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Robust stabilization of uncertain Lur’e-Postnikov
systems with state delay
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Abstract: Using Lyapunov and a Razumikhin-type method, robust stabilization of uncertain Lur’ e-Postnikov systems with
delay state is discussed. For uncertain Lur’ e-Postnikov system with delay state and with some norm-bounded perturbations, if its
coefficient matrices satisfy an algebraic Riccati inequality, then via a linear static and/or dynamic state feedback, quadratic sta-
bility for its closed-loop system is guaranteed. Also, using a Razumikhin-type appraoch, a sufficient condition is given for the
stabilization of a class of uncertain nonlinear systems with time-varying delay.
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1 Introduction

In recent years, because the uncertainty caused by
modelling errors, measurement errors, linearization ap-
proximations, may occur in many practical time-delay
systems, the problem of robust stability and stabilization
for linear time-delay systems with norm-bounded or
cone-bounded uncertainties has been of great interest to
researchers, see [1 ~4]. Moreover, for uncertain non-
linear systems, when an arbitrary nonlinearity @, whose
components belong to sector (0.5, « ) is inserted into
the plant input, their stability and robust stabilization are
interesting topics, see [1,5]. Ohta et al investigated the
quadratic stabilization of uncertain Lur’ e-Posnikov sys-
tems with no time-delay, see [5]; while we extend it to
the case of time-delay in the state, see Section 2. Also,
the series nonlinearity for control input in [5] is more
general than that in [1]. In Section 3, we accept the
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nonlinear characteristics for control input as that of in
[5], and our design of control law bears much differ-
ence from that of [1], so our result here could be con-
sidered as a kind of generalization of the related one in
[1]. All in all, the purpose of this paper is to derive
some Riccati equation type conditions for uncertain Lur’
e-Postnikov systems with either norm-bounded or cone-
bounded uncertainties.

Throughout this paper, the uncertainty in nonlinear
characteristics for the control input is described by

2u"RO(u) = u"Ru, Y u € R, (1)

where R is a given m x m positive-definite matrix, R™
represents the input space. @ :IR™ — R™ is any continu-
ous function satisfying (1) and such that $(0) = 0, see
[5]. The following facts will be essential for the proofs
in the Sections 2 and 3,see [2].

Lemma 1.1 lLetA,D,E and F be real matrices of
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appropriate dimensions with FTF < I, here [ is the
identity matrix. Then we have the following:
1) For any scalere > 0, DFE + EYF'D" < ¢~'DD"
+ eETE.
2) For any matrix P > 0 and scalere > 0 satisfying
el - EPE" > 0,
(A + DFE)P(A + DFE)" <
APAT + APE"(el - EPE")"'EPA" + ¢DD".
2 Results for norm-bounded uncertainty
In this section, we consider uncertain time-delay Lur’
e-Postnikov systems like the following:
(1) =[A + AA()]x(e) + [A; +
AA(2)]x(e - o) + [B + AB(1)]®(u),

(2)
where x & IR" is the state, u & R™ is the control input,
A, A € R™",B € R™™,d(-) is any function satis-
fying (1). ¢ > Ois a given constant. The time-varying
norm-bounded perturbation [AA(t),AA(1),AB(t)]
is in the following form:

[24(2),84,(2),AB(t)] = DF(:)[E,, E\, E,],

(3)
where D, E,, E|, E; are known matrices of appropriate
dimensions. F(-) is any Lebesgue measurable matrix-
valued function satisfying FT(¢)F(t) < I. It is as-
sumed that all the states are available for feedback and
the pair (A, B) is stabilizable. We have the following
result for the quadratic stabilization of system (2). For
the definition of quadratic stability/stabilizability, see
[4,5].

Theorem 2.1 For system (2) with AB = 0, if
there exist positive definite matrices P and Q and posi-
tive numbers €, ,&,, such that e,/ — E,QET > 0and the
following Riccati inequality holds:

ATP + PA+ Q - PBR'B™P +

(e, + €,)PDD"P + ¢7'ETE, + P[A,07'4T +

A1Q"El(eal - E\QED)™'E,Q'ATIP < 0,

(4)
then this Lur’ e-Postnikov system is quadratically stabi-
lizable; furthermore, a suitable stabilizing control law is
given by u(t) = - R7'BTPx(1).

Proof The proof is omitted in order to save the pa-
per length.

Remark 2.1 For system (2), when there is no

time-delay,i.e.,
A = 0,A4, = 0,

this uncertain Lur’ e-Postnikov system reduces to the
system discussed by Ohta et all’]. Also, the Riccati
Ineq. (4) is reduced to

ATP + PA+ Q - PBR'B"P +

e PDD"P + ¢7'ETE, < 0,
which is similar to the related result in [1] that gave no
consideration to the time-delay in the state.

Now, we tum to the case when both AA(t) and
AB(t) exist.As in [5], we study quadratic stabilizabil-
ity via dynamic state feedback. Consider the following
system:

() = [A+DA()]x(e) + [A) +

AA(2)]x(t - o) + [B + AB(2) ]z,

(5a)
2= &(u), (5b)
or
2,(1) =[A, + DA (2)]x,(t) + [Ag. +
AA(t)]x (2 - ) + B®[u(t)],
(6)
where

x A B
x¢=[],A¢=[ 5
z 0 0

AA AB
AA, = [ ] = D,F(t)E,,
0 0

Al,=[’:)‘ g]
A (r) = [M;(‘) g]=

D,F(t)E,,;

[DF(Ot)El g]

b= (] £ =5 B,

E. = [E, 0],B, = [(;]

From Theorem 2.1, we have the following result:
Theorem 2.2 For system (6), if there exist posi-
tive definite P,, Q, € R"*™*(»+m) and e,,e, > 0,
such that ¢,/ — E;,Q.E], > 0 and the following Riccati
inequality holds:
ATP, + P,A, + Q. - P,B,R"'BTP, +
(e1 + €)P,D,DTP, + ¢{'ETE, +
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Pe[AleQ;lATe + AleQe_lE’{e(EZI -

E\Q.EV)"E.Q;'Al 1P, < 0,
then this Lur’ e-Postnikov system is quadratically stabi-
lizable via linear dynamic state feedback. Furthermore, a
suitable stabilizing control law is given by
u(t) =- R'BIP, x.(1).
3 Results for bounded nonlinear uncer-
tainty

In this section, we consider the following uncertain
nonlinear time-delay system:

2(t) = Ax(t) + Ayx(e - h(2)) + BO(u) +
Ba(x(t),u,x(t = R(t)),t),
x(t) = 6(¢),e € [- H,0],

(7)
where x ER,u € R",BE R ™, AandA,aren x n
matrices. (A, B) is a completely controllable pair,
h(t) is the time-varying delay such that 0 < A(:t) <
H, for some positive constant H. § € C[ - H,0;R"] is
a given initial function. @(+) is any function satisfying
(1). The function a(x(¢),u,x(t - h(t)),t) is not
completely known, but satisfies the following cone —
bounded assumption.

Assumption 3.1 There exist known nonnegative
constants k, , ky, k3 such that ¥ (p,q,r,s) €ER* x R™
x R* x &,

la(prg,rs)l s kbillpll + B2llgll + ksl rll,

k, < 17(2¢(R)),

(8)
here and throughout this section || + || represents the
Euclidean norm for vectors and the induced norm for
matrices. x(R) is the condition number of R.

Since (A, B) is a completely controllable, for any a,
p > 0, and any positive definite Q € R**", the follow-
ing algebraic Riccati equation has an unique positive def-
inite solution P € R™*":

(A+a)"+ P(A +al) - pPBR'lBTP + 0 =0.

(9)
Now, we consider the asymptotic stabilization of system
(7) by the control law:

u(t) = Kx(t), K =- BpR'B™P, (10)
where the constant 8 > 1.
Theorem 3.1 Consider a system (7) satisfying the

Assumption 3. 1, and subject to controller (10), with
(9) and

p=%, 0 = 200, + 1), (11)
_ LRl 1
B = 1 -2k (R)] ¥ T1 = 2kpe(R) > 1
(12)
where Q, is a positive-definite matrix, r is any positive
number, and x(R) = || Rl - || R7! |l . The closed-

loop system is globally asymptotically stable, provided
that
aAmin(P) + Amm(ol) -

«2(P) Il PA Il = rk3x(p) >0,  (13)
where k(P) = | Pl - Il P7'.

Proof The proof is omitted for the limitation of the
length.

Corollary 3.1 Consider the situation as in Theorem
3.1, with the exception that k3 = O in Assumption 3.1
and A; = Oin (7). Then, the origin of the closed-loop
system is globally asymptotically stable.
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