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Observer-based robust fuzzy control of nonlinear systems
with parametric uncertainties

TONG Shao-cheng, ZHANG Xin-zheng
(1. Department of Basic Mathematics, Liaoning Institute of Technology, Liaoning Jinzhou 121001, China;
2. Automation Research Institute, Guangdong Polytechnic University, Guangdong Guangzhou 510090, China)

Abstract: This paper addresses the robust fuzzy control problem for nonlinear systems in the presence of parametric uncer-
tainties and the state variables unavailable for measurement. Sufficient conditions are derived for robust stabilization in the sense
of Lyapunov asymptotic stability and are formulated in the format of linear matrix inequalities (IMIs) . The effectiveness of the
proposed fuzzy controller and fuzzy observer design methodology is finally demonstrated through numerical simulations on an in-
verted pendulum system,
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1 Introduction

Recently, stability analysis and systematic design are
among the most issues for fuzzy control systems. There
have been significant research efforts on these issues.
With the development of fuzzy systems, it is known that
qualitative knowledge of a system can also be represent-
ed in the nonlinear functional form. On the basis of this
idea, fuzzy model based control design methods have
been proposed in fuzzy control field. Usually, the non-
linear system is represented by a Takagi-Sugeno (T-S)
fuzzy model; then, the control design is carried out on
the basis of the fuzzy model via the so called parallel
distributed compensation scheme, and the stability is de-
rived by the Lyapunov direct method. Since uncertainty
is usually a source of instability, Tanaka and his col-
leagues presented the stability analysis for a class of un-

]

certain nonlinear systf:ms[1 . Afterwards, there appear
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many publications to deal with the same problemm . In
practical situation, however, not all states are available,
and the output feedback control design becomes neces-
sary. Recently, some researchers'>*! studied fuzzy ob-
server design for T-S fuzzy-model-based control sys-
tems, and proved that a state feedback controller with
the observer always yields a stabilizing output feedback
controller provided that the stabilizing property of the
control and asymptotic convergence of the observer are
guaranteed by the Lyapunov method. However, in the
existing fuzzy observer design, the parametric uncertain-
ties for T-S fuzzy control system are not considered. So
the robustness of the whole control system cannot be
guaranteed.

This paper proposes some new solutions to the robust
stabilization problem for a class of nonlinear system with
time-varying but norm-bounded parametric uncertainties
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in spite that their state variables are not available for
measurement. The stability conditions are developed,
subject to parametric uncertainties. The overall proposed
design methodology presents a systematic and effective
framework for an inverted pendulum system.
2 Preliminaries

In order to consider parametric uncertainties in T-S
fuzzy systems, we proposed the continuous-time T-S
fuzzy system in which the ith rule is formulated in the
following form:

T-S fuzzy model:

Plant rule i:

IF z,(¢) is Miand z,(¢) is M5, -, and z,(t) is M3,
THEN

£(t) = (A; + A x(t) + (B; + AB)u(t),

y(t) = Ca(e), (1)

i - 1721."1‘1’
" where M} is a fuzzy set (; = 1,2,-,n),z(1) =
[z,(t), ", 2z,(t)]T is some measurable system vari-

ables, i.e., the premise variables. x(¢t) € R* is the
state vector, u(t) € R™ is the control input vector, and
y(t) € R is the output vector, and 4; € R**",B; €
R**™and C; € R**" are system matrix, input matrix and
output matrix, respectively, AA; and AB; are uncertain
time-varying matrices with appropriate dimensions,
which represent parametric uncertainties in the plant
model, and ¢ is the number of rules of this T-S fuzzy
model.

The defuzzified output of this T-S fuzzy system (1) is
represented as follows!? ;

2(1) = E#i(Z(t))[Agx(t) + Bu(e)] +
Eﬂi(z(t))[AAi(t) + ABu(t)],

y(1) = };yi(z(t))C,-x(t).

(2)
Next, fuzzy state observer for T-S fuzzy model with
parametric uncertainties (1) is formulated as follows:
Observer rule i:
IF z,(¢) is Miand z,(t) is M, -+, and z,(¢) is M5,
THEN
2 (1) = 4;2(e) + Bu(t) + GLy(2) - 9(2)],
9(t) = C;2(1),
i = 1,2,"',11,
(3)

where G; € R™*! is constant observer gain to be deter-
mined.
The defuzzified output of (3) is represented as follows

£ (0= 2 w)A(04 Y w(=(e) Bul)+

l > GGy - 51,

50 = Dm0,

(4)

Assumption 1 The parameter uncertainties consid-
ered here are norm-bounded, in the form:

[24;, AB;] = DFi(t)[Ey,s Exi],
{F'{(t)Fi(t) < I,
where D;, E,;, and E,; are known real constant matrices
of appropriate dimension, and F;(¢) is an unknown ma-
trix function with Lebesgue-measurable elements, [ is
the identity matrix of appropriate dimension.

Lemma 1l Given constant matrices X and Y of ap-
propriate dimensions, for some e > 0, the following in-
equality holds:

XY + VX < eX'X + -:_—YTY.

Lemma 2 Given constant matrices D, E, and a
symmetric constant matrix S of appropriate dimensions,
the following inequality holds:

S + DFE + E"F'D" < 0,
if and only if for some e > 0,
S+ [e'ET eD][R O] [E IE] <0,
0 I'tepT
where FTF < R.
3 Output feedback robust stabilization of
the T-S fuzzy model

Consider a T-S fuzzy model with parametric uncer-
tainties and observer fuzzy model described by (3) and
(4) . Define observation error as

e(t) = x(t) - 2(1). (5)
The objective is to design a T-S fuzzy-model-based out-
put-feedback controller for robust stabilization of system
(5) in the form

w(1) == DKW, (6
From systems (3),(4),(5) and (6), we have
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2(1) = 0 D) (a0 (1)) (A +

e(8) = 30 sa(e)) s (2(6)) (s -

T-S fuzzy model, with parametric uncertainties and the
is1 =1 unavailable state variables summarized in the following

AA; - (B + AB))K; (1) + theorem:
3 B B+ BBIEIe(r), e b s k6
@) and some scalars ez, (i,j = 1,°**, q), such that the fol-
lowing IMIs are satisfied, then the T-S fuzzy system

i=1 i1 (3) is asymptotically stabilizable via the T-S fuzzy-mod-
GC; + ABK)e(t) + el-based output-feedback controller (6) :
N i D; * *
2:(2(8)) i (2(2))(AA; - ABK;) x(t).
i=1 j=1 ! ! E\Q-EM; -(ez'+1)7'I * <0
(8) DT 0 -(eg+1)7'1
'The main result on the global asymptotic stability of l<i<gq), ) (9)
‘I’ij * * * *
e\t 117
EQ - ExM; - [(j) + ‘2_] 1 * * *
ey ™ ! <0(1gi<j ,
E\Q - ExM; 0 —[(-2—’) +—;-] I * * (Isi<isq
D} 0 0 - el ¢
L D} 0 0 0 - ej'll
(10)
i T; * *
Ey - ExK, - (e3' + 1)7U * <0(l<is<gq) (11)
L DIP, 0 - (ez + )7
1 = * * * * ]
AT
- Ey)K; —[(Ey) +3] I * * *
-1 -1 . .
ei' 1 <0(lgi<j<q), (12)
- E)K; 0 - [7" 5] * *
DY 0 0 -l %
L D} 0 0 0 - ej'l]
where and Q = P~',M; = K;P~', and N; = P,G;, where *
Gy = QAT + AQ - M'BT - BM; + I, denotes the transposed elements in the symmetric posi-
Wy = QAT + AQ + QAT + AQ - MIBT - tions.
BM; - M'BY - B;M,, 5 Computer simulation
T, = AP, + AP, - C'NT - NC; + K'B'BK,, To show the effectiveness of the proposed controller
_ T T ToT design techniques, we simulate the control of the invert-
E,J':AiP2+P2A,'+AjP2+P2Aj—NjB,'—

ed pendulum with parametric uncertainties and while the
states are unmeasurable.
T
KiBjBiK; + KBBK; The equation of motion for the inverted pendulum de-
4 , vice is*]

B,N; - NiBT - BN; +
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’xl = X2, 1 O O O 1 O O O
| | e -] [
4y - S 0010 0010
(M +m)(J+ ml );;7121 cos? %] 0 1 o0 o 0
-[f;'_{;(M + m();;z - ;n I* x5sin x;;os x) +] 4y’ ay O O y
cos x1+(M+m sin xy—mlcos xu |, Ay = , By =
. oTuUXy 1 mg 1 1 2 0 0 0 1 2 0
$X3 = X4,
. 1 as' ay 0 ag by
e = (M + m)(J + mi?) - m*Pcos® x,] The parameters of A, A;, B, and B, are chosen in the
[ - fimlxycos xy + (J + mi*) mlxdsin x; - same as [2], AA; and AA, represent the system parame-
folJ + mI*)x, — m*gl*sin x,cos %, + ters uncertainties but bounded, the elements of AA4; and
(J + mi®ul,

(13)
where g = 9.8 m/s?, M = 1.282kg, m =0.2kg, f, =

22.915N/m-s7}, f; = 0.007056 N/rad + s~', 1 = 0.304 m,
J = 0.004963 kgn? in the numerical simulation.
We approximate the system by the following two-rule
fuzzy models:
Plant rule 1:
IF x, is about 0, THEN
£ = (A + M) x(t) + Byu(e),
yl(t) = Cix(t).
Plant rule 2:
IF x, is about * /3, THEN
2 = (A; + AAy)x(t) + Byu(te),
yo(t) = Cyx(t).

Where
0 1 0 O 0
4 aj ay 0 0 B b2
1 = ] 1 = ’
0 0 0 1 0
ay ap 0 agy by
4 ; 40
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Fig. 1

AA; randomly achieve the values within 30% of their
nominal values corresponding 10 A, and A;,AB; = AB,
= 0. Based on Assumption 1, we define

03 0 0

D=D,=|0 03 0|,
0 0 0.3
15 0 0

En=Ep=|0 15 o,
0 0 15

Ey = Ep = 0.

Membership functions for plant rules are chosen as (4].
By LMI optimization algorithm to solve LMIs (9) ~
(12), we can obtain feedback gain and observer gain
matrices which ensure the stability of whole fuzzy sys-
tem. The initial values of states are chosen x(0) =
[-60°,0,0,0],2(0) = [0.9,0.8,0.2,0.2]. Fig.1
illustrates the closed-loop system behaviors.
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Closed-loop response for initial conditions
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