Ay 0 0 (8b)
B [D'_ GDZ] C, =[L 0]
L e = Dl ’ e = .
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The objective of this paper is to design the asymptotical-
ly stable state estimator (4) such that, for all admissible
perturbations AA and AC, the H, nomm of the transfer
function
H(s)=C,(sI-A,-DA, - Age™*1—Cpe:)'B,,
(9)
from w(t) to e, () satisfies | H(s) || » < ¥ for a giv-
en positive constant ¥ > 0.
3 Robust H, state estimation for known
time-delays systems

Before giving the main results, we first present three
lemmas. ‘

Lemma 1 For any matrices of appropriate dimen-
sions X, Y and any positive constant a > 0,

XYT 4 YXT < oaXXT 4 %YYT. (10)
Lemma 2 For any matrices of appropriate dimen-
sions X, ¥ and any symmetric positive definite matrix of
appropriate dimensions II > 0, we have
XYTeid  YXTeid < XOXT + YIT'YT (11)
forall w € R.
Lemma 3 For any symmetric matrix

[ Ly le]
L= ,
Lh, L»

the following statements are equivalent.

1)L <0

2) Ly < 0, Ly -~ LLL Ly < 0;

3) Ly < 0, Ly - LpLy'L], < 0.

In the following, we give a sufficient condition such
that the augmented system (7) is asymptotically stable
and simultaneously || H(s) || = < 7 for all admissible
perturbations AA and AC.

Theorem 1 If there exist symmetric positive defi-
nite matrices ¢ > 0, II > Oand 3 > O such that

(A, + D) Q + Q(A, + AA)T +

y%QcIceQ + B.BT + A IT'AT, +

QIQ + C..3°'CY + 030 < 0, (12)
then the augmented system (7) is asymptotically stable
and || H(s) | » < 7.

Proof The results are readily obtained from Lya-

punov method and algebraic operation. Q.E.D.

Theorem 2 If there exists a positive constanta > 0

and symmetric positive definite matrices ¢ > 0, II > 0
and > > O such that

AQ + QAT + ~;QCIC.Q + B.BY +
A IT7'AT, + QIQ + C,.=7'CT, + Q30 +
“QNIN,Q + aM, M} < 0, (13)

then the augmented system (7) is asymptotically stable
and || H(s) || w < 7 for all admissible perturbations
AA and AC.
Proof Using Lemma 1 and I'T" < I, we have
AAQ + QAAT =
M,IN,Q + QNTI'"™M" <

oM, TT™MT + TONTN,Q <

oM, M} + —QNIN,Q. (14)

From the above inequality, if Ineq. (13) is satisfied,
then Ineq. (12) holds for all admissible perturbations AA
and AC. Using Theorem 1, we can conclude that the
augmented system (7) is asymptotically stable and
| H(s) Il « < 7 for all admissible perturbations AA
and AC. Q.E.D.

Ineq. (13) is not solvable in its present form as the
augmented system matrices contain the state estimator
parameters F' and G. In the next theorem, we seek to
make suitable choice of ¥ and G and replace (13) by
two algebraic Riccati inequalities which are solvable.

Theorem 3 Consider the system (1) and suppose
there exist symmetric positive definite matrices ¢; > 0,
Q. > 0,1, > 0,11, 0,3, >0and 3, > 0, and a
positive constant @ > O such that

1
A1Qr + QAT + ?QILTLQI + Ry +

Qi Q1 + AJIT'AT + Q13,Q1 - (Q:CT +
Rip)(Ry+ Cdzl_lcs)_l(QlcT+R12)T < 0, (15)

1
AToz + QzA + :NTN + QZRIQZ +

I, + QAJI;'AT0, + =, < 0, (16)
where
Ay = A+ RiQ2, € = C+ RLQ,,

R, = D\D{ + aM\MT, R, = D,D} + aM, M3,
Ry, = D\DY + aM M3, (17)
then for all admissible perturbation AA and AC, there
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exists the asymptotically stable state estimator (4) with
F = A - GCy, (18)
¢ = (QiCT + Rp)(Ry + CE71CHT, (19)

such that || H(s) ll « < 7.
Proof By Theorem 2, we define S for the sufficient

condition (13) as follows

Su Se
S = T : =
Sz Sn»

AQ+ oAI+7% 0CTC.Q+ B.BY + Ag I~ A%, + QIIQ +

CaS7'Ch + Q3Q + TONING + aMMT <0,

(20)
Q,II and 3 are assumed to be block-diagonal positive

definite matrices:

Q=[(())l Q(i-‘]>0’
=[I(I)‘ I(I)Z]>o,2=['i’ ;)2]>0.

(21)
Substituting (8) and (21) into (20), the author has

Su=Fi+Q FT+;1_201LTL()1 +(Dy-GD,)(Dy- GD,)"+

a(M; - CMy) (M - CMy)™ + QI1,0, +
AJITIAT + 013,01 + 6CETICYCT, (22)
Sp=(A-GC-F)Q3'+(Dy-GD,) DT +a (M- GMy) M7,
(23)
Sm = AQi' + Q7'AT + —Q'NTNQ:' + D\ DT +
aMiM] + Q7' I1,0Q7" + AdI;'AG + Q3'2,07".
(24)
From (23), if we choose F by setting Sy, = 0, then
F= A= GC+( DD+ oM M7~ G(D, DT+ aMyMT)] 02 =
A - GCy, (25)
which is the same as (18) from (17). Substituting (25)
into (22) and using (17), we get

. |
Su =A101+01A}+“7_201LTL01+R1+01H101+
AdTT A% - (Q1CT+ Ry)(Ry +
anZr’C,Ti)"(QxCT + Rp)T +
012101+ 6-(Q:CT + Rp) (R, +
CEi'C) T [ Ry+ €27 €Yl G-

(Q:CT+ Rp)(Ry + CuZ7'CHT. (26)
In order to ensure that (20) is satisfied as far as possi-
ble, G is chosen according to (19), so that the last term
on the right-hand side of (26) vanishes, i.e.

1
Su= A1Q1 + QAT + ?QILTLQI + R+

QI Q1+ A ITT A%+ 0,3,0,-( Q. CT +
R)(Ry+ Cy 27 CH)1( Q. CT+RY)T. (27)

Moreover, (24) can be rewritten as
_ 1
Sy = Qzl[ATQZ + 04 + :NTN + R0z +

I + QAT ATQ2 + 2,107, (28)
Recalling the conditions (15) and (16), we have that
S11 < Oand Sy < 0. This implies that S < 0. It follows
from Theorem 2 that the augmented system (7) is
asymptotically stable and || H(s) || « < 7. Hence,
there exists the asymptotically stable state estimator (4)
with the choices (18) and (19) such that || H(s) [ «
< 7. This completes the proof of Theorem 3.

Q.E.D.

Remark 1 From Theorem 3, it has been shown that
the problem of robust H,, state estimation for systems
with time delays and norm-bounded parameter uncertain-
ties is characterized as a feasibility problem of finding a
pair of positive definite matrices @, and @ in accordance
with (15) and (16). (15) is coupled unilaterally with
(16). Hence, we can always solve for Q, from (16)
first and then Q, from (15). They can be solved using
LMI tcchnique[z] or modified algebraic Riccati equation
approach!?! |

Remark 2 Note that the state estimator (4) con-
tains state-delay terms. If the time delays are unknown,
the state estimator (4) is not adopted.

4 Robust H, state estimation for un-
known time-delays systems

Consider the system (1) with unknown time-delays d;
and d,. A state estimator for this system is constructed
as follows:

£ (1) = Fe(e) + Gy(1),
2(e) = L£(1),
where £(t) € R" is the estimated state, 2(t) € R™ is
an estimate for z(¢), and F and G are state estimator pa-
rameters to be determined.

(29)
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Define the state estimation error e(t) and the output
estimation error e,(¢) in (5) and (6). In terms of the
state variable e(t) and x(t), the state equations de-
scribing the augmented system which is formed from (1)
and (29) are as follows

%,(t) = (A +0A) % (t) +Ag x.(t—dy) +
Cex.(t - dy) + Baw(t),
et) = C.x.(t),

(30)
where
_ [F A-GC- F]

A, = [M' }_WIGMZ] rio N) =:M,IN,,
(31a)

BN N ]

e (31b)
B, =[ 2] ¢, =[L o).

Theorem 4 Consider the system (1) with unknown
time-delays d; and d,, and suppose there exist symmetric
positive definite matrices ¢; > 0,Q; > 0,II, > 0,11,
> 0,2, >0and 2, > 0, and a positive constant ¢ > 0
such that

A1Qr + QAT +

Qi1 Qy + ALII3'AY + 12,0, - (Q1CT +
Ri)(Ry + Cu25'C)1(Q,CT + Rp)T < 0,
(32)

1
?QILTLQI + Rl +

ATQy + Q24
I + QA4 II;'AT Q5 + 35 < O, (33)

where
Ay = A+ (AJI3'AY + R) Qs
Ci = C + R;Q2, Ri = DD} + aM M},
R, = D, DY + aMyM3, R;; = D\DY + aM M7,
(34)
then for all admissible perturbation AA and AC, there
exists the asymptotically stable state estimator (29) with
F = A - GCy, (35)
G = (QiCT + R)(Ry + C.23'CY)', (36)
such that || H(s) |l « < 7.
Proof The proof is similar to Theorem 3 and omit-

+ %NTN + Q2R Qs +

ted.

Remark 3 In Theorem 4, the state estimator (29)
does not contain the time delays, because time delays d,
and d, are unknown. This causes more conservative in
estimation process. Appropriately selecting the positive
definite matrices II,, IT,, 3 and 3, may reduce the con-
servativeness.

5 Numerical example

Consider continuous linear time-invariant system with

time delays and parameter uncertainties described by (1)

with
[ 3 -2
1

0 [02 ]
0 2 0.5

[os ] [06 ]L 1 0
0.8 0.9 “lo 2V

0.1 1 O
M\I'N = [ ]F[ ,
0 0.1 0 0.5

O] [1 0
r ,
0.3 0 0.5

where I is an uncertain matrix with I'T'T < /. We wish
to design an asymptotically stable state estimator such
that || H(s) | « < 7, where ¥ = 0.5. First, selecting

4 _ [0.2 O]

C =

AA

0.2
AC = M,IN = [

a =0.1,
1 0 0.1 0
m={, . m=["" [\l
0 1 0.1
1 0 0.1
S I P !
'“lo 1 22 = 0.1

a) When d, and d, are known, then solving algebraic
Riccati Inegs. (16) and (15), we obtain
1.9749 -0.5374 0.0097 0.0015)
=1 _o.53 0.5212 1" ©=Lo.0015 0.0120)"
From (18), (19) and (4), the state estimator is given by

£(t) =

[-—3.7623 —1.9908]£(t) [0.20 )
0.9464 —6.3401 ol M a
0.7863 —0.0069

0.2 0
~0.0109 0.7036][y(‘)‘[ 0 0_5]’2(‘—42”1

20) = [ o]ao.

b) When d, and d, are unknown, then solving alge-
braic Riccati Ineqs. (33) and (32), we obtain
1.9749 -0.5374 0.1248 -0.0029
%=1 o5m 050 ~0.0029 0.0502 1
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From (35), (36) and (29), the state estimator is given by

. _2.7690 -2.2036]
2= ) 7809 _5.276) %) *
0.6566 -0.0167

~0.0167 0.2541 ]y(”)’

20) = [ o]e0).

Therefore, through this numerical example, we have
shown how to design the state estimators for the systems
with known time delays and unknown time delays. Al-
though the state estimators designed by the proposed ap-
proach may be more conservative, it is demonstrated that
they can guarantee the prescribed H., performance.
6 Conclusion

The problem of robust H,, state estimation for linear
systems with time delays and parameter perturbations has
been investigated in this paper. For known state delay
and measurement delay systems, the state estimator with
time delays has been constructed to guarantee the pre-
scribed H,, performance in terms of two algebraic Riccati
inequalities. For unknown state delay and measurement
delay systems, the state estimator without time-delay has
been constructed to guarantee the prescribed H.. perfor-
mance in terms of two algebraic Riccati inequalities.
They can be solved via Riccati equation approach or LMI
technique that is similar to the one used in the solution
of H, estimation of a corresponding process without
time delay. The approach proposed in this paper can be
easily extended to the case of discrete-time systems.

References:

[1] GORECKIH, FUKSA S, GRABOWSKI P, et al. Analysis and Syn-
thesis of Time Delay Systems [M]. New York: Wiley,1989.

(2] GEJH, FRANK P M, LIN CF. Robust H,, state feedback control
for linear systems with state delay and parameter uncertainty [J]. Au-
tomatica ,1996,32(8):1183 - 1185.

(3] LEEJH, KIMS W, KWON W H. Memoryless H., controllers for
state delayed systems [J]. IEEE Trans on Automatic Control, 1994,
39(1):159 - 162.

[4] CHOIHH, CHUNG M J, Memoryless Ho, controller design for lin-
ear systems with delayed state and control [J]. Automatica, 1995,31
(6):917 - 919.

(5] CHOIHH, CHUNG M J. Robust observer-based H.. controller de-
sign for linear uncertain time-delay systems [J]. Awomatica, 1997,
33(9):1749 - 1752.

{6] JEUNGET, KWONSH, KIMJH, etal. An LMI approach to H.,
control for linear delay systems [ A]. Proc American Control Conf
[C]. Philadelphia: Pennsylvania, 1998:2398 - 2402,

[7] SONG S H, KIM J H. H, control of discrete-time linear systems
with norm-bounded uncertainties and time delay in state [J]. Auso-
matica, 1998,34(1):137 - 139,

(8] KIM J H, PARK H B. H, state feedback control for generalized
continuous/discrete time-delay system [J]. Automatica. 1999, 35
(8):1443 - 1451.

[9] FUM, DE SOUZA C E, XIE L. H. estimation for uncertain sys-
tems [J]. Int J Robust Nonlinear Consrol, 1992,2(1):87 - 105.

[10] XIE L, de SOUZA C E. H. filtering for linear periodic systems
with parameter uncertainty [J]. Systems & Control Letters,1991,17
(5):343 - 350.

[11] de SOUZA CE, XIE L. Robust H,, filtering [J]. Control & Dy-
namic Systems, 1994,65(2):323 - 377.

(12] LI H, FU M. An LMI approach to robust H,, filtering for linear
systems [A). Proc IEEE Conf Decision and Control[ C]. New Or-
leans, LA:[s.n.], 1995: 3608 - 3613,

[13] de SOUZA CE, SHAKED U, FUM. Robust H., filtering for con-
tinuous time varying uncertain systems with deterministic input sig-
nals [J]. IEEE Trans on Signal Processing, 1995,43(5):709 ~
9.

[14] WANG Z, GUO Z, UNBEHAUEN H. Robust H,/H.. state esti-
mation for discrete-time systems with error variance constraints [J].
IEEE Trans on Automatic Control, 1997,42(10):1431 - 1435,

(15] WANG Z, UNBEHAUEN H. Robust H,/H. state estimation for
systems with error variance constraints: the continuous time case
(1), IEEE Trans on Automatic Control, 1999,44(5):1061 - 1065.

[16] NAGPAL K M, RAVIR. H. control and estimation problems with
delayed measurements: state space solutions [A]. Proc American
Control Conf [C]. Baltimore: [s.n.], 1994:2379 - 2383,

[17] PILA AW, SHAKED U, de SOUZA CE. H.. filtering for contin-
uous-time linear systems with delay [J]. JEEE Trans on Automatic
Control , 1999,44(7) ;1412 - 1417,

(18] de SOUZA C E, PHLHARES R M, PERES P L. D. Robust filter
design for uncertain linear systems with multiple time-varying state
delays [J], IEEE Trans on Signal Processing, 2001,49(3):569 -
576,

[19] WANG Z, BURNHAM K J. Robust filtering for a class of stochas-
tic uncertain nonlinear time delay systems via exponential state esti-
mation [J]. /EEE Trans on Signal Processing, 2001,49(4):794 -
804.

[20] WANG Z, YANG Fuwen. Robust H. filtering for uncertain linear
systems with delayed states and outputs [J]. [EEE Trans on Circuits
and Systems I, 2002,49(1):125 - 130.

(21] JEUNGET, KIMJH, PARK H B. H.,-output feedback controller
design for linear systems with time-varying delayed state [J]. /EEE
Trans on Automatic Control, 1998,43(7):971 - 974,

[22] ZHU X, SOH Y C, XIE L. Design and analysis of discrete-time
robust Kalman filters [J]. Automatica, 2002,38(6):1069 - 1077.

HEBA-:

ZEX (1963 —), B, 190 EFFHETBITREADBHRK
M2, BARMNARERS TRRAER G LESW, FEWRY
) :H. B % 58 5 S 428, EREIBH LR A sk TR HH
%, E-mail : fwyang @ fzu. edu. cn.


http://www.cqvip.com

