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Study on generalized algebraic Riccati
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Abstract: By means of stabilization and exact observability, the generalized algebraic Riccati equation (GARE) and relat-
ed stochastic optimal regulator problem were studied extensively. For GARE, it was shown that, if the stochastic system was
both stabilizable and exactly observable, GARE had a maximal solution, which was also a feedback stabilizing solution. If only
exact observability was imposed, all the nonnegative definite solutions of GARE, if existed, must be positive definite feedback
stabilizing solutions. As applications, the relation among the optimal regulator problem, the maximal solution and feedback sta-
bilizing solution of GARE had been clarified. All there obtained consequences are valuable in the study of stochastic control and

stability theory.
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1 3| & (Introduction)
AR TN SAREK Riceati 5772 (GARE)
PA + AP + C"PC - (PB +
{CTPD)N"(BTP + D'PC) + Q =0, (1)

N =R+ D'PD > 0,
XB A,B,C, D3 Enxn,nxm,nxn,nxm
BISCERE.Q = Q"= 0,R = RT > 0. WAL BATCHY
JEHE, A% P =0(P > 0) FRIERENHERE, (FERN

b, TEREAERE) , 778 (1) R P B 52 B AR Riceai
HE

PA+ AP - PBR'B'P + Q = 0 (2)
RS ER(BW C = D =0, FRBO)BHAIFTE
(2)), ZEREDLIZ S 220, R 52 V8 15 B e . Be B M
B EHSFEEMBEMNAR P RIEEENEA,
RG] T REZEFEWTER S, BONEJLEEH

WoRR H 3 :2001 - 11 - 23; B H 3 :2002 - 05 - 23,
ELWHE : WEE AR FEES (QUG) FERNT H |

WHRE— AP RE, WK1 ~ 7]. ¥F51¥E
IR, ZHREPIR IR R VLR IR Y2
B — A BORE . BT T0 R B[R] B B AL B AR 98 Y
TR, R R AE AR A BEPLIE R R 5
{dx = (Ax + Bu)dt + (Cx + Du)dw,
x(t9) = xg, %9 € R"
T itk $Ebs
V¥ (4, ) =

(3)

inf V(tg,®,u(+)) =

vEU,,
inf Ejm(xTQx + u"Ru)ds, (4)
wevs, -0
X8 wRENXTHEESE(Q,F,P) EHRE—4
Brown 31 (R & — b, AT w HBEM), F, £
M w AR B SR 38 Uk, B

F,=0(w(s):0<stoss<t).
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x(+) € R ARGEMRE, u(-) € R™ ARG
BA. UL RR—YIRT F, TRGER SR u(-),
Y

EI | u(t) 12dt < o,
o

T EARN WHLIE Q)R FTREN.FH u' () €
Uz 8K (4) BUB/ME, MAR v (+) B—1 8B
.

SCHR[S ] ¥ & MR B J7 85, ¥ GARE(1) #17
THERAKPR MR Q,R AESH GARE(1)
R R] ARME R R T 28 B B S E M DESE, B8 T RE
ML Hil RN E e B — b A iR X 5 A SC ik (5]
K — B TAERIEL 3T T Q > 0, R > O XFiRAENE
.83 T GARE(1) IR E @ WAFEH K AMA
TEREE(3), (4) BRI IEVRE (SCERIS 1L 4
FEH 12). AXH HWET R ARV R SEHE
WA BB K SCER(513%T @ > O, R > O TIEH
738 Q=0,R > 0WEE,HABBTERNGL.
2 XTF GARE HJ#(On solutions of GARE)

HERETER, HlAE —BEX:

X 2.1 RE ) FRARBRW(ERTE
XTF), MBEFE— N RREHE u(e) = Kn(2),
BHRRFRG

{dx = (A + BK)xdt + (C + DK)xdw, s)
x(ty) = x9, 20 € R*
BT ER, B lim Ex(t)x™(t) = 0, P K B
ELMEBEBUERE. R 5(3) —ABRK, IRETR
(A,B;C,D) ZRERN.

EX 2.2 GARE(1)HM—AEXFRRE P RAR

B ER, RS

u(t) = Kx(t) =

- (R + D"PDY"Y(B™P + D"PC)x(1),
iR RGE (S) R TRER.

SCHR(4] XTHARE M R G 5T S REMHE MAR & it
TTH), KB THILRGERERENEXL. £

ET 53 I 77 R 0 B AL ] R
{dx = (Ax + Bu)d:t + (Cx + Du)dw, )
y(t) = Qx(t).
B 2.3 T RL6), MERE x € R

R RGN, 2R S u(t) =0, BF

y(t) =0,¥ € [1,,T],
XE T o RMEEEEMNIER. MRB T EWHER
BA , AFERBABIMANERE, MRS (6) #

HREHEEIE, BFK(A, C | Q] BETREMA .

AW EELS LR

B 2.1 A, C| Q] BEHEWR, (A,
B;C,D) RfEtary, Wl

1) GARE ()HBKM® P* > 0, BIX T GARE
(DBERISEXFRE P, #E P* = P.

2) P* HR— 1 RIREEM.

iE 1) B3CER(S]) |, 7E(A,B;C, D) BBERH
%4 T, GARE(1)EB KR P* =0.5iEP" > 0.
FEARFE 20 2« 0E R, P 2, = 0, BEF
GARE (1)A] AB A,

P*(A + BK) + (A + BK)"P" +

(€ + DK)TP*(C + DK) = - Q - K'RK,

K=-(R+D"P"D)(B"™P" + D"P* C),

R+ D™P*D > 0,

(7

2 x(-) BREEVLA HEGS) @, P K R (7)
g A v A, HEMBEER T > ¢, B

0< Ex"(T)P*x(T) =

2P~ xg — EJﬂr 2T(t)(Q + KTRK) x(¢)d:t =

_ Er N ()(Q + K'RK)x(1)dt < 0. (8)

HF Q@ =0,R > 0, AR(8) T LIEF

Qx(t) =0, Kx(t) =0, Yt € [, T].
MIERENL 2.3, EXFR [(4,C 1 Q] REFAEM
B, SCHRHTFE, BLH P > 0.

2) ik P* R ER, R RUEH (5) R
WRlim Ex(0)x"(¢) = 0. XERBIRM T > 10,5
WBUT = 10+ 1, BI3CER[8]A T 5) L5 Riccati
TR [0, 00+ 1] EEE—M2RYIEER H(1).

dHC) | B(e) (A + BK) + (A + BRYHT(o) +

(C + DK)TH(¢)(C + DK) + Q + K'RK = 0,
H(to + 1) =0.

(9)
HA o A EAER(9) . F

E[*"27(0)(@ + K'RK)2()dt = JH(1)x0.

(10)
BT [A,C| Q] REHEEWRM, BEFLEPL >0
FIUEBA, AT LATE H(t) > 0. HT &S (5) &Mt
FAERG, BHEBX(10) T THES . SE
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BHT,>T,T,-T1=T-1t,=1,#HF

E J:sz(t)(Q + K'RK)x(t)dt =

E x"(T))H(t)x(T)). (11)

B V(x(t)) = Ex™(e)P* x(t),t, = nT = n(tp +
D), MR (8) qTLAAILE V(x(e)) BIEEME TR,
WBRFETE, BT LA

V(x(t,,1)) < V(x(2)) < V(x(2,)),

th < U< tast- (12)
FIAR(8), (1) AT LA 2]

V(x(toy1)) — V(x(1,)) =

- EJ'l“le(s)(Q + KTRK)x(s)ds =

- E x"(¢,) H(tp)x(t,), (13)

B v(x(t)) WBIFELE, H(to) > 0,HMAR(13) &
R lim Elx(s,) 17 =0, FRLm V(x(1,)) = 0,7
MK (12) 1%1@2 V(x(t)) =0,HT P* > O, ATH
lim Ex()xT(¢) = 0, EF2.1154E.

HER 2.1 KUIEASET LUE R TS SRR
R
EME 2.2 7 (A,C | Q] BRAEHEEMA /A4
. A8

1) GARE (1) IERELRIEER;

2) GARE (1) W—VYIIEEE R R iHE e .

¥ 1 X#R(5)#E (A,B;C,D) 888,00 > 0,R > O
HETEDTEMR2.1 MER. HEEUNR, heak4] m

EMHA420H:Y Q0 > o8, KA, C | Q] RISTIREWRM,

B Z AL, BUE 2.1 #E7 FSiE#E T30 (5] MBXT
¥E.

E2 XXMM ERZKQ) BREASEEMN.(4,C)
Q] REHREMM KM T83IT GARE() BB RIREEM,
HREHTERIEUR - (4,B;C, D) BEEBRNAM,

BB T 3CHR (4] 89 T AF OFF 80 F BB 3 0 e 2 SR SOk
(4.

3 Bz A (Applications)
5118 GARE (1) F## S BEVLE L A5 2519
BRER, BT TSR
EE31 EEHE2.1MEKHET,H V' (1,
®) = x5 P xo, TR
u(t) =
- (R+ D'P*D)'(B'P* + D"P* C)x(t),
XHE P* B GARE (1)MR K.
iE fISCER(S] METE 12, EFRATRT RO 5,

SELER VT (8, 0) = 2P xo. KB EE 2.1 A1,
P* RRBHAER BEEXL 2.2, AN T

u(t) = u*(t) = Kx(t) =

- (R+D"P*D)''(B"P* + DP* C)x(1)
MARPEG) R AT REN BT SCER 91T B8
4.3(56 207 1), BHERGE(S) R 22 EN, B
FIEEE A > 0,a > 0, FFERL:

Elx(2)12< Al xgl%xp {-a(t - t)}.

M EXTTLARA u™ (¢) BREIAFTEE, T o™ ()
€ Ul ATFIES 3. 2HIEHSEATLUEL, V(e,
©,u*(+)) = %P x = V* (tp,%) ,Filhu” (¢) B
—AEBiRES , B AL .

TEER 2.1 HEB T GARE (1) B KR —
MTRBHEER HRZWM? TEHEBARTE
EMEE . ERRRXTHEMEH— 1R, BH8
2% I J 2 e Uk B B fn 7

EHE 3.2 GARE (1) MIRRHEEMBEEM
B, NS AR B E RS AL EE—.

iE FEBIXT GARE (1) B 4E 1] S5 FR 58 B R
P, ARG T, FATFIMEEFRML:

V(tg, Tsu(-)) = EJT(xTQx + u"Ru)dt =

T
«3Pxg — Ex"(T) P(T) + Ej [u— Kx]"(R +
0

D'PD)[u - K,x]dt. (13)
ERF K, =-(R+ D'PD)-(B"P + D'PC), & P

& GARE (1) MR EMR, ER (13) B (1) =
Kix(t),#% T— o, B3

V(tg, ®s5u(+)) = Ej (xTQx + u"Ru)dt =
‘o
x§ Pxg — lim Ex"(T)PX(T) = x{Px,.

(14)
Hh GARE (1)FH Ri4HEM, UL (A,B;C,D) B

BERRM. & P R GARE (1) MIBKM#, i SC#Rk([5]
FIET 12, V" (g, ) = 2 P* xo. BIEBRMAHAMR
(14) ,SHEEM xc E R FH
V*(tg,®) = adP* xp <
V(tg,o5u(+)) = x&Px,.
LA P* < PHE I P REKE . XH P = P,
ZREGBASE P = P, B 3.2 8iF.
TEFEMR 7E (A,B;C,D) SERME&HAT,
GARE (1) MEB K@V EFE , HRRBESHE
A—ERFE HKEE-TEE 2.1 FiIEAIR,E
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E R KRR A ERe, AR T Mt WER
BE, MERARRHEERREBRKFENIRY, HA
FEEATH &G ERAERAEREERMBRET,
—EFMHEME—.

4 451t (Conclusion)

AXTEEB THRERENES, Wit T
GARE (1) B KM AR, U EASBLAY
HBEBHIXR EHERERREERETEER
PSR, M C = O, BRI IFEHERE
BT BEMPE; 2 C < 08, H (A4, Q) MWLM
ATLAERI{A,C Q] R¥EHBEWSY, RZ AR . H
WA IERAERM T HEREWR— N RETFE
|], A X U S R T 0, Bg i ANk . S# e AR
L Riccati R MR RMEL, ¥EE X GARE (1)
BRERAZE L Al TFiH—PH.
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