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Abstract: The problem of decentralized stabilization for composite systems with input safuration is studied. M-matrix
method is used to investigate the problem and a sufficient condition for the composite systems with input saturation to be stabi-
lized by using decentralized linear state feedback control is derived. Moreover, a simpler sufficient condition for the symmetric
composite systems with input saturation to be decentralized stabilized is also given.
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1 Introduction

Input saturation is a common feature of control sys-
tems. Recently, linear systems with input saturation
have been intensively studied. For example, the global
asymptotical stabilization for such systems is studied by
using nonlinear feedback laws in [1], and the semiglob-
al stabilization for the systems by using linear feedback
laws is studied in [2]. However, little attention has
been paid so far to the decentralized stabilization for
compoéite systems with input saturation.

This paper will study the decentralized stabilization for
composite systems with input saturation. By using the
M-Matrix method, a sufficient condition for the system
to be decentralized stabilized is derived using linear state
feedback.

The second part of this paper considers a class of
large-scale systems which were called symmetric com-
posite systems by Lunze!®! Symmetric composite sys-
tems are encountered in electric power systems, industri-
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al manipulators, computer networks, etc. See [3 ~ 5]
for other examples and references. Because of the spe-
cial structure of symmetric composite systems, many
analysis and design problems for them can be simpli-
fied®~5). This paper will show that the decentralized
stabilization for symmetric composite systems with input
saturation can also be simplified.
2 Preliminaries
First introduce the definition of saturation function.
Definition 1 A vector-valued function o : R™ —R™
is called a saturation function if
o(s) = [Sall(sl),salz(sz) )t ’satm(sm)]T’
where
- 50, if 55 <= 550,
sat;(s5;) = {5 if I's; 1< 550,
- si0, if 5; > 550,
(sjo >0,/ =1,2,,m).
Remark 1 It can be easily seen that for a saturation
function ¢ : R™ — R™, there is
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(%Sj — satj(sj) E _;’
Vsj 6 ]R,, VJ = 192!'

Sjls
ym.

Hence "%s -a(s)| < % lsll, vs €R™ where

e =1 .

We also need the definition and properties of M-ma-
trix which were given in [6].

Lemma 1) Let W = [w;] € R"*" be a real
square matrix with nonpositive off-diagonal clements.
Then the following conditions are mutually equivalent:

C1) The principal minors of W are all positive.

C2) The leading principal minors of W are all posi-
tive.

C3) There is a vector x (or y) whose elements are all
positive such that the elements of Wx (or W'y) are all
positive.,

C4) W is nonsingular and the elements of W~! are all
non-negative .

C5) There exist N numbers d;,d;, -, dy with d; >
0,: = 1,2,--+, N, such that

dw; > zN,‘ di | wyl,i=1,2,--,N.

j=Yj#

C6) The real parts of the eigenvalues of W are all
positive.

Definition 2[¢’
positive off-diagonal elements W satisfies one of the con-
ditions in Lemma 1, then it is called an M-matrix.

Lemma 2% A real square matrix with non-positive
off-diagonal elements W is an M-matrix if and only if
there exists a diagonal matrix with positive diagonal ele-

If a real square matrix with non-

ments D, such that W'D + DW is a symmetric positive
definite matrix.
3 Problem statement
Consider the system composed of NV subsystems
N
% =Agx; + 2 A; % + Bioi(u), (1)

J=ljmt
i =1,2,,N,

where x; € R™,u; € R™ are vectors of the subsystem
state, control input, respectively. A; € R™*%,B;, €
R™*™ and o; : R™ —R™(i = 1,2,--+, N) are all satura-
tion functions, A; € R™*"(i  j) are the interconnec-
tive matrices.

This paper will study the following problem for sys-

tem (1).
Decentralized stabilization problem: Find, if possi-
ble, a decentralized linear state feedback

u; = Kx;, 1 = 1,2,---, N, (2)
such that
S1) The ith closed-loop subsystem
% = A% + Bioi(Kx;), (3)

satisfies that the point x; = 0 is uniformly asymptotically
stable . ‘
S$2) The overall closed-loop system
N
g = Ag + D A% + Bioi(Kgx;), (4)

i=lmi
i =1,2,--,N
satisfies that the point x; = 0 is uniformly asymptotically
stable.

In this paper, we will also consider the decentralized
stabilization problem for the following special composite
system

N
% =A% + Z Az + Bio(u;), (5)

jelgmi
i =1,2,-,N,
where x; € R™,u; € R™,A4,4, € R%"*™,B €
R**™ and 6;:R™ —>R™ (i = 1,2,"-*, N), are satura-
tion functions. That is
Ny = ny =
Ay = Ay = = Ay, By = By
and A; = Ay forall i ¢ jin (1).
Remark 2 We will refer to the system (5) as a
symmetric composite system with input saturation. Sym-

=y, M = My = 7" = My,

- = By

metric composite systems are used widely in practice.
For example, A multimachine power system consists of
a large number of similar power generators feeding a net-
work of loads, which are symmetrically interconnected.
Symmetric composite systems without input saturation
has been studied in [3 ~5].
4 Main results

In this paper, A,,(*+) and Ay(+) denote the minimum
and maximum eigenvalues of the matrix, which are writ-
ten in the brackets, respectively.

For the ith subsystem, choose positive definite matri-
ces ; € R%"™,R; € R™*™.

Let P; be the unique positive definite solution of the
algebraic Riccati equation,
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ATP; + PA; - PBR;'BIP; + Q; = 0.
Denote
ri= A.(Q) - I PB A | RF'BIP; I .

The following theorem gives a sufficient condition un-
der which the decentralized stabilization problem for sys-
tem (1) can be solved.

Theorem 1 If there exist positive definite matrices
Q; € R%*™, R, € R™*™(i = 1,2,***, N) such that the
matrix W = [w;] definited by

T . .
w; = {22u(P)’ v=J (6)
- Al ixj
is an M-matrix. Then the decentralized linear state feed-
back

u; = - R;'BIPa; (7
satisfies S1) and S2).

In the following, we will study the decentralized sta-
bilization for symmetric composite systems with input
saturation.

Because of the special structure of the system (5),
the following simpler sufficient condition for it to be de-
centralized stabilized can be obtained.

Theorem 2 The decentralized stabilization problem
for the system (5) is solvable if there exist two positive
definite matrices Q; € R™*" and R; € R™™™ such that

T
2q (PO NAgl > V-1

where r; = 4,(Q,) - Il B Il W R{'BTP . In
this case, the stabilizable decentralized state feedback
control law is

u; = - R{'BIPx;, i = 1,2,--,N.

5 Conclusion

In this paper, we obtained a sufficient condition for
the composite systems with input saturation to be stabi-
lized by using decentralized linear state feedback control.
Because of the special structure of symmetric composite
systems, the condition becomes quite simple.
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