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Abstract：This paper is to di~1．1ss the problems of stability and robust stabilization for singular systems with~ I．1S 

norm-bounded uncertainties．The necessary and sufficient conditions of generalized quadratical stability，which guarantees that 

the uncertain singular system is stable，regular and impulse-free for all admissible urice~ nties，can be obtained by solving an 

algebraic Riccati inequality or aIl algebraic Riccafi equation．Furthermore．the design method of robustly stabilizing state feed- 

back controller can be constructed in terms ofthe solution of a certain matrix equation．A ntm'lefical example is given illuswa~ g 

the effectiveness of the proposed approach． 
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具 Frobenius有界不确定性广义系统的鲁棒稳定性 
胡 刚 ，任俊超 ，谢湘生 

(1．广东工业大学 自动化学院，广东 广州 510090；2．广东工业大学 系统工程研究所，广东 广州 51OO9O) 

摘要：研究了具 Frobenius有界不确定性广义系统的稳定与鲁棒镇定问题 ．通过对代数 Riccati不等式或代数 

Riccati方程的求解，获得了不确定广义系统广义二次稳定的充要条件，使得对所有容许的不确定参数，系统是稳 

定，正则和无脉冲．而且，根据一类矩阵方程，构造了使不确定广义系统鲁棒镇定的状态反馈控制器的设计方法．实 

例说明了上述方法的有效性． 

关键词 ：鲁棒性；广义系统；Frobenius界；不确定性；Riccali方程 

1 Introduction 

Singular systems(sometimes referred tO as descriptor 

systems， differential—algebraic—equation or semi—state 

systems)describe a broad class of systems，which are 

not only of theoretical interest but also of great practical 

significance．In recent years，much work has been fo— 

cused on analysis and design techniques for singular sys— 

terns(see[2，3]，and references therein)．Many of the 

standard design techniques for non—singular systems have 

been extended tO singular systems．But it is well known 

that a common feature of robust stability for singular 

systems is that robust stability，regularity and impulse- 

free should be considered at the same time，while the 

latter two do not occur in the state-space systems．So a 

singular system has a more complicated sll'tlcture．Mean— 

while．evell if the nominal singular systems ale re~ ar 

and impulse-free， a slight change of system matrices 

may result in impulse modes and destroy regularity of a 

singular system[4’51
． Recently some work dealing with 

the problems of robust stability analysis and robust con— 

trol for uncertain singular systems has appeared in the lit- 

erature(see，[1，6 10])． 

On廿1e other hand，the robust problems(stability， 

stabilization and contro1)have been extensively invesd— 

gated for systems with uncertainties bounded by 2-norm 

or the maximum singular value(see[11]，and reference 

therein)．But there ale few results On the uncertain sin— 

gular systems wit}l Frobenius norm-bounded uncertain— 

ties．The Frobenius norm is better than 2-norm ，howev— 

er，as a measure of uncertainties in some cases．Let US 
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consider the following uncertainties[12]： 

[ =[ ． 
Obviously，ll△2 ll，(= )>ll△1 ll，(=1)．How— 

ever the maximum singular values of the uncertainties A1 

and△2 are the same(=1)． 

Motivated by notions of quadratic stability，Xu and 

Yang proposed the notions of generalized quadratic sta— 

bility for uncertain singular systems with tirne—varying 

uncertainties and obtained some results of analyzing un— 

certain singular systems[11
．
In this paper，we study the 

problems of stabi~ty and robust stabilization for singular 

systems with Fobenius norm-bounded uncertainties．By 

using the nodons in[1]，we propose necessary and suf- 

ficient condidons for the generalized quadratic stability 

which guarantees that the uncertain singular system is 

stable，regular and impulse—free for all admissible uncer— 

tainties by solving all algebraic Riccati inequality or an 

algebraic Riccati equation，and obtain a sufficient condi— 

don for the existence of the state feedback controller in 

terms of an algebraic Riccati equation．The main results 

in this paper can be viewed as extensions of what has 

been derived in[12]． 

2 Problem statement and definitions 

Consider the following linear singular systems with 

Frobenius norm-bounded uncertainties 

点 (t)=(A+△A) (t)+(B+AB)／,L(t)= 

(A+ (t)Ea) (t)+(B+ (t)E6)／,L(t)= 

( + (1) 

where (t)∈R is the state variable， (t)∈ is the 

control input，E∈ ，and rank E = r≤ tl,．A，B are 

known real constant matrices of appropriate dimensions． 

(t) ， (t)Eb(e．g．the admissible uncertainties 

AA，AB)are real tirne—varying matrices representing pa— 

rameter uncertainties with 

H =【日1 ⋯ J， 

= [ETⅡ ETd ⋯ ET6IT, 

E6=[E E 6 ⋯ E,TbIT, 

being known real constant matrices of appropriate dirllen— 

sions，and 

△(t)= 

A11(t) 

A21(t) 

A12(t) 

A22(t) 

； ； 。
． 

A，1(t) Ar2(t) ⋯ 

A 1
。( 

A2
。( 

△ ( 

(2) 

∑∑ ll A (t)ll ≤1． (3) 

Let US denote A(t)and△ (t)by A and△ ，respective— 

by ll△，v ll，≤1，where AN is given as 

『l1△··I1 Il△1 I1⋯ Il△1s I1] 
=  ““ ： “1． L ll

△，1 ll ll△r2 ll ⋯ ll△ ll j 

∑∑ II如(t)II ≤1． 

A(t)satisfies ATA≤ ，．In this paper，the Frobenius 

in system(1)has the following special form as in[1] 

E=【 ， 

(Q1EQ2，Q1(A+AA(t))Q2，Q1(B1+AB1(t)))， 

ling／,L(t)i 0]is stable，regular，and imputse free for 
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I~ -inition 2 The uncertain singular system is said 

to be generalized quadratically stable if there exist con— 

stant matrices P∈R“ “and Q∈R“ “with QT=Q， 

Q>0 so that the unforced singular system [setting 

(t) 0]satisfies 

A (c)P+PTAo≤一Q， (5) 

f0r棚 admissible uncertainty AA(t)，where Ao(t)=A 

+△A(t)，and P takes the form 

P ： 三】 ㈤ 
with Pl∈ r ，P2∈ “一r)”，P3∈ n—r)×(n—r)and 

Pi=P1，P1>0，P3 is invertible． 

3 Main results 

At first，we will show that generalized quadratic sta- 

bility of uncertain singular system implies the robust sta． 

bility of system (1)． 

Theorem 1 If the uncertain singular system (1)is 

generalized quadratically stable，it must be robustly sta． 

ble． 

Similar to the proof of Proposition 1 in[11]，we can 

easily gain the result above． 

Lemma 1 E 2] Gi豫 l matrices 

H =【 l ⋯ 研]， 

= 【El。 E2。 ⋯ ] 

being known real constant ma trices of appropriate dimen- 

sions，and△ (i=1，2，⋯，r，_『=1，2，⋯，s)satisfying 

(3)，then for all ve~tors and positive．definite matrices 

P，the equ~on 

．． 。
( T腿 △ )= 

XT( PHiHTp)xxT(~T (7) 
h0l(IS． 

It is noted that(7)can be denoted by 

max (x,TPHAEx)：~／xTPHHTPxxTETEx． 
II△ⅣI1，《l 

If each△ is a 1×1 matrix for all i，J，we have the fol- 

lowing corollary． 

Corollary 1 For all ∈ 腿“ 

m ax

F 

(xTpHAEx)= PH Px 

(8) 

hOldS． 

Using the above Lemma，we Call prove the following 

theorem ． 

Th eorem 2 The uncertain singular system (setting 

(t)善0)with the uncertainties of(3)is generalized 

quadratically stable if and only if there exists a ma trix P 

satisfying the inequality 

ATP+PTA+pT(∑HilT)P+∑取 <0， 

(9) 

where 

P： (10) 

with Pl∈ R ，P2∈ R(n—r) ，P3∈ R(n—r)×(n—r)and 

Pi=P1，P1>0，P3 is invertible． 

Proof Sufficiency：Assume that there exists a ma- 

trix P with the form of(6)satisfying(9)．Let 

Ao(t)=A+AA(￡)= 

A+HAE =A+∑∑ ， 

and by using Le rnma I，there is 

xTI(A+∑∑ △ )TP+ 
i=1』=1 

(A+∑∑ △ )} ： 

xTI ATP+pTA+ 

∑∑(PT △ + 驷TP)} ≤ 
i=1 j=1 

xTt ATP+pTA+ 

2 max (∑
i=l j

∑
=l 

PT △ )} = 

T(ATP+PTA) + 

2√ T(∑pTHiHTp)xxT(∑碍 ) Y i
= 1 i=1 

On the other hand， 

2√xT(高pTHiHTp)xxT( ~主ETEja)x≤ 
T[PT(∑HIHT)p+∑磙 

l=1 i=l 

From the condition Ineq．(9)，the following inequality 

Call be obtained 

xT[AT(t)P+PTAo(￡)] ≤ 

T[ATP+PTA+ 

pr(∑Hi )P+∑E ] <0． 
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Let 

Q：一[ATP+PTA+PT(∑HillT)P+∑E ]， 

it is casy to show that Q>0 and Incq．(5)h01dS，i．e．， 

thc uncertain singular system is genemlized quadratically 

stable． 

Necessity：Assume that the uncertain singu lar system 

is generalized quadratically stable．Then there exists a 

matrix P1 with the form (6)and a positive definite sym— 

metric matrix Q such that the following inequality 

A (t)Pl+pTA0(t)≤一Q 

holds． 

Let U = ATP1
．

+ pTA
， there is 

xTI(A+∑∑Hi A )TPl+ 
I=i ：i 

pT(A+∑∑Hi A )} = 

TUx+2(∑∑xTpTHi A )<0 
i=1，=i 

for all non-zero vectors ∈R“and all admissible uncer- 

tainty AA(t)with Fmbenius norm-bounded，and fur- 

therm ore we have 

T max (∑
i=l j

∑
= l

戈TpTHiAi1Ei
,,x)<0· 

That is 

T <
一 2

．。 。
( TpTHi3ii )， 

hence it follows that 

( >4[ max ( i’凰△ ] · 

By using Lemnm 1，them is 

( T ) >4xT(∑PTl仃 T 1) T(∑E ) ． 
i=i = i 

From Lemma 4 in[13]，it follows that there exists a 

po sitive constant such that 

A(ATPl+pTA)+ [pW(∑HiH~)Pl+ 
i=l 

∑E二咏]<0． 
：i 

Definite P = API，then we obtain that 

ATp+prA+pT(∑HIH~)P]+∑硪 <0． 
I：i =i 

This ends the proof． 

Remark 3 Under the theorem condition，the uncer— 

tain singular system(1)is robustly stable． 

IrI the case when E=1，system(1)bcx：OllleS a nor- 

mal system，i．e．， 

(t)=(A+△A) (t)+(B+AB)n(t)= 

(A+日△(‘) ) (t)+(B+日△(t)Eb)u(t)= 

(A+∑∑ △ ) (‘)+ 
i=i =i 

(B+∑∑凰△ )u(‘)． (II) 

We ha ve the following result． 

Corollary 2 The uncertain system (11)(setting 

u(t)=0)with the uncertainties of(3)is quadratically 

stable if and only if there exists a po sitive de finite sym- 

metric ma trix P sallying the inequafity 

ATp+pTA+pr(∑HiHD P+∑E <0． 
i=I = I 

(12) 

Remark 4 Note that Corollary 2 is the same as 

Theorem 1 in [12 J，thus our result can be viewed as 

generalizations of some results for normal systems wi th 

Fmbenius norm-boun ded un certainties． 

Similar to the proof of Th eorem 2，it is easy to obtain 

the following result． 

Theorem 3 Th e un certain singular system is gener- 

alized quadratically stable if and only if there exists a 

matrix P with the form (6)and a positive definite sym- 

metric matrix Q satisfying the equaUty 

ATp+PTA+mr(∑HiH~)P+ 

(13) 

In the rest of this section we consider the problem of 

robust stabilization for singu lar system witll Fmbenius 

norm -bo unded uncertainties ．Let the~tate feedback con— 

troller be 

u(t)=Kx(‘)， (14) 

then we can obtain the closed-loop system from(1)and 

(14)as 

E (t)=A (t)， (15) 

where 

A (‘)=A+△A(‘)+(B+AB)K= 

A+BK+HA(t)(E。+Ed~)= 

0  

= 

Q  

+ 

曝 

∑ 

、 

(  

+ 

=： 
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Definition 3 The uncertain singular system is said 

to be robustly stab'dizable if there exists a linear state 

feedback controller u(t)= (t)， ∈ R ，such 

that the closed-loop system is robustly stable．In this 

case，u(t)= (t)is called a robust state feedback 

controller for system(1)． 

Theorem 4 If Eb is IOW full rank and there exists a 

matrix P with the form(6)and a positive definite sym— 

metric matrix Q satisfying the equality 

[ —B(E ) E ]TP+ 

PT[A—B(E n6)一 E驻。]+ 

T[HHT—B(E E6)-lBT]P+ 

1 T
。[ 一 (E阮 )一’EI]Eo+Q=0．(17) 

Then the closed—loop system is robustly stable and a m— 

bust state feedback controllerⅡ(t)= (t)Call be giv— 

ell by 

u(￡)=一 (E．：E6) (BTP+吉E．：E。) (￡)． 
(18) 

Proof Suppose that there exists scalar > 0 and a 

positive definite matrix Q such that(17)holds and the 

state feedback controller satisfies(18)．On the other 

hand，noting that 

I1△I1，：(tr AT△) ／2：∑ (△T△)， 

where ( )stands for the eigenvalue of the matrix A 

and from l1△l1}≤1，we caIl claim that AT△≤ (see 

[x4])．By using Fact(a．f)iIl[15]， 

A cT(t)P+PTA (t)= 

[ +BK+必 (t)( +E )]TP+ 

PT[A+BK+必 (t)(E。+E )]= 

( +B )TP+PT( +BK)+ 

[必 (t)(Ea+ K)]TP+ 

PT[必 (t)( + )]≤ 

( +B )TP+PT(A+BK)+ PTHHTP+ 

1( +E )T( + )= 

ATp+pTA+ THHTP+ +KT(BTP+ 

吉E玩)+ 1凸T K+(PTB+吉E ) = 
ATp+pTA+ THHTP+ 1 T +(PTB+ 

扣 )[一 (E )一 ( TP+吉 )]= 
[A—B(E )-1硪Ea]TP+ 

PT[ —B(砑 ) 硪Ea]+ 

甜)T[HHT— ( )-1BT]P+ 

[，一Eb(E ) E ]E。= 

一 Q<0． 

Therefore， the closed-loop system is generalized 

qu cauy stable，e．g．robustly stable．This COIll- 

pletes the proof of the theorem ． 

E = ]'A=[ ， 

《 ， 
r 0．5 0．2] r 1 0．5 0．9q 

= l 0．2 0．3 I，日：f 0．7 0．3 0．6 I． 
L一0．3 0

．
3J L0．6 0．8 0．7J 

Choosing = 1 and usmg Theorem 4．We obtained that 

definite symmetric matrix Q 

f- ·ol55 0·6923 0] 

L0
．

0997 一o．4717 1．9473J 

『 7·l333 l6·295l l2· ] 
Q=I 16．2951 16．7614 11．7491 l， L 

l2．6660 11．7491 9．9529 J 

such thatEq．(17)holds．The corresponding robust sta 

u(￡)=一 (瑰 ) ( P+ E弛 )菇(￡)= 

r一5．8335 — 5．6967 —0．46641 ，、 

L一6．9579 —6．3846 —9．2271 J 、t I l菇～ ，． 

In this paper，we deal with the problems of stability 

and robust stabilization for singular systems with Frobe— 

consists of砥：cI sa and sufficient conditions ofgeneral— 

ized quadratically stability for unc n singular sys— 
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obtained by solving algebraic Riccati equation．The main 

results can be seen as the extensions of some existing re— 

sults on uncertain nom1al systems t0 uncertain siIlgular [1O] 

systems． 
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