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Abstract: An adaptive controller is proposed for output tracking of nonlinear systems with unknown high frequence gain.
The control design is achieved by introducing the Nassbaum gain in the backstepping design scheme. It is shown that the pro-
posed controller can achieve asymptotic tracking without any growth conditions and any a priori knowledge on the sign of the

high frequency gain.
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1 Introduction

In the adaptive control community, one common con-
cemed is the problem of designing an adaptive controller
without the knowledge of the sign of the system high
frequency gain. For linear systems, this problem has
been well treated by various approaches in [1 ~4]. For
nonlinear systems, however, little has been done on this
problem. Recently in [5], Nassbaum gain incorporating
with the backstepping techmique was used to design
adaptive output stabilizer for high order nonlinear sys-
tems with arbitrary relative degree. However, certain
sector conditions on system nonlinearities are still needed
in [5] to achieve global stability .

In this paper, an adaptive control design scheme using
the backstepping technique with Nassbaum gain is pro-
posed to achieve output tracking of nonlinear systems. It
is shown that the controllers designed by the proposed
scheme can achieve asymptotic tracking for minimum
phase nonlinear systems with unknown high frequency
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gain and arbitrary relative degree. In comparison with
the results in [5] the proposed adaptive control design
scheme 'is much simpler and effective both in controller
structure and stability analysis. And the sector conditions
in [5] are removed.
2 Problem formulation

Consider a class of nonlinear systems that can be
transformed into [6]

{x = A,z + b(8)o(y)u + i‘pi(y)ai + doy),

y(t) = C.x,
‘ (1)
where 6(*) € C(R,R), ¢;(+) € C(R,R") and
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with system relative degree p = n — m.

The control objective is to force the system output
asymptotically track a given reference signal y,(¢) in the
presence of unknown a; and b;(i = 1,---,p,j = 0,"*,
m).

Remark 2.1 Unlike previous results in [6] and
(7], the parameter b,,, which is referred to as the high
frequence gain, is not required with a known sign.

Remark 2.2 As conventionally required in the out-
put tracking problem, the reference signal y,(t) and its
first p -th derivatives are assumed to be known and
bounded. In addition, y{¥’(¢) is piecewise continuous.
3 Backstepping design with a Nassbaum

gain and auxiliary signal

In order to obtain the desired adaptive control law by
carrying out the backstepping procedures, we defines, as
follows, an input-output filter similar to those in [7].

&0 = Ao&o + ky + ¢oly),

&= Aki+ ¢i(y), Isis<p, (2)
9 = Aoy + e,jo(y)u, 0 jgm,
where
koo lkiky, sk, JT, (3)
e,.j = [0,---,0,1,0,---,0]" € R™',  (4)
[k 1 0 - 0]
-k o 1 - 0
Ag = : oo e (5)
-k, O O - 1
L - &, 0O o - 0l

The vector & in (3) is chosen such that the matrix Ag is
strictly stable, i.e., all eigenvalues of A, have negative
real parts.

Thus, we obtain the following expression

Y= w0+ B+er= buvns+ B+ a0+ ey,

(6)
Up,i = Um,isl — kivm.la i = 2a3,"',,0 -1, (7)
Om,p = Um,pul — ko, + c(y)u, (8)

where
B 4 o2+ do, (9)
6 = [bn,""2b0,a,, 7, a1 1T, (10)
@ = (052, 0m125"" 202,852 + Pp127"s
&2+ d1al"s (11)
@ = [0,0,_12:"2002,86.2+ Pp107"»
g2+ 111" (12)

In above equations, v; , denotes the second entry of v;,
& 2 the second entry of &;, ¢; (0 < i < n) the first en-
try of ¢;, and e, denotes the second entry of ¢ where €
denotes the state estimation error defined in the same
way as in [7].
In order to ;bbtain the desired controller, we take the
change of coordinates
Z1 =Y = Y (13)
Zp = Uy - yfi_l) —aiy, i =2,3,",p,(14)
where «;_) is the virtual control at each step and will be
determined in later discussions. To illustrate the back-
stepping procedures using Nassbaum gain, the first two
steps of the design are given in details as follows.
Step 1 Define
w, = [@",c12 + ¥*z - 5, + BT,  (15)

HT 1 T
0= [3 gﬂ] , (16)
where y is a new variable defined by
X = %z% + 7, (17)
7 = (ep + ¥ (18)
It follows from (6),(13) and (14) for i = 2 that
Zy == (e + xz)zl +

bn(zy + @) + i) + 7,) + €. (19)

Take the following virtual control law «, and adaptive

law 8, for estimating 6, in this step without using the sign
of b,,,

a) = - wib, - ¥,, (20)

91 = N(x)f'lwlzl, 21)
where I'y is a positive matrix of R(™+P+2x(m+p+2) gngq
the Nassbaum gain N(y ) is chosen as

N(x) = xcos(x).

To proceed, we define the Lyapunov function

1

Vi = 01716, + id,

eTPe, (22)
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where 6, A -8 + 6,,Pis a positive matrix such that
PAg + AJP = -1, and d, is a real positive number to
be determined later.

Using (17), we have

I NGz P ¥22% 1< 7 =
It thus readily follows that

01212 + xzzlz.

Nb(,,,) 1o, [ - 2N () az, (23)

Vi <
if d, is chosen such that d, <1 b, | /4.

Step 2 Now, evaluate the dynamic of the second
state z, . Differentiating (14) for i = 2 and using (7),
there is

Z2 = Uns — kavpy - ¥, - ay. (24)

Define the Lyapunov function for this step as

Vo= Vi + 1z2 + ZJ_ETP": + 5 9TF“e§. (25)

Using (23), it follows that
Vysm et s o o T BT (- D),
(26)

when the virtual control for this step takes a value of

ay = - ¢z + B +2N(x)z; +

a a
dz( al) Zz+ 01 Té (27)
dy dy
where
a
Ty =— Fgay—leZ, (28)

day. <& day
B2 & kavp,y + ‘37/3 + 20 T

=1

kj 60,1 +

da,.
€041 + by + o () + 2,0+

P n 3a
Z Z e - k& + & ja+
1j=1

#i(9) + 5@—9 (29)

Step i(i = 3,---,p) These steps are similar to

those in [7], which include defining V; = V;_; + %z%

Lor
* 44t Pe , taking
da;_;

2
ai=—CiZi-(!i( ay-)zi-zi—l‘*'ﬁi'*'

SIELE! 311;'-1
sz ay BER)

. da;_;
and choosing 7; = ;. - I” 3y wz;.

Finally, the actual adaptive controller is obtained by
u(t) = a,/a(y), (30)

8=z, (31)
The final Lyapunov function V, satisfies
Vp <- ggc,,zi + 2Nb(,,,X)X +7] Zm - (32)
This inequality is similar to the one in [4] where a
linear system is considered. Following the same proce-
dures as in [4], the stability of the closed-loop system
can be concluded as stated in the following theorem.
Theorem 1 For a minimum phase nonlinear system
with known relative degree p , the adaptive controller
given by (30) and (31) can make the output of the sys-
tem asymptotically track an arbitrary signal with bounded
derivatives of up to order p while all the signals in the
closed-loop system are bounded.
4 Conclusion
This paper studies the problem of designing an adap-
tive output-feedback controller for output tracking of
nonlinear systems with unknown high frequency gain.
To solve the problem, a scheme using Nassbaum gain in
the backstepping design is proposed. It is shown that the
controller obtained by the proposed design scheme can
make the output of the system asymptotically track a giv-
en signal while all the signals in the whole adaptive con-
trol system remain stable. The stability analysis here is
obtained without imposing any growth conditions on sys-
tem nonlinearities. Another feature of the proposed
scheme is the way of constructing Nassbaum gain. Un-

like the conventional approaches as in all previous results
using Nassbaum gains, an augmented tracking error is
no longer used here and the dynamics about the Nass-
baum gain variable is determined only by a first-order
system. This ensures that the order of auxilliary system
which is used to construct the Nassbaum gain is reduced

to minimum.
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