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Abstract: Using the method of linear matrix inequatity(LMI) , this paper gives sufficient condition to solve the state feed-
back H., control problem for linear systems with delay in state. The design of the controller ensures the closed-loop systems be
of index one and asymptotically stable. The controller can be obtained by solving LMIs. Finally a simple example is given to il-

lustrate the validity of the given result.
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1 Introduction

H. control theory, as an important branch of robust
control theory, has received a considerable amount of at-
tention in recent years'! 3!, The H., control problem for
linear time-delay systems has been is being studied!* .
Yet, owing to the complex of time-delay systems, the
study of H. control problem for time-delay systems is
still in developing stage. Most literatures deal with H,,
control problem for some special kind of time-delay sys-
tems'®”). In this paper, by using the method of LMI,
attention is focused on the H., state feedback control for
the most general linear time-delay systems. The suffi-
cient condition for the existence of H, state feedback
controller, and the design of the corresponding controller
are given.
2 System description

We consider the H,, control problem for the following
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system
{x(t) = Ax(t) + A, x(t - ) + Bw(t) + Eu(t),
2(2) = Cx(e) + Cox(t — ) + Dw(e) + Fu(t),

(1)
and the state feedback:
u(t) = Kx(t). (2)
The aim is to design the state feedback controller (2) for
system (1) such that the closed-loop system satisfies
1) The closed-loop system is stable;
) I To() e < 7.
Where x(t) € R® is the state variable, w(t) € R? is
the exogenous input and u(¢) € R? i§ the control input,
z(t) € R™ is the controlled output, = > O delay con-
stant, A,A.,B,E,C, C., D, F are known constant re-
al matrices with appropriate dimensions, only K is un-
known matrix, T, (s) is the transfer function from
w(t) toz(t), ¥ > Ois given.
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For the simplicity, we first gives the condition that
makes the system:
£(t) = Ax(t) + A;x(t - ) + Bw(t),
{z(t) = Cx(t) + C,x(t -~ t) + Dw(t),
have the property ( * ) above.
To this end, the following lemmas are needed.
Lemma 11”1 If there exist positive-definite matrices
P > 0,Q > 0 satisfying the following inequality:

PA + AP + PAQ™'ATP + Q < 0, (4)
the system % (¢) = Ax(¢t) + A.x(¢t — ) is zero-solution
asymptotically stable.

The transfer function from w(¢) to z(t) of system
(3) is T, (s):

T(s)=(C + C,e)(sI-A-A, e)"'B+D.

(5)

From Eq. (5), we note that there is one term which is
the product of two transcendental function, which makes
the problem more difficult than the problem of litera-
ture’*~"! where C, = Oor C, = 0, D = 0. There are few
literatures'®-*! which consider H,, control of the general
system, but the results can not be applied easily to de-
sign the state feedback controller. In the paper, a suffi-
cient condition for H., state feedback control of the gen-
eral system is given using the method of LMI. Let
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(3)

. A, 0] .
A=l Joeste
(6)
then, the transfer function (5) of system (3) is
equivalent to

Too(s) = CGE - (A + Ae™™))'B,  (7)
so the Ho-norm of the transfer function (5) is equiva-
lent to the H,, -norm of the transfer function (7). Next,
we revise Theorem 1 of the literature [7] and give the
sufficient condition such that || 7,.(s) | « < 7.

ILlemma 2 For the given constant ¥ > 0, if there
Py Pp
0 Py
Py = P, Py € R™", Py € R™"™,
and positive-definite matrix Q € R{"**™*{*+™) gatisfying
A"P" + PA + PAQ'ATPT 4
Q+ C'C + y*PBRTPT < 0, (8)
the transfer function of
| To(s) | » < 7.

exists matrix P = [ ] , wWhere

system ( 3 ) satisfies

Remark 1 Lemma 1 and Lemma 2 provide respec-
tively a sufficient condition which guarantees system (3)
with the property ( * 1) and ( *2). If C, = 0,D = 0,
Lemma 2 is in fact Theorem 1 of Ref. [7].

Remark 2 We have the similar result for the system
with multiple delays in state.

3 Main result

For the design of the controller (2), we need to re-
vise the condition (8) of Lemma 2. Particularly, we
take the following forms for the matrices Q, P of Ineq.
(8):

P = diag (P, P,), Q = diag (Q,,0,), (9)
where matrices P;, Q; (i = 1,2) have appropriate di-
mensions, and P, > 0, Q; > 0,0, > 0,det (P,) 0,
then Ineq. (8) is changed into:

[ Wu Wi

“lwh owy
(Wy = ATPy + PiA + PiAQ'ATP, +
y2P,BB™P, + Q, + C'C,

Wy =-2Py + P,CQ7'CIP, + (11)
Y 2P,DD"P, + Qy + I,

Wy, = PAQr'C™P, + y2P,BD'P, + C".
If there exist positive-definite matrices P, > 0, Q; > 0,
Q> > 0, and nonsingular matrix P, satisfying the Ineq.
(10), then there exist matrices P and ( satisfying Ineq.
(8). Ineq. (10) holds if and only if:

{Wu Wi

. _ |laPlwpTc<o, (12)
Wh sz]—

]< 0, (10)

W” = PIAT-I— A}_)l + Ar@lAI +
PI_Q—I—IPI + P[CTCPI,

Wy =X+C,0,Ct+ y?DD", (13)
(Wy = Y+ P,C"P],

(P, = P!, P, = P;',

Q1= 0i', 02 = Q2
1X = Py- PL+ P,PL 4 ygopl, (¥
Y = A.Q,CY + y2BD",

so we only need to prove that there exist matrices
P, > 0,0, >0, 0, > 0and nonsingular matrix P, sat-
isfying Ineq. (12). The following theorem gives the suf-
ficient condition which guarantees system (3) having the
property ( * ).

Theorem 1 For the given constant ¥ > 0, if there
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exist positive-definite matrices P; > 0,Q; > 0, nega-
tive-definite matrix X < 0, and nonsingular matrix P,
satisfying the following LMI, then system (3) have the

property ( % ).
[ A P, 3P, CT 2vY

31;131 - Y < 0, (15a)
| 2y7 2Wx
[ -1 - P}

= 1_32 WZZ

_X-P-Bl By "
L - P} -1
(15b)

where

A = P\AT + APy + AQ:\AT + v7?BBT,
Wyp = X+ CQ,C + y2DD",
Y = AQ:\CT + y2BD".
Using Theorem 1, the sufficient condition is estab-
lished for He -control synthesis by state feedback.
Theorem 2 For the given constant ¥ > 0, if there
exist positive-definite matrices P; > 0,0, > 0, nega-
tive-definite matrix X < O, nonsingular matrix P, and
matrix M satisfying LMIs: (15b) and

a

(16)

A P, 3(P,C"+M'F") 2v
_Pl - Ql < O,
3(CP,+ FM) -3
27 2Wy
(17)

wherefi = PiAT + AP, + A.Q1AT + Y ?BB" + EM +
M"E", W, and Y are the same as Eq. (16), then the
closed-loop system formed by system (1) and the state
feedback control
u(t) = Kx(t), K = MP{!
has the property ( * ).
Remark 3 We have the similar result for the system
with multiple delays in state.
Remark 4 If the delays of the state equation and
the output equation are different, we still have the simi-

(18)

lar result.

Remark 5 Because of the special forms of matrices
Pand Q in Eq.(9), the results have certain conserva-
tion. (How to reduce this kind of conservation needs

further research) .
Example We design the state controller (2) of sys-
tem (1), and the matrices of system (1):
A [— 3 0.5 _ 0 0.5]
o o1’ "7 1l_04 ol

0.
B = [0 ?], ¢ =[0.5 0.2], D =-0.5,

1
2
when ¥ = 1, using the LMI toolbox of Matlab, we get
directly the controller: u(2)=[0.3053 -1.5472]x(2).

E=[ ],c,:[_o.s 0.5], F=-1,
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