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Design of delay dependent robust controller
for uncertain systems with time varying delay
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Abstract: The controller synthesis problem of uncertain systems with time varying delay is investigated. A robust con-
troller with delay compensation is proposed based on Lyapunov function method. The stability criterion of the closed-loop sys-
tem, which is dependent on the size of the time delay and the size of its derivative, is derived in the form of linear matrix in-
equalities (LMI). Example shows that the results of using the method in this paper are less conservative than the existing ones.
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1 Introduction

The study of stability and stabilization of time delay
systems has attracted considerable attention over the past
several decades because of their practical applica-
tions!! ~ '8! In these works, the derived results can be
classified into two categories, delay independent results
in [1,5,6,11,13] and delay dependent results in [2 ~
4,6,8]. Generally speaking, the delay dependent results
are less conservative than the delay independent ones
when the time delay is small.

Recently, a number of research works were focused
on the study of delay dependent method via memoryless
controller for uncertain systems with time delay. When
time delay is time varying or constant, some memoryless
controller design methods'2~*8] were proposed based
on Lyapunov function method and first order transforma-
10]

tion™®). To reduce the conservatism of the existing re-
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sults, Gu'® used the discretized Lyapunov functional ap-
proach to propose a new design method of robust con-
troller. The given controller can stabilize the original
system with larger maximum allowed value of time delay
than the existing ones by other methods. However, only
systems with polytopic uncertainty and constant delay
were addressed in [9]. It is not very easy to extend the
method in [9] to the systems with norm-bounded uncer-
tainty and time varying delay.

For the study of stabilization of time delay systems,
memoryless controller and memory controller were pro-
posed, see [2~6,8 ~ 13] for the memoryless case and
[15,16] for the memory case. Although the proposed
memoryless controllers are easy to implement, they often
tend to be more conservative especially when the past in-
formation on the system can be employed. By using the
past state or past input information, delay dependent co-
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ntrollers were designed in [15,16] and were shown by
examples to be less conservative than the memoryless
controllers. The shortcoming of the methods [15,16] is
that the time delay must be assumed to be known and
constant.

In this paper, we investigate the problem of delay
dependent robust controller design for the systems with
norm-bounded uncertainty and time varying delay. To
get the transformed system, a neutral model transforma-
tion and first order transformation!® are employed simul-
taneously.  Different
(2-4.6.89] " the given controller has feedback of
the current state and past state information. There are

from the memoryless con-
trollers

two advantages of our method: firstly more information
on the state is used to implement the controller, and sec-
ondly the time delay can be time varying and the exact
value of the time delay is not required to be known. The
derived stability criteria are expressed in terms of LMI,
which can be effectively solved by using various opti-
mization algorithms!!.
2 System description and main result
Consider the following uncertain system with time

varying delay
2(t) =
[A+AACe) T2 (e) +[A1+AA () ]x(e-2(e)) +
[B + AB(¢)]u(s), (1)
x(s) = #(s), s€ [- 7, 0], (2)

where x(¢t) € R” and u(¢) € R™ are the system state
and the control input, respectively. r(¢) is the time de-
lay which is continuously differentiable and satisfies 0 <
v(t) < rand () < d < 1.$(¢) € Cois the initial
function. C; denotes the set of all continuous functions
from[ - 7,0] toR". A, A, and B are constant matrices
of appropriate dimensions. AA(t),AA;(t) and AB(¢)
denote the parameter uncertainties which satisfy
[AA(e) AA(¢) AB(1)] =
DF(:)[E, E, Es],
where D, E,, E, and E; are known matrices and F(t) is
unknown time varying matrix which satisfies
I F(o) Il < 1.
Next, we give our main result.
Theorem 1 Suppose that scalars ¢ > Oand d < 1
are given. Then the system (1) with the control

w(t) = IX[x(e) + | Aux(s)ds]  (3)
=2

is asymptotically stable for.any = ( ¢) satisfying 0 < z(¢)
< rand 7(t) < d < 1, if there exist positive definite
matrices X, X, (k = 1,2,3),y;(i = 1,2,3,4) and ma-
trix ¥ € R™" and positive scalars ¢;(j = 1,2,,7)
such that

[ s -5 (Ava)ay, 0]

—%YIA'{(A*‘AI)T —%Yl a3l 0,
L o, 0, =

(4)

(- Y, Y,AT Y,ETT

AY, - X, +eDDT 0 |<0O, (5)
LE Y, 0 - esl-
[ - Y, Y;A7 Y3E]]
A1Ys - X,+eDDT 0 |<0O, (6)
LE2Y3 0 - €6l
(- Y, YBT YET T

BY -X;+e¢DD" 0 |<0O, (7)
L E,Y 0 - &1
where

S =X(A+A)T+ (A +A)X + BY +

Y'BT + (e, + %ez + €3+ €e)DDT 4

%AI(XI + X2 + X3)A'{ + L

2 Y47

ot = [ xe3 Tx Tx Zx o xg Y'El],
T ; T ~T ;2 T ;2 T
02 = [— ?Y]AlEz - ZY]A] —IYIAI
_2 _
-ZvAl - ZnalEl o 0],
E = disg (1-desl LV, v Z(-d)Y

T

2
Proof Define a neutral transformation as

t
2(0) = a(e) + | As()ds. (@)
t~T
Using (8), we design a controller as
u(t) = Kz(t)) (9)
where K is a constant matrix that will be designed later.
Taking the time derivative of z(¢) and combining (1)

621 611 641).
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and (9), we obtain
2(t) =(A + A)Dx(t) + M) x(e) +

Alx(t - T(t)) - Alx(t - %) +

AA(x)x(t — z(¢)) + (B + AB(1))Kz(t),

(10)
x(t) = p(¢), t€[-7 0]

Since the once derivative of x (¢ ) exists for ¢ = 0, using
the Leibniz-Newton formula, we obtain

w(t - (1) = x(s _§> j T (o) =

r t-7/2
#(t- %) 'J,-,m“”‘ + D)) x(s) + (A +

AA1(s))x(s - z(s)) + (B + AB(s))Kz(s)}ds,
(11)
27. Substituting (11) into (10), we get the
following transformed system
2(t) =(A + ADx(t) + M) x(e) +
AA (t)x(t -r(¢)) -

a1+ 8A(D)x() +

(Al + AA](S))Z(S - Z'(S)) + (B +
AB(s))Kz(s)}ds + (B + AB(¢))Kz(¢),
(12)

fort = -

Construct a Lyapunov functional as
V(x,),= Vl(x,) + Va(=,),
where x,(s) = x(t +s),s € [- 7, 0],
Vilx,) = 2"(e) Pz(e),
Vo(x,) =

J:' ) ") Ta(s MS"'J /J 2 (v) Qe (v)dvds @

t=7(e) fr=2(1)
j . j x7(v) Gx(v)dvds +

t-1/2

(13)

%Jl_r(') x(s)6Gx(s)ds @

j'—f(')J:-r(')xT(v - (9)) Wx(v - v(v))dvds +

t-1/2

%J.:_r(')x’r(s - r(s))Wa(s - v(s))ds +

201 - d)J,-ﬂ,)"T(S)W"(S)dS S

t=7(t) Ce=7(1)
J . J 27(v) Rz(v)dvds +

t=7/2

%Jll_r(')zT(s)Rz(s)ds, (14)

where @ is ‘ + "as r(t) <%and co asr(t);%.
P,T,Q,G,W and R are symmetric positive definite
matrices.

T

2
J'-T(I)J'-r(')xT(v)Gx(v)dvds <

t-7/2

It is easy to show that as 7(t) >

LJ' . 7 (s)Gx(s)ds,
t=7(t) (t=2(t)
J J 2"(v) Rz(v)dvds <

t-7/2

% ' )zT(s)Rz(s)ds,

t—7(t

j' T - () Wa - 1(0)))duds <

t—-7/2 =
%j’_;(’)x’r(s - z'(s))Wx(.s - z(s))ds,

thus, V,(#,) is positive definite. Moreover, V,(x,) and
V2(x,) are continuously twice differentiable in x and
once in ¢.

Next, to prove the negative of time derivative of

V(x,), we will consider two cases. Whenever the time

delay satisfies the case r(t) < = or r(t)
2

can prove that under the conditions (5), (6) and (7)
V) < 2 L ] 0 e,
(15)

T
=5, we

where
H =

S+ T+ =R —P(A+ Ay -+

2 7 7 ik

AT (A a)TP-L

2 —ATT, - 2 0+—52‘ATETE, l+ A 1A

=T+ %Q + % 2(1 )
Under the condition (4), H < 0 holds. Hence, there
exists a constant A > 0 such that

V(t,2,) < - Az7(e)z(¢t). (16)
On the other hand, by Schur complements, H < 0 also
means

2

-0+ 21(?/‘11<0 (17)

By Schur complements and matrix theory, we can fur-
ther prove that a positive scalar 0 < a < 1 exists such


http://www.cqvip.com

264 Control Theory & Applications

Vol.20

-aQ SATQ

_ < 0. (18)
S04 -0

Using lemma in [ 14], we know that under the condition

(17), z(t) is a stable operator. Then, combining (16)

and using Theorem 9.8.1 of [7], we can complete our

proof. Q.E.D.

Remark It can be found from (3) that only upper
bound of the time delay is needed to implement the con-
troller (3) although the controller has feedback of the
current state and the past state information.

3 Example
Example Consider the following systcmm
£(t) =[A +AA(e)]x(e) + [A; +
AA(t)]x(t = z(t)) + Bu(e), (19)

where

0 0 -1 -1 0
R A P )
0 1 0 -0.9 1

lAA(e) I <0.2, |a4;(e) | <0.2.
z(t) satisfies 0 <
Choose

t(t) crandr(t) <d < 1.

0.2 0
D‘=D2=[o 02]’

1 0

In (4], it was shown that the maximum allowable value
of r that guarantees the system (19) with d = 0 is stable
via a memoryless controller is 0.3346. However, by ap-
plying Theorem 1, we found that the upper bound of ¢
which guarantees (19) with d = 0 is stable via the con-
troller (3) is 0.5492. In other words, we can design a
controller as
u(t) =-[0.2132 311.0461] -
-1 x(s)ds] )

[x(t) * J:-o.mes[ _01 ~0.9

which guarantees the closed-loop system is asymptotical-
ly stable for any r € [0 0.5492]. If d = 0.5, the
upper bound of r which guarantees (19) is stable via the
controller (3) is 0.3927. If d = 0.9, the upper bound
of r is 0.1298.
4 Conclusions

In this paper, a robust controller with delay compen-

sation was proposed for uncertain systems with time
varying delay based on Lyapunov function method. Like
the memoryless controller case, it is not required to
know the exact value of the time delay although the de-
signed controller in this paper depends on the current
state and past state information. Since more information
on the state is used, the given controller can provide
better performance than the memoryless controllers in the
existing references.
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