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Abstract：A robust adaptive controller、Ⅳi山 L，一gain is derived for a class of cascaded non-minimum phase nonlinear systems 

with unknown parameters and disturbances．A recursive Lyapunov-based design approach v，as developed to construct the controller 

expliciay so as to avoid solving Hamilton-Jacobi-Isaacs inequabt、r．1_he state feedback controller guaranteed that the closed system 

waS input-to-state stable and the L2- in from the disturbance input to the controHed output waS not larger than a prescribed value 

for all admissible parameter uncertainties．In the end．a sinmlation example was given to demonstrate the controller’s feasibility． 
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不确定串联非线性系统 H。。鲁棒自适应控制 
朱永红l’ ，姜长生 ，胡鸿豪 ，罗贤海 

(1．景德镇陶瓷学院 机电学院，江西 景德镇，333001；2 南京航空航天大学 自动化学院，江苏 南京 210016) 

摘要：针对一类含有未知参数和干扰的非最小相位串联非线性系统，结合 H 控制和 自适应控制方法并利用 

李雅普诺夫函数递推设计方法设计了状态反馈 H 自适应控制器，避免了求解 Hamilton-Jacobi-Isaacs不等式设计控 

制器的困难 ．该控制器不仅保证闭环系统 ISS(input-to-state)稳定，而且使得系统对于所有允许的参数不确定从干扰 

输入到可控输出的 增益不大于给定的值．最后，给出了一个仿真例子，仿真结果充分表明了所设计的控制器的 

可行性和有效性． 

关键词：非线性系统；鲁棒控制；自适应控制；递推设计； 增益 

1 Introduction 

In the past decade，robust and adaptive control has 

been an  active research area an d many remarkable results 

have been obtained for a class of uncertain nonlinear 

systems(see l 1～5 J)．The problem of H contro1 of 

general nonlinear systems has been addressed by[5 J using 

the notion ofdissipativity，but the results in l5 J involve 

soMng Hamilton-Jacobi-Isaacs inequality，which imposes 
a formidable difficulty．The problem of H control has 

been solved without the need of solving h'JI inequality for 

a class of uncertain cascaded nonlinear system in the litera- 

ture l 1 J，d1e problem of parameter estimate was not 
discussed yet．Although robust adaptive control problem 

has been investigated for a class of uncertain nonlinear 

systems in the literature[2]，L2一 from the distur- 

ban ce input to the controlled output was not considered． 

Robust adaptive control、Ⅳith L2 gain has been addressed 

for a class of special systems by l4j．Nevertheless，very 

few researches have been reported on designing nonlinear 

H adaptive controller without the need of sovlmg 

Hamilton-Jacobi-Isaacs(HJI)for a class of non-minimum 

phase nonlinear systems ． 

In the present paper，motivated by l4J，based on the 

literatures l 1，2 J，a state feedback H adaptive controller 
is derived for a class of non-rrtininaunl phase nonlinear 

systems  by integrating H control、Ⅳith adaptive control 

approach and using recursive Lyapunov-based approach， 

which avoids the difficulty of solving HJI inequality．The 

controller guarantees that the closed system is input-to- 

state stable and the 一 n from the disturbance input to 

the controlled output is not lar窖er than a prescribed value 

for all admissible parameter uncertainties． 

Consider the un certain cascaded nonlinear system 

f = ( ， 1)， 

l = +l+ (牙i)+ T56i(牙 )+Pi( ，牙 )w， 
{ 1≤ i≤ 一1， 

l =“+A(牙 )+ T56 (牙 )+P ( ，元 )w， 
【z=h0( ，元 )+d0( ，牙 )w， 

(1) 

where，元 =( l，⋯，xi)T∈ R (i=1，2，⋯， )and 

∈ 盛 is the state．“∈ R is the control input，0∈ R 
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is an unknown constant 

disturbance input and w 

parameter vector，w ∈ 翼 is the 

∈ [0，∞)U L2[0，∞)，z∈ 
曼 is the controllable output． 
known  smooth real function ， ， 

vectors， 

smooth real function，i= 1，2，⋯ ，11,， 

P ，ho，do are 

{t is a known  

with (0)=o， 

(0，o)=o， (0)=o，ho(0，0)=0． 

Assume that the system (1)satisfies the following 

assumptaons 

n 1 For the 9-subsystem，there exist a 

smooth real-valued function。0( )with a0(0)=0 and a 

real-valued function V0( )，which is smooth and positive 
definite．such that 

(avo／ag)~( ，。0( )) ≤一 l Vo( )， l>0，(2) 

2 ll ≤ Vo( )， 2>0， (3) 

for some positive real numbers 】and 92． 
2 There exists a positive real number 

2,d
o 

such that d0( ，牙n)in equadon(1)satisties 

ll do( ， )ll≤ 7do， V[9T, ]T∈R ． 

Lemma 1 The nonlinear system =f( ，u)is 
input-to-state stable ifand oI ifthere exist K∞function 

k (·)，i=1，⋯，4，and a smooth function V( )such 

that the following conditions hold for any ∈ R and u 

∈ [0，∞)： ’ 

kl(1l l1)≤ V( )≤ k2(1l l1)， 

(a V／3x)f( ，u)≤一k3(1l l1)+k4(1l u l1)， 

where／’：R ×R 曼 is continuously differentiable and 

f(0，0)=0． 
This paper addresses the following control problem： 

Given any y > Yd ，design a state feedback controller 

=r ( ， ，牙 )，u=u( ， ，元 )， ∈R ， 

(4) 

where is the estimate of 0，for the closed-loop system 

composed of equation (1)and(4)such that the 

following design specifications hold for any admissible 

uncertainty 0： 

(S1)Stability：Th e resulting closed-loop system is 

input-to state stable； 

(S2)L2一g；a performance：For some real-valued 

function￡0：R 0×R ×曼 — R with 0(0，0，0)=0，the 

following integrator inequality holds， 

l T(r) (r)dr≤ 
r∞ 

7 1 wT(r)w(r)dr+￡0( 0，元 0， 0)， 
d 0 

for all加∈ 2[0，∞)and any inidal condition[ ，元 0， 

]T∈ Rn+n0 ，where 0= 一0．y is a positive 

constant specifying attenuation leve1． 

Notation R is the set ofnonnegative real num bers， 

R is an n-dimension real vector space， ll·ll is the 

Euclidean vector norFn，and 2[0，∞)and ∞l0，∞) 

denote the spaces of square integrable and uniformly 

bounded functions on[0，∞)，respectively．a =a ( ， 

， )，is the virtual control law， ，P and denote 

(元 )，P ( ，元 )，and ( ，X1)respectively，i=0， 
⋯

- n ． 

3 Design of robust 

Th e design steps of robust adaptive controller are as 

follows： 

Step 1 Letting el Xl一。0，e2 x2一。1，then 

we have ( ， 1)= ( ，。0)+ ( ，e1)el(the exis— 

tence o is followed by the smooth property of )．For 

convenience，letting 0= ( ，。0)， ： ( ，e1)， 

Eq．(1)subsystem can be transformed into 

= ／1o+ e1， 

el： e2+ al+ l+ 0 l+ Pl w — do． 

According to Assumption 1，we have 

(3 Vo／3 ) 0≤一 l Vo( )． 

In addition，note that by using equation (1) 

comp leting the squares，it can be eas~y obtained that 

ll 一y 2fl w『I ≤ 

[，+(1／2,2)dod ]ho— 

wT[y}一y8)，一 d0]w≤ 

[1+(y ／y5)]fI h0 II 一 }I1 w『I 2 

(5) 

(6) 

and 

(7) 

where 2,1> yd。 ，2,d
。

is as defined in As sumption 2，an d 

)，0 and yl are positive real numbers such that y = y 一 

)， 一 2,2d
。 ．
In the case where do 0，we have 2,d

。

= 0， 

)，l 2,1 and 2,0 becomes redun dant． 

Since the transformation el l一 。0 is a diffeomor- 

phism，there exists a positive—definite function H( ，e1) 

such that 

[1+(y ／y3)]Il h0( ， I)ll ≤H( ，e1)．(8) 

Also，since H(0，0)=0，then H( ，e1)can be decom- 

posed as 

H( ，e1)=凰( )+Hl( ，e1)el， (9) 

where ( )= ( ，0)，and (0)：0，Hl(0，0) 

= 0． 

Next，considering V0( )is radiany unbounded and 

positive definite，there exists a class ofK function ko(·) 

such that 

Ho( )+(1／2)ll ≤ k0(V0( ))． (10) 
Defin e a storage function candidate Vl for the system of 

equation(6) 

Vl=(1／91)S0(V0( ))+(1／2)e}+ 

(1／2)( 一 )TI1一‘( 一0)， (11) 
where I1>0 is the design parameter matrix， is the esd— 

mate ofO， l，is the constant in Assumption 1，So(Vo)is 

the following class K∞function： 

So(Vo)=Vo sup
．  

U 1≈ 1 

+f2Vok。(c)d 12) +J 。 ’ 
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ObseⅣe山at the function So(V0)satisfies[ ]： 

S0(V0)≥k0(V0)，V0(dS0( )／d )≥So( )． 

(13) 

Considering equation(5)，(6)，(11)and(13)，the time 

derivative of V1 satisfies 

击 ( 0+ e】)+ 
e1d1+( 一 T1-"一 ≤ 

一 S0(Vo)+ ( ，e1)e1+e1(e2+otI+ + 

0T 1+P1w一(3a0／0 ) ) 

( 一 )T／-,一 ( 一r1)一o-0( 一 ) ’ ，(14) 

where ty0 is a design parameter， 

r1=r(e1 1一 )， 

： 击 ． 
By using equations(7)，(8)，(9)，(10)，(13)and 

(14)，we have 

I，1+ll z ll 一y}ll w ll ≤ 
一 (1／2)ll ll 一 {Il w ll +e1[a1+e2+ 

H1+ + +0T≯1一(aao／a ) ]+ 

elP1 +( 一 )Tr一 ( 一r1)一∞( 一 ) ． 

(15) 

Also，there exists a bounding 
．

( ， 1)such that II Pl II 

≤ ．．By completing the square for inequality(15)， 

inequality(15)yields 

+ll z ll 一y}ll w ll ≤ 
一 (1／2)ll ll 2+e1(a1+e2+H1+ + 

+ T声1一(aao ) +(1／4y~)e1 )+ 

( 一 )Tr一 ( 一r1)一 ( 一 )T ． 

Now choose a virtual control law 1 as 

a = 一 [吉e + + +̂+0T 一 
(aa0／a ) +(1／4yl2)el ；。]． 

(16) 

(17) 

Substituting equation(17)into(16)，we have 

1+ll z ll 一y}ll w ll ≤ 
一 1+e1 e2+( 一 )Tr一 ( 一r1)+(1／2)cr~T0． 

(18) 

where 

：  1 II +专e}+(ao／22max(／-'一))( 一 
)Tr一 ( 一0)， 

(／-,一)is ina．xinluln eigenvalue of／-"一． 

Step 2 By letting e3 x3一 ot2．we have 

d2 x2 一 a1 

e3 + a2 + + T 
2+ p2w 一 

(aa1／3x1)( 2+ + T 1+P1 )一 

(aa1／3 ) 一(3al／3t9) = 

e3+a2+ 一(3a~／8t9) + 

0T( 2一(aa1／3x1) 1)+p一2w， (19) 

where 

=  一 (331／3x1)(x2+ )一(8al／3 ) ， 

2=(p2一(3a1／3x1)P1)． 

Define a storage function candidate as V2 = Vl+ 

(1／2)e；．By using(18)and(19)，we have 

2+ ll 一y w ll ≤ 

一 1+e1 e2— 埘ll +( 一 )TI1_1( 一r1)+ 

(1／2) T0+e2e3+e2[a2+ 一(331／80) + 

0T( 2一(3a1／3x1) 1)+ 2w]， (20) 

where ；=y；一y}，y2 is a positive constant large than 
y1． 

Also since there exists a smooth upper bound function 

( ， 2， )such that II P2 II≤ 
，
，
by comp leting 

the squares for inequality(20)，inequality(20)yields 

2+I1 z ll 一y；I1 ll ≤ 

一 1+e2e3+[( 一 )Tr～一e2(331／80)]( 一l-2)+ 

e2[d2+ +e1+0T( 1一(aa1／3x1) 1)一 

(aa1／aa)r2+(1／4Y~)e2 ]+(1／2)adT0，(21) 

where 

2=r1+r( 2一(3al／3x1) 1)e2． 

Choose virtual control law 0t 2 as 

a2：一[(1／2)e1+ +e1+ T( 2一(3al／3x1)声1)一 

(3al／30)r2+(1／4Y~)e2 ]． (22) 

Substituting equation(22)into(21)，we have 

I，2+ll z ll 一y w II ≤ 

一  2+e2P3+(1／2)aftT0+[( 一 )Tr～一 

e2(33 ／80)]( 一r2)， (23) 

where 

2：(1／2)ll +(1／2)e{+(1／2)e；+ 
(∞／2 。 (r一 ))( 一 )T／-,一 ( 一 )． 

Step i Let勺+1= +1一 (1≤ ≤ i一1)． 
． 

Define a storage function candidate as 
i—l 

一 1 ： (1／fl1)50(Vo)+∑(1／2)e 2+ 

(1／2)( 一 )T／-,一 一( 一0)． (24) 
Assume that according to the above recursive design ap— 

proach we have design ed virtual control laws aj and esti— 

mate functions (1≤J≤ i一1)，by choosing y1<y2 
< ⋯ < y 一】，such that the time derivative of Vi一 1 along 

equation(1)satisfies 

一 1+ ll 一y；一 I1 w II ≤ 
一  

一

1+ e +(1／2)a~T0+ 
i——2 

∑ej+l(a )]( 一ri_1)， 
J=i 

where 

一 1 ： (1／2)ll + 

[( 一 )T／-,一 一 

(25) 

+ 

 ̂ ．J  
e 

、  2  
／ 

， ==∑ 
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( ／2 一 (r一 ))( 一 )T厂一 ( 一0)． 

Define 

=  
— l+(1／2)e ． (26) 

Note that the variable ei satisfies the following equation： 

e|_=e +a + +0v( 一∑(刁4i_1／a ) ，)一 

(3a ／80) +piw， (27) 

I／~Xj)(0+l+ )+(Oai—l／ ) ]， 

i—I 

|-=p 一∑(04i_1／axj)py． 
= i 

By choosing y > y — l，letting =y；一y 一l and using 
Eqs．(25)，(26)and(27)，we have 

f， + ll 一y ll w ll ≤ 

一  

一 l+eie +l+(1／2)o00T0— ；ll w ll + 

[( 一 )Tr～一∑e川(aa ／aa)]( 一f )+ 

e [a + +e +oT( 一 

∑(a4 ／ax)) )一(a4i-1／ao)o+piw]． (28) 
J—  

Also，since there exists a bounding function 
．

( ，xi， ) 

such that II II≤ ，by completing squares for the 

right side 9f inequality(28)，inequality(28)yields 

+ ll 一y 2ll w lI ≤ 
一  

一

l+eie +l+(1／2)o00T0+[( 一 )Tr～一 
i—I 

∑ej+l(a4／ao)]( 一r )+e [a + +ei-1一 
J=1 

(34 —l／80)f +( T一 (a )r)( 

i—I 

∑(aai_l／a0) )+(1／47z~)e ； ]， 
J=1 

where 
i—l 

r ： r 一 。+r( 一∑(a4 一。 ) )ei 

(29) 

J i 

Choose the virtual control law 4i as 

口 ： 一 [(1／2)e +e —l+ 一(a4 —l／ao)f 一 

(己9T一 +( — 

i—l 

∑(aa 一-／a ) )(1／4 )e ； ]． 
J=1 

Substituting Eq．(30)into(29)，we have 

∑ei+l(a4／ao)]( 一 
i=1 

where 

f )， 

(3O) 

(31) 

Vi=(1／2)fl + 

(o-0／22 (r一 ))( 一 )Tr一 ( 一0)． 

Step n Define = 
— l+(1／2)e2 and choose 

the control input u as 

u=一[(1／2)e +e 一l+ 一( a 一l／80)f 一 
月 2 

( 一∑ +l(a4／ao)1") 
J i 

n一1 

( 一 ( ．1／ 。) )+(1／4 ； ]· 

(32) 

By letting i= n in equation(29)and substituting Eq 

(32)into Eq．(29)，we have 

+ ll 一y w ll ≤ 
一  +(1／2)a00T0+[( 一 )Tr～一 

∑勺+l(a4／ao)](o— )， 
，：i 

where 

= (1／2)ll + ∑(1／2)e 2+ 

(33) 

(o-0／2 (r一 ))( 一 )Tr一 ( 一0)． 

Choose the adaptive control law as 
n—l 

= = Tn
- 1+r( 一∑(aan_l／a ) )e ． 

= 1 

(34) 

Substituting Eq．(34)into Eq．(33)，we have 

+ ll 一y w lI ≤一 +(1／2)ao0T0． 

(35) 

In view ofthe definition of ， is a radiany unbounded 

and positive definite C function．Evidently，there exist 

class K functions kl(·)and k2(·)such that satisfies 

the first inequality of Lemma 1． In addition， letting 

(1／2)a =y and(U=[wT，0T]T，Eq．(35)yields 

≤一 ll ． +y cU ll ． (36) 

According to the known condition，co∈ L l0，∞)．If 

regarding co as the general input for the close&loop 

system，then Eq．(36)satisfies the second inequality of 
Lemma 1．Hence．in view ofLemma 1，this implies that 

the close&loop system is input-to-state stable for all 

admissible uncertainties． 

Choosing an appropriate positive constant 0-0 satisfying 

1 T0≤ 
，Eq．(35)yields 

+ ll 一y w ll ≤0． (37) 

Integrating both sides ofEq．(37)and noting that ( ， 

e， ≥0(V[ ，eT，0T]T∈R 。 )，it follows that 

I zTzdr≤y 1 wTwdv+so( (o)，e(o)，0(0))， 
0 0 

(38) 

where 

+ 

 ̂ ，  
e 

2  
／ 

∑ 

∑ 

r 

a  

+ 

m∑ 川 

一 

r 

一 

+ 
≤ 

一 + 

e 

e 

+ 一 

．  

一 
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y=yn，e(t)=[e 一，e ] ， 

eo( (0)，e(0)， (0))= ( (0)，e(0)， (0))． 

In view ofEqs．(36)and(38)，the closed-loop system 

composed ofEqs．(1)，(32)and(34)satisfies design speci— 

fications(S1)and(．s2)．According to the above proof, 
we have the following theorem ： 

Theorem 1 Under Assumption 1 and 2，there exists 

a state feedback adaptive controller such that the closed- 

loop system composed of Eqs．(1)，(32)and(34)satisfies 

design specifications(S1)and(S2)for all admissible 

uncertalntles ． 

Remark 1 In fact，according to the definition of 

，

theIe 估a such 1 0T0
≤Vn if(1／2)】】 ll 

+ ∑(1／2)e2>0，then inequality(37)holds．Hence， 
J：l 

In simulation， we carl choose an appropriate positive 

constant d日such that all error states of the closed-loop 

system converge to zero or the neighborhood of zero． 

Consider the three-dimensional nonlinear system 

f亭=一 + {， 

l l= 2+ }+Osin l， 
{ 2：u+w， (39) 

+ ． 

Choose~-subsystem storage function V0( )=(1／2) ． 

二 

Fig．1 State Xl and x2 

Fig S．Performance index．，(t) 

In the present paper．a state feedback H∞ adaptive con— 

Assumption 1 is satisfied th a0( )=0，fll=2 and t2 
： 0．5．Moreover，Assumption 2 is satisfied th yd = 

42．Therefore Assumption 1，2 hold and thus，we will 

apply the above approach to design  the state feedback con- 

troller．Choosing y0 1，yl= 2 and y2 3，we carl 

obtain yl=1，y2=45， p
，

= 0 and 
，

= 1．In view of 

the above design approach， we can obtain the virtual 

control law 0tl，control input／z and ada ptive hw = 2-2 

as follows 

al=一(3．5xl+ }+3．5 l+5．25 3 l+Osinx1)， 
u = 一 [0．55e2+ l+f2+2-2sinxl—Osinxl(3al／3X1)， 

= 2=Pxl sinxl—Fsinxl ez(aal／3X1)一Fa0 ， 

where 

_厂2=(3．5xl+15．75 1)(一 + })一 

(3al／3x1)( 2+ })， 
ao= 2 = 18． 

In simulation，parameter F = 1，0 = 0．1，disturbance 

input w =sin(4t)exp(一0．1 t)，initial states was set to 

1，i．e． (0)= l(o)= 
performance index 

2(0)=x2(0)=0(0)=1， 

J(f)：[1 (r) (r)dr／1 w(2-)w(2-)d2-3 
U ／ 0 

Was calculated．Note that J(t)<3．In view of simula- 

don Figs．1，2 and 3，it implies that the closed-loop 

system satisfies design specifications(S1)and(．s2)for all 
admissible uncertainties， Fig．4 is the control input． 

Hence，the controller design ed is feasible and effective． 

冀 
暑 

董 · 
0．

O

5 

Ca． 

量 
一  

2 
￡ 
0 

Fig．2 Parameter estimate 

¨s 

Fig．4 Control input  ̈

troUer is derived for a class of cascaded nonlinear systems 

wi th unknown parameter and disturbance by integrating 

H∞control wi th adaptive control approach．The controller 

、 写 IlJJ0IJ 
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guarantees that the closed system is input-to-state stable and 

the L2-g~ ·from the disturbance input to the controUed 

output is not hrger than a prescribed value for all admissible 

parameter uncertainties．Simulation results demonstrate that 

the controller designed by the above approach is feasible 

and effective 
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