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Performance improvement in model reference adaptive control 

with the unknown high frequency gain 
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Abstract：Under the assumption ofthe Hnknown highfrequency gain ，a modifiedmodel reference adaptive controlleris 

proposed ．It is proved that the modified MRAC scheme has the stability and mbusmeSS properties。meanwhile the transient per- 

formance call be indeed improved by choosing the control law． 
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具有未知高频增益的模型参考自适应控制的性能提高 
解学军 ．一，张嗣瀛 ．续 敏 

(1．曲阜师范大学 自动化研究所，山东 曲阜 273165；2．东北大学 信息科学与工程学院，辽宁 沈阳 110004) 

摘要：在高频增益 。未知的假设下，提出了一种修改的模型参考自适应控制器．证明了这种修改的模型参考 

自适应控制方案具有稳定性和鲁棒性；同时通过选取的控制律 ，其瞬态性能也明显提高． 

关键词：模型参考自适应控制；性能提高；稳定性 

1 Introduction 

Recently，more and more researchers ale concentrat_ 

ing their attention on the performance issue of robust 

model reference adaptive contro1．Consider the following 

plant 

=  ( ， 

(1．1) 

where (s)= +an-1 -1+⋯ +00， (s)= 

+ bm-l5 一 + ⋯ + bo，ai，6 ale unknown constants．d 

is bounded disturbance ，i．e．，there exists a constant do 

> 0 such that I d I≤ do． 

MRAC is to choose ‰ such that all signals in the 

closed-loop system ale all bounded，and tracks the 

following reference mod el output ym as close as possible 

for any given reference input r(t)． 

‰ = )r= r． (1．2) 

Ulp to now，most of the results on MRAC with nor— 

malized adaptive laws Can oray guarantee that the track— 

ing elTor e垒 ，，p—Ym satisfies 

f‘ I e(r)I dr≤c(fo+do~)r+c，v￡， ≥o， 
(1．3) 

wheref0 is a design parameter，and depending on the 

choices of the robust parameter estimation algorithms[Il
， 

c is some constant． 

To further improve the performance ofMRAC，in[1， 

3]，Sun considered the following control law 

Ⅱ = t 0+c r—C(s)e， 

C(5) 

where Q(5)= 

and(1．4)， 

Q(Js) 

( )Q( )’ 

CO 

co"WTn (5) 

( +1) 

(1．4) 

c ： 争．From(1．1) c0 ‘ u· 

。 ： 土 一 ()嘲 。+dlw 5 1]， e =————————_ — ，，l ，l 0 0+ J， 
(T5+1) c0 

(1．5) 
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where 0=[ j’， ， 3]T， =0f一 ，0 is an esti— 

mate of 0[ 1,2,3,dl： d．By 

(1．5)，we can prove that 

I e I≤ cr． (1．6) 

Obviously the result is better than(1．3)． 

h his work，we require the high—frequency gain k to 

be known．Based on the assumption，we ale supposed to 

design Q( is aIlt to 
( +1) 

：  )such that 

l-l

。。
g／,A )- ，(1．7) 

while for the case of unknown ，since co"= ，co" 

is unknown ；therefore we can not design Q(s)= 

such tI1at(1．8)h ．For tllis how 
( +1) 

to choose Q(s)such that the tracking erl'or has the form 

(1．6)constitutes the first part of our paper．It is worth 

emphasizing that the method used in this paper is tom- 

pletely different from those in [1，3]．Then，we prove 

that the modified MRAC has the stability and robusmess 

properties，and meanwhile the transient pe rformance can 

be  indeed improved． 

2 A modified model reference adaptive 

controller 

We need the following assumptions for GD(s)and 

Wm(s)： 

1) (s)is monic Hurwitz polynomia1． 

2)The relative degree n =n—m≥ 1 is known ． 

3)The sign of 。is known ． 

4)Zm(S)and (s)are nlonic Hur~itz pcd)，IK)mials 0f 

d gm，P ，respectively，with P ≤ n，n =P
m—gm． 

5) m  exists the known constants lTI旺，k n>0 such 

一  

< ； ≤ ≤ 

2 一 1 

一 < + ． 

2 一 1 

We express(1．1)as 

(s) = (s)( +d)． (2．1) 

Adding and subtracting 0 rl0，we obtain 

(s) = 

(s)( 一0 T )+ (s) T + (s)d= 

(s)( 一 T )+ (s)( T11)l+ 

ei 1o2+8；yp+c r +kp zp(、s、)d， 

(2．2) 

where 0 =[ T， T， ，co"r is the parameter of 

t}le c。n仃lDⅡer， =[ j’， ，，，P，r]T， 。= ， 

2= ， )= 5n-2 5n-3．．．,5, ， ) 

is kn own  monic Hurwitz po lynomial of degree n 一 1， 

A(s)=Ao(s)Zm(s)．The design parameter 3o>0is 

chosen so that A(s)，Zm(s)，and R (s)have all their 

roots in Re <一 ． Comider the matching 

equations[1] 

(A(s)一 Ta(s)) (s)一 

kp(o；T口(s)+ 以(s))zD(s)= 

(s)Ao(s)R (s)， (2．3) 

Co = ， (2．4) = ， Z．4J 

where A(s)=A0(s)Zm(s)．From (2．1)一(2．4)it 

is easy to see that 

一

ym 

(s)(11T--o*Tw)+ 
A Co 

(s 
c0 s 。 

(2．5) 

By(I．2)，the defmitions of 0 and t‘I，(2．5)can be 

rewritten as the following parametric model 

z垒 (s) =o*T 一珈， (2．6) 

where 

= [ (s) ， (s) ，le．(S)rp， ]T， 

珈： ㈤ d． (2I 7) 珈 —— 厂  m( Jd· 7) 

Since the controller parameter 0 is unknown，we 

adopt the following algorithm to estimate 0 ． 

：一 + ，e： ， (2．8) 

fm =1+n ，n =m。， 

{m ， 、一 眠+ ；+，，；， (2．9) l rn
s(0)=0， 

【do= (一ye )， 
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f一{o [1，1+ 】)，ir >o， 

1一{o [1，1+ 】)，ir 
【1， 。t}le Se， 

(2．10) 

wheref can be chosen as dead-zone，or projection，or 

switching— modification，etc．，I1 is adaptive gain， 

= [ (s) j1， (s) ， (s) ]T， 

=

T
， ]T， =[0T，01，o3]T， 

= [0T,c0]T一 = ，c一=急， 
e >0is arl arbitrary small constant．The algorithm has 

the following properties⋯ ： 

1)e，em，0，0∈ L。； 

2)e’e ∈．s(害)， 
where do is a constant such that I d I≤ do， 

rI+ 

S(W)垒{ ，W I l I (r)1 2dr≤ 

c．r I (r)I dr+c，c≥o 
is some constant，V t，T≥0}． 

(2．5)can be further expressed as 

： 一  ( ) r + ， (2．11) 

where 

*

： [ ， ]T，j＆：[一‰， T]T， 

= [ lI‘ ， ， ]T， 

面=[ ， ，yD]T． 

Let US consider the control law 

= OTw + 
。 ， (2．12) 

which leads to 

r = 一 T 
一  

。]， (2．13) L 一 ‘ 一 。J， L· 

where =[ ， ， 3]Tis the estimate of ．Institut— 

ing(2．13)into(1．2)，we have 

，， = ㈤[ CO一 CO一 CO]= L J 
一  (s)aTj＆一 (s) ， (2．14) 

一a：[1。。，笔]Tis me est te or ．一 

(2．11)and(2．14)，we obtain 

e 一 Ym 

+ + d]， 
(2．15) 

where三=口一口 ．Let US choose 口as 

。 = 一 —1_：— q e，Q(s)= 等． ％一一一 (s)(s) 一f 1 ‘ 
(2．16) 

Introducing(2．16)into(2．15)，we obtain the tracking 

e= + d)． 
(2．17) 

(2．17)is the desired form．Since c0 can be obtained by 

(2．10)，then(2．12)and(2．16)caIl be achieved． 

3 Stability and performance锄 is 

le main results aIe as follows． 

Theorem 1 Let r∈ (0，l'max]，where l"rtk,~>0 is 

any finite number．If assumptions 1)～5)hold，then 

the closed-loop plant consisting of(1．1)，(1．2)， 

(2．8)一(2．10)，(2．12)and(2．16)has the following 

properties： 

1)All sigr~s in the closed-loop plant aIe all Uiliform— 

ly bounded； 

2)sup I e(t)I≤fit"(1+d0)，V r∈ (0，l"rtk,~]， 

where c is a constant independent of r． 

Before百、ring the proof of Theorem 1，we need a 

lemma． 

1 n瑚 1 For the modified MRAC sclll~lle．define 

ms(￡)=1+II( ) II 2 +II( ) II 2 ， 

V ∈(o，min( ))， 
(3．1) 

where II II 2 垒( e )I (r)I dr) ， 1 iS de— 

fined later，then 

i) 1 wi l
， ， 1，2 and ∈ L。． ，—  一 ， l，z删  ∈ Lm· 

ii)Ⅱ ∈ L。，m饥 ， ， ， ， ， 

∈L。，一  ㈤  一  咖 rer 一 
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is analy~c in Re[s]≥一 ． 

iii)If 0，r∈ ，n1en ∈ ￡ ． 
my 

罢， mf，m f ， ， ． 
where is defined by(2．7)，w(s)is any proper 

transfer function that is analytic iIl Re[s]≥一 90
， 

『I·『I denotes the norm 『I(·)l『I 2 ． 

Proof of the Theorem 1：From (2．17)，(1．3)and 

(1．1)，we can obtain that the output and input are 

=  

d)+ ㈤ ，， (3．2) ———— d + mL ' L3·z 

=  s)( + 

坐  玑 G／
~I( ) ㈤， ———— _ d + m L 一d’ 

(3．3) 

It is easy to see that 

( +1) 一1 
- _- ● _ _ _ - ' _ _ __ - _ ● — — - _ _ - - — — — — _ _ _ 一

一  

( +1) 

堡(堡± )：： ±(互 ± 2：： = 
一 ⋯ 一  

( +1) 

Wl(s)， (3．4) 

where ．For any a < 1

1 1 
，r < 

i： L + ，’ 

，

。 J

一  

> ， ～ 一 > 一 r 1
"grmx since 1 and 1 1 ≥ ， 一 > ， 一 > 一 _ ≥ 

_ -  -  ⋯ a T  

{，from the definition of l1 H(s)I1 垒̂sup l H(jv一 

)I，We have 

『I =1，『I <2． 

l>0 be such that (s)has all roots in Re[s] 

< 一粤，men for v ∈(o，min( 。， l， ))，by 
frm  

(3．2)，(3．4)，Assumptions 2)and 4)，Lemma 1 and 

Lemma 3．3．2 in[1]，we have 

『I( ) ≤ 

cr 『I。『I 『I 2 +c如+c≤ 

cl rmf(t)+c， · (3．5) 

讪 erea ： is deduced from the proper- 

ty(1)of the estimation algorithm，cl is a constant indc— 

pendent of r．By(1．2)，Assumptions 1)，2)and 4)， 

(s)G (s)= c +D(s)and D(s)is strictly 

proper stable transfer function，thus(3．3)can be ex— 

pressed as 

= 一 c ( co一 

c )T + 

上  D( ) T + 
( +1 

．  ) d+ 

G (s)Wtn(s)r—d． (3．6) 

For any < _1
， by(3．4)，we can obtain that 

frlaX 

lI lI ≤2n。一1
． 

For 

∈(0，lIlin( ， ))， 
it is easily concluded  that 

『I 『I ≤2n _1． 
( +1) 。 

From(3．1)，Lemma 1 and Lemma 3．3．2 in[1]，口∈ 

L ，it follows that 

急一 -) 
CZ"『I( ) 『I 2 ≤crmf(t)， (3．7) 

一 z)L≤ 
cr I1()，p) I1 2 ≤crmf(t)， (3．8) 

where 

- = ， 。 = ， 

c is some constant independent of r．Therefore．by as— 

sumptions 1)and 5)，Remark 2，(3．6)～(3．8)，Lem- 

ma 1 and 3．3．2 in[1]，we have 

『I( ) 『I 2 ≤C2『I( ) 『I 2 +C3ms(t)+c， 

(3．9) 
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where 0< c2< 1 and C3 are some constants independent 

0f r．which leads tO 

II( ) II 2 ≤c4rmf(f)+c， (3．10) 

where C4 is a constant independent of r．For any ∈ 

(0，min( ))，combining(3．1)’(3．5)， 
and(3．10)，we get 

my(t)≤csrmf(f)+c， (3．11) 

where C5 is a constant independent of r．Thus for any 

0 < r < —1—
， from(3．11)we can conclude that my(t) 

<。o，f≥0．F0r r∈ [ ，r一 ]，since r— is fmite， 

thus 

唧(t)<C5~"1叩(t)+C5(r 一r1)呵(t)<c， 

where rl∈ (0， )is a fixed number，c is a constant 

dependent upon r Jn ． 

Since the roots of(邛+1) equal tO s=一{，∞ iI1g 

1 1 1 
一  ≤ 一 ≤ 一 < 一 ’ 

we conclude that 1(s)is analytic in Re[s]≥一鲁for 

all ∈(0，min( ))．Flmm(2．17)， 
(3．4)，ms(t)< 。o，Lemma 1 and Lemma 3．3．2 in 

[1]，it follows that 

I e(t)I≤r ll s l(s) (s)ll 2 ((1l( T )t ll 2 + 

II( II 

cr(my+d0)≤cr(1+d0)， 

where c is some constant independent of r． 

4 Conclusion 

In this paper，under the assumption that is un— 

known，we propose a modified model reference adaptive 

controller，which c肌 greatly improve transient pcdl0r- 

mall~ of adaptive systems． 
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