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Performance improvement in model reference adaptive control
with the unknown high frequency gain
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Abstract: Under the assumption of the unknown high frequency gain &, , a modified model reference adaptive controller is
proposed. It is proved that the modified MRAC scheme has the stability and robustness properties, meanwhile the transient per-

formance can be indeed improved by choosing the control law.
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1 Introduction
Recently, more and more researchers are concentrat-

ing their attention on the performance issue of robust

model reference adaptive control. Consider the following

plant

Z,(s)

R,(s)

¥p = G(s)(u, +d) =k, (u, + d),

(1.1)
where R,(s) = s" + @, + " + ag, Z,(s) = 5"
+ by1s™ ' 4+ + by, a;, b; are unknown constants. d
is bounded disturbance, i.e., there exists a constant dy
> Osuch that | d | < dp.

MRAC is to choose u, such that all signals in the
closed-loop system are all bounded, and y, tracks the
following reference model output y,, as close as possible
for any given reference input r(¢).

Zn(s)
Ym = Wm(s)r = km Rm(s)r. (12)

Up to now, most of the results on MRAC with nor-
malized adaptive laws can only guarantee that the track-
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ing error e A ¥, — ¥y, satisfies
t+T
f le(z) 1Pdr < c(fo + d3)T + ¢, ¥t,T =0,
t
(1.3)
where f, is a design parameter, and depending on the

choices of the robust parameter estimation algorithms['] )
¢ is some constant.
To further improve the performance of MRAC, in [1,
3], Sun considered the following control law
u, = Ggwy + co r — C(s)e,

Q(S)

C(s) = " , (1.4)
l—ng(S)Q(S)
where Q(s) = M, o = %‘ From (1.1)
(zs + 1)° P
and (1.4),
= 5”—”1"—.“—1%Wm(s)[é3wo+ di],
(zs + 1)* o
(1.5)
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where 8, = [07,03,0,17,8;, = 6, - 8, 6; is an esti-

A(S) - 61'1‘(1(5)

mateof@,- ,i=1,2,3,d1= A(S) d. By
(1.5), we can prove that
l el cr. (1.6)

Obviously the result is better than (1.3).
In his work, we require the high-frequency gain &, to
be known. Based on the assumption, we are supposed to
co W;l(s)

design Q(s) = ~2—m>2

hich is relevant to k, (co
s + 1)

k
= k—"') such that

(‘). W, (s)Q(s) = Lot 1) =1 o

s + l)".

1-

C

* km *
while for the case of unknown k, , since cg = T Co
P

is unknown; therefore we can not design Q(s) =
CJ—WM such that (1.8) holds. For this reason how
(zs + 1)
to choose Q(s) such that the tracking error has the form
(1.6) constitutes the first part of our paper. It is worth
emphasizing that the method used in this paper is com-
pletely different from those in [1,3]. Then, we prove
that the modified MRAC has the stability and robustness
properties, and meanwhile the transient performance can
be indeed improved.

2 A modified model reference adaptive

controller

We need the following assumptions for G,(s) and
W, (s):

1) Z,(s) is monic Hurwitz polynomial.

2) The relative degree n* = n — m = 1 is known.

3) The sign of k, is known.

4) Z,(s) and R,,(s) are monic Hurwitz polynomials of
degree gy, , pn , Tespectively, with p,, < n,n” = p—qp.

5) There exists the known constants k., kg, > O such
that

Ermax < by + —

We express (1.1) as

R,(s)y, = kyZ,(s)(u, + d). (2.1)

Adding and subtracting § " “w, we obtain
R,(s)y, =
kpr(s)(up—B'Tw)+kpZP(S)B’Tw+kpZP(s)d=
by Z,(s)(uy-0"Tw)+k, Z,(s) (61 Twy +
05w, + 65y, + co 1) + k, Z,(s)d,

(2.2)
where 8 = [6,'7,60, 7,65, cq ]" is the parameter of

the controller, w = [W'lr’w'{’?'p"]'r’ W = X(’:)up,

wy = ;‘;j(%yp, a(s) = [s"2,53, 5,117, A(s)
is known monic Hurwitz polynomial of degree n - 1,
A(s) = Ao(s)Z,(s). The design parameter 8, > 01is
chosen so that A(s), Z,(s), and R,,(s) have all their

roots in Re [s] < - %’.
(1]
(A(s) - 6{Ta(s))R,(s) -

ko (05 Ta(s) + 05 A(s)) Z,(s) =

Consider the matching

equations

Z,(s)Ao(s)R,(s), (2.3)
C(; = :—:’ (24)

where A(s) = Ag(s)Z,(s). From (2.1) ~ (2.4) it
is easy to see that
Yo = Ym =

(A(s) - 67 "a(s))
A(s)eq

%Wm(s)(up -6"Tw) + W, (s)d.
co

(2.5)
By (1.2), the definitions of §* and w, (2.5) can be
rewritten as the following parametric model
28 Wul(s)u, = "Tp, - 70, (2.6)
where
@p = [Wuls)w], Wuls)w], Wals)y,, 5,17,
(A(s) - 67 "a(s))
o = A(s)

Since the controller parameter §* is unknown, we

adopt the following algorithm to estimate §* .

W,.(s)d. (2.7)

M _ Z—6T
6=—Fe¢p+f,e=——-2*%, (2.8)
m
m?=14+n2 n?= m,,
m, = — Som, + u> + 72,
P (2.9)

m:(o) = O’
¢o = o~ 7ey,),
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C0—Cmin—F€ * ]

*

max{O,min[l,1+ }, if ey, > 0,

g = Crax— € » —

co] }, if ey, < 0,
1, otherwise,
(2.10)
where f can be chosen as dead-zone, or projection, or
switching-¢ modification, etc., I” is adaptive gain,
@p = [Wul(s)wl, Wa(s)wy, Wals)y, 1",
oo = (95,917, 6 = [6],63,65]",
0 = [9T,00]T, Cmin = :_m:x, Cmax = klf:n’
€. > 0is an arbitrary small constant. The algorithm has
the following propeltiesm:
1)e,em,0,0 € La;
=)
m2 ’
where dj is a constant such that | d | < dy,

max {O,min [1,1 +

*

2)e,em,8 € S(

S(w) & {x,w |L“T | x(7) 1%dr <

t+T
CI | w(z) I1dr + c,c =0
t

is some constant, Y ¢, T = O} .
(2.5) can be further expressed as

y, == Wals)a* ™+ 12, (2.11)
Co
where
ke LU S L L
c ©Co
0* = (657,677,651,
w = [w],w],y,]".
Let us consider the control law
u, = 0w + u,, (2.12)
which leads to
r = Cio[up - 0w - u,], (2.13)

where 6 = [67,067,0,]7 is the estimate of 6* . Institut-
ing (2.13) into (1.2), we have
0w Ug

u
m = Wm [_P____ =
¥ (s) co co Co

- W, (s)a™$ - W, (s) j—o (2.14)

1 6M" : . .
where a = [0—0’70] is the estimate of « © . Combining

(2.11) and (2.14), we obtain

€ =Y —Ym =

U, A(s) = 6, Ta(s)
+

W,.(s) a’$ + p ct AGs) dl,

(2.15)
wherea = a - a*. Let us choose u, as
Y coQ(s) . Wa(s) -
a 1-W,(s)Q(s)™’ (zs + l)n'
(2.16)
Introducing (2.16) into (2.15), we obtain the tracking
error

- (zs + 12". = le(s)(z;TS’S N A(s): Q;Ta(s)d) -
(zs + 1" co A(s)

Q(s) =

(2.17)
(2.17) is the desired form. Since ¢ can be obtained by
(2.10), then (2.12) and (2.16) can be achieved.
3 Stability and performance analysis

The main results are as follows.

Theorem 1 Let r € (0, 1], Where 7, > 0is
any finite number. If assumptions 1) ~ 5) hold, then
the closed-loop plant consisting of (1.1), (1.2),
(2.8) ~(2.10), (2.12) and (2.16) has the following
properties :

1) All signals in the closed-loop plant are all uniform-
ly bounded; _

2)sup | e(t) I er(l + dp), VT € (0, T,

t=0

where c is a constant independent of z.

Before giving the proof of Theorem 1, we need a
lemma.

Lemma 1 For the modified MRAC scheme, define

mf(t) =1+ | (up)z | 28 t+ | (yp); | 28>

ve € (0,min (30,8, 7)),

max

(3.1)

t 1
where || %, Il 5 & (foe"’"-f) | x(z) 13dz)2, 8;is de-
fined later, then

Lw; ||l w5
b

) Li=1,2and =€ L.
my my my
u | w, |l
i) K6 € Lo, then 2,22, 2 Wdu 18T
my my my my my

Iy, |

my

€ La, where W(s) is any proper transfer func-
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8
tion that is analytic in Re [ s] 2—7"-
iii) 6, # € L , then‘u‘ﬂ‘u‘ € L..
N g W( )@,, [ L ¢
mf mf mf mf mf mf
where ¢, is defined by (2.7), W(s) is any proper
transfer function that is analytic in Re [s] >- —629,

| « Il denotes the nom || (-), Il 55.
Proof of the Theorem 1: From (2.17), (1.3) and
(1.1), we can obtain that the output and input are

KLS'F_I)___W (s )(aT¢+

y =
P (zs + )™
A(S) - 61 a(s)
, .2
Ay D W) (3.2)
K__)___
s + 1 W()Gl( YaT$ +
(zs + 1)"
A(s) -6, Ta(s) |
- W _
cd ALs) d) + G (s)W,(s)r - d
(3.3)
It is easy to see that
(zs + 1}". -1
(zs + 1)*
z's(z's+1)""1+(z's+1)".'1—1 _
(s + 1"
sWi(s), (3.4)
where W,(s) = 0, ————— Forany/\<—1—-,z'<
I (zs + 1)V T max
TA z'/\ 1_1_
Timax, Since 1 — 0> d1—2 >1- 2T =
é, from the definition of || H(s) [l », A A sup | H(]v—
_2_) I, we haVe
1
”z_s+1”u.7/\=1,” Ts 1”0.7/\(2-

Let 8; > 0 be such that Z,(s) has all roots in Re [s]

-2, ), by
(3.2), (3.4), Assumptions 2) and 4), Lemma 1 and
Lemma 3.3.2 in [1], we have

I (yp)ellas <

CT”(;”w”¢3”23+Cd0+CS

then for ¥ & € (0,min (&g, 8, z_l

cirme(t) + ¢, (3.5)

wherea = [ -, —] € L. is deduced from the proper-

ty (1) of the estimation algorithm, c, is a constant inde-
pendent of . By (1.2), Assumptions 1),2) and 4),
Wn(s)G,'(s) = ¢g + D(s) and D(s) is strictly
proper stable transfer function, thus (3.3) can be ex-
pressed as

" {z‘s+12".—lc.(i 1 w +
= - " 0 - *
P (Ts+1)n Co CO P

gz's+12". -1 .(ﬁ a’)T

v CQ w
(zs + 1)° € ¢

%D( )aTSb +
s +

. (zs + 12" = IW,,,(s)G;l(s) A(s) - 6, Ta(s)
(zs + ) co A(s)

G, (s)Wn(s)r-d

d+

(3.6)

For any A < ;l—, by (3.4), we can obtain that

u KI-H'—IL__ u szn' - 1.
(TS + l)n DY

For
d€ (O,min (ao,aui)) ,

it is easily concluded that

” fz‘s+12 .—1” <2"I-—1.
(Ts+1)n ®§

From (3.1), Lemma 1 and Lemma 3.3.2 in [1], « €
L, it follows that

L0 60
N (06 (G - G | <
et ll () Il 25 < ctmy(2), (3.7)
» (02 61 y1 )
| sW(s) || s (CO(CO— c(;') wa : 28$
CcT " (yp): " 26 = CZ'mf(l), (38)

where

_ a(s) a(s)
T AG) e T AT
¢ is some constant independent of z. Therefore, by as-
sumptions 1) and 5), Remark 2, (3.6) ~ (3.8),Lem-
ma 1 and 3.3.2 in [1], we have
I Cap)s Ml 25 <

ea ll Cup)y 25 + c3rme(2) + ¢,
(3.9)
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where 0 < ¢, < 1and c; are some constants independent
of r, which leads to
” (u’p)l ” 2 < C4‘[7nf(t) +c, (310)

where c4 is a constant independent of r. For any & €

(0,min (8,51, 7)) , combining (3.1), (3.5),

and (3.10), we get
(3.11)

where ¢s is a constant independent of r. Thus for any

m,f(l) < csz'mf(t) + c,

0<r1< ci, from (3.11) we can conclude that m/(¢)
5

< ©,t=0.Forr € [cis,z'm], Since 7, is finite,
thus

mf(t) < cstlmf(z) + cs(t,w - z'l)mf(t) <c,
where r; € (O,cis) is a fixed number, c is a constant
dependent upon 7 ;.

Since the roots of (zs + 1)* equal to s =—%,noticing
1

s—rws

_1 _ 9
T <=2

T 2T
we conclude that W, (s) is analytic inRe [s] = - % for

Al & € (o,min(ao,al,})). From (2. 17),

max

(3.4), me(t) < o, Lemma 1 and Lemma 3.3.2 in
(1], it follows that
| e(l) Isr ” 5W1($)Wm(s) || 25(( || ((-ITS‘S)t || 25 +

I (A(s) - 07Ta(s)
coA(s)

er(my + do) < er(1 + do),

d):ll2s) <

where ¢ is some constant independent of 7.
4 Conclusion

In this paper, under the assumption that k, is un-
known, we propose a modified model reference adaptive
controller, which can greatly improve transient perfor-
mance of adaptive systems.
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