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Delay-dependent conditions for robust stability and

bounded real lemma of systems with multiple time-varying delays
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Abstract: Based on linear matrix inequality( LMI) , some delay-dependent conditions were derived for the robust stability of
the systems with multiple time-varying delays. Some free weighting matrices were employed to describe the reciprocal relation-
ships between the terms in Newton-Leibniz formula. Then the relationship between the delay-dependent conditions and delay-in-
dependent ones were discussed. And the results were extended to the delay-dependent bounded real lemma for systems. The pro-
posed results overcome the conservativeness of the existing results. Finally, some examples were provided to demonstrate the
effectiveness of the proposed method.
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TE— 7 GR B - 07 ) Y A= 4 - 3% 1 JE 25 A 0B Lya-
punov {Z BRI B FEEERT 0 x (¢ - 7) ) a(e) -

[ e Cods fh A8 x (1 - o) 2R F oA LFH
PR B LA A S Y. T (1 -
O REM (1) - | s RBTLIA 4 ef
A SCAR (7). (81 A4 4 350 R it B 45 20
) et AT B — Y U FLA R R R
R AR T HE IR - AR AL <o

SO R - | ds X RIBTE 7
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AENHE S R AGAGE 4 E o LM 89 ## 3K 19, A

R EMmREELE (¢ - o) MHEHEE x(t - )

e = | ()ds Brife SKRE I LI OB H

Lyapunov {Z bR DL B 8 & H & ACHL %, (2L | Lya-

punoviZ R A S EEFEMHENE, B3 T EE

BB HE TR E TE Tl A RS0 5 BT B A AR 5k 1, FE 108

BHENEE TR AR Aok &4, 2 & Z (85K
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2 FE 4% H A K 5| IB (Problem statement and
lemmas)

%8 LA ZHER A EH RS

x(t) =

N4+ M) x(i—h (D)) + (B+AB(D))w (1),

z(t) =

col( Cox(t),Crx(t = hy(t)) ., Cox(t = h,(t))),

x(t) = #(t), t € [- h,0].
(1)

P (1) € Zh0(e) € L0, o] EHBHE A,
z2(t) € P EEHEHAG = 0,1,2,,m) €
I BHIC (0= 0,1, ,m) REREERNE R
HE B R () (0= 0,1,2,,m) B ESE R
¥WH

ho(t) = 0,0 < h(t) < h,,

hi(t) < d, < 1(i =1,2,,m).
Hep, hiod (i = 1,2,-.m) BEH, 3FH A =
maxih,,i = 1,2, m}. (1) B—LHEEN b
B BR AT EE AT LA R N

[A4o(t) AA(L) AA,(t) AB(t)] =

(2)

DF(t)[E, E, E, E,. (3)
AP DE(i =0,1,,m),E, e S BAEHNTH
WO, F() B—A S R0 R ML ER AR
%, HIT & Lebesgue AIM H AR, H
FT'(e)F(e) < 1, Yt. (4)
X I RS EAEBHRUEE . LR/E 7 >0, EX
T BE PR AL
J(w) = J:(ZTZ - Yw'w)de.

FIHEAFEN, Hh 53,
513 1% ATEEUEHEE Q = Q" HE
MR = R" > O XEBWHE F'F < RWF
Q + HFE + E'F'H" < 0
MR DEFEEIE e > 0ffif8
Q+eHH" + ¢ 'E"RE < 0,
THERASTHERSE (D) MR RS

(5)

2(1) = 2 Aalt - h(D) + Bo(o),

z(¢) =
col(Cox (1), Cixlt=hi(t)), -, Cox(t-h,(t))),
x(t) = $(¢), t € [- h,0]
(6)
MR EE R A5 1 3, RIS 1 IR AT
PERBERY T R 2516 .
3 HEHEXFEE 1% (Delay-dependent stability)
HHE AT AR ()Y (1) = ORRE
P£ . #93& Lyapunov {Z bR

Vix) =x" (O Pa(0) + 2]

i=1vt=-h

27(s)Qx(s)ds +

>

i=1Y ~h

J' AT(5) W, (5)dsdo. 7)

ﬁtp P,Qi9Wi(i = 1,2,,m)%ﬁ?%£ﬁf%ﬁl¢ff
A (T) R R A R EA
dV(x,)

dt -
2x7(1) P| i}A,x(z - O]+ i}[xT(t)Q,-x(t) -
(1- il,'(l))xT(l - h,-(l))Q,-x(l - h,([))] +
(0] Zmli_z,-Wi]x(t) - ZMJJ[ 2'(s) Wa(s)ds

{ -
t

=<

=
i=1

xT()(AJP + PA + Zm: Qi)x(t) +
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0

Su-&nT

=1

T(z)[\‘hw]x(x)_

(RIS | AR 398 44t ~
m, H

I(l - h,(l)) =

R j o= 1,2
N,(i =0,1,2,

22T (Y PAx(t — k(1)) -

t
S
=1 l—h(l)

x(t) - J:_h 5

% (s)ds.

(¢ — k() Qu(t - A (L)) +

T(s)W 2(s)ds.

(8)

FMRUELNK T j = 1,2,

(9)

om, XHE RS 2 4R RO R G

,m),ﬁ

2( fﬂu ~ hi(£))N;] -

=0

[:c(l) - x(t = k(1)) —JV

REE, T = 1,2,
& TF 52 0

t—h(1
J

ym, SRR

[ Dy + AQHA,
@gl + ATHAO
@l + ATHA,

Lo 4 ATHA,

x(s)ds] -0

(10)

S HERH X R

Dy + AJHA,
@11 + ATHA]
&, + AJHA,

& + ATHA,

= iEiWi’ By = AP + PAg + EMDQL- +
r=1 =1

ST Now + N&) + > hiXEE,

1=1

¢0j = PAJ—NOJ

i= l

®; = ~(1-d;) Q- N;~ N

D, = ~Ny-Ni+ D RXP (=12,
k=1

=1

k=

X xy X
(X1 Xy Xy

g | T T xy
) - . . :
Cx§R1 DX LRI

L Ny Ny Ny

NT+Qh,rxgj“(J—1 2, .m),
PR =12, m),
1

,m3l< Jj< m),

Xt Ny
X Ny

X8 Ny

]

X9 N

m
T
N

W)»_A

37
R . ¢ L. ¢4 X§
(X9 xy xW X

X0 =] L)t (xip)t xy Xom (20
HOxe]t DX DXl Xiim-

HR(2)F
ENC(RXT)E) - f

t—h(t
J

)ET(z)(X‘f))E(t)ds > 0.

(11)
Hep, 6(0) = [2T() 2™ - h(8)) (¢ -
ha(t)) 2T - ()17 ¥20(10), (11) 3¢

RAFRATLL 4

dV(x,)
e =

m

ML) PE(L) - Sjj C (t,s)WL(t,s)ds.

j=1 l—h
(12)
Hrep
tle,s) = [E7Ce) 2" ()]
&y, + ASHA, ®o + ALHA,,T
@12 + ATHAZ @lm + ATHA,R
&, + ATHA, ®d,,, + ATHA,,
o1 4 ATHA, - @, + ATHA, ]
(l = 1929"'9"1)-
BHR(12), %Y, =0 =1,2,-,m) H® < 0
dV(x,
;t,uz¢iﬁmT%ﬂ
Eﬂl er-gﬂ/:E d] = O,dj < l(j = 1929“'9
m), R —4H LMl
®<0,¥ =0 =12,,m)
HFEXTP>0,0 >0 =12,,m),W,=0
(= 1,2,,m), X 200 = 1,2,,m) , Ny (i =
0,1, ,m3j = 1,2, ,m) BIO[{TRE RS (6)

w(t) = 0BT ERER.
R E 1 AIEH, 7E Lyapunov 2 R IXE

W= 0G = 1.2,m), EEHES S A
R R TR MR
?E-‘ﬁ 1 Xﬁ%% d)’ < 1(] = 132y"'ym)1 ﬁu%

MI
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. i i,
PA()-(- AEP + SQ, PA| PA2 PAm
1=1
ATP - (1 -4d})0Q, 0 0
0

ATP 0 -1 -dy)0Q, 0 <

L ATP 0 0 0 -(1-4d,)0,-

FHEXRT P >0,0 >0 = 1,2,,m) WA 1Tf#,
MAL(6) T w(1) = ORTRIREH].

E1 OB B UTEARNGS. TER 1 e
FHAFHFQETE BLE WAL 1 IMIFEXT
P>0,0 >0 = 1,2, m) F°T47TH, WiXEEH | HE
HRSEHEREN, =0(i = 0,1, ,m;j = 1,2,~,m) . W, =
0(j = 1,2,+,m), X = 0(j = 1,2, ,m)  EATHHEIL 1 £
(XFP>0.0 >0 =12, ,m) al{TH, —RENT &
1 g R —4 LMI X FAE BRI T 1T A —
FEL ARERRE M TR E R . e HT X R R
W X, Ny(i = 0,1, m) HTHRE . QR | 55 69—
HIM A BAZRO)KT b () BFLRRER. X

BT BLAT S0 B 3 G, RaSE P AT R 6 A i 54
AR LU R | SCE S —.

MEPARERRE (), EEH 1 YRR A
A5 1 a3 T e 8

R 2 MHERE R = 0,d < 1(j
m), MWR-—4 LMI

d <0, ¥=0=12,,m)

FEXT P >0,0 >0 =12,,m),W=0
(j = 1,2,,m), X 20( = 1,2,,m), Ny(i =
0,1, ,m;j = 1,2,,m) Al A > OO {76%, M &R
B(1) £ w(t) = O Rt EHRE . Hf

1’2’...

Y

3 @)m @0[ @02 (Apom PD + AgHD 7
&3, ¢, Py - ATHD
& - dgy oT, by b, A3 HD
&5, of, 91, 1 ALHD

LD"P + D"HA, D"HA, D"HA, DHA,, - Al + DTHD/

i d; = &, + ATHA, + AETE;(i = 0,1,2,,m;i <
jem),¥i(j = 1,2, ,m),H,; ELTFR(12).

iE WHFEBE19H o, KBHP A A +
DF(t)E;(i = 0,1,2,-,m) &I FIA Schur b,
BALREBRREL(DE (1) = OEHBENT

aEH R

@+ MMFQ), + TTF™ () <0, (13)
H
¥ 200 = 1,2,,m). (14)
He,
r,=[Db"P 0 0 0 DTH],
I =[E, E, E, E, 0],
[ P P D Dom  AgH ]
@gl ‘Dll (1)12 q)lm ATH
3 - o DL Py Dy ATH ,
o), @, D1 S ATH
L HA, HA, HA, HA, - HJ

MmH @i = 0,1, ,m;i < j< m)EXLFR
(12). \5IE 1 AR (4), (13) RUMFEELRGRTF
HEA > 0B
&+ ATy + AT, < 0. (15)

A Schur #b, RIS ZEMT & < 0 Bor Xk
TEFRIRIE .
4 FHFLF|IE(Bound real lemma)

THE,EREETTISHER L AHRESR
(6) R AL M & . AT

2'(t)z(e)

SV2Te - k() CCalt - k(1))

(16)
FEMAF; = 1,2, m, T EESE RN ER
M, N;(i =0,1,2,,m), &

2| ixT(z — k(1)) N;] -

[x(t)-x(t-hj(t))—J‘:_h(t)x(S)dSJ:0, (17)
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%5 B LN RANEBRE LA RLT BB &G 739
! Elip 5 | = s Pah,
(18)  WFREIEE M
RS Xy Xof Xow Kt ]
X6 )" Xy’ X x§4) XHh
yo | DRI DT X X X |
RCZRLEED ¢ ¢y X X
LI:X(()})mH:lT [ng,)mH]T [ng)mﬂ]'r [sti)m ]T Xsr{ll m+1j
ﬁ E(x) = @m + Co Co + AoHAo,
dV(x,) T 2T — T )
4t () -7 (Dw(t) < Boj = Poj + AGHANj = 1,2, ,m),
= — P. TC. THA(; =
T(E(0)- 2[ et ds. a9y 5= B GG ARG = L2 m),
ot ” E, = @+ AIHAG = 1,2, ,m3i < j < m),
— T T T m m _
7(0) = (80 WD), S = PB + 2 M+ ATHB + R,
o(t,s) = [97(t) x"(s)]T, i=t k=1
r ZE = ZEn v Ew Eomsa mo
S S Sm o S S | M. 4B+ SR,
Z01 =1 =12 SElm E1,mel k=1
=T = = = =~
= _ =0 =12 =2 Z2m S2.ms1 (j=1,,2,,m),
:gm :']rm Eg‘m Em Em,m+] Em+l,m+1 = - y21 + BTHB + E’-lkXEnk-zl,m+1)
=T T “‘T eer = fomnd k=1
-‘—'0 m+l Hl m+l =2, m+l —m,m+l —~m+l,m+1-
[ XY g’ Xg X6 Xmar  Noj]
[X((){):‘T XH) XB) X%)Q Xl m+1 Nlj
(X217 [x§]" X5 x50 Xz,ml Ny
I, = : : : : PG = L2, m).
R AL L ¢ X8 X N
[X(()J)m+1}T [Xgl,)mﬂ]'r [Xéj)mﬂ}'r [X(n{)m-f- ]T XEr]l-)rl m+1 Mj
LN Ny N3; N M W; -
XHE, HIN T EH G=12,,m), XY 220G = 1,2,~,m),M; = 0
EE3 Xﬂ':j:,%gﬁ(6),5ﬁ'?ﬁfé7 >Oiﬂ] EJ';O, (] = 1 2 ;m) N‘J(l = Oylv”'vm)j = 1)2)'")
d <1 = 1,2,,m), WFE—H LM m) BYETATA# W J(w) < 0.
E O = 00 = 1,2, m) [E#E, A T B TR A HER
S A #it 2 MWFRLEG),MHAFE y >0M 4 <
FEXT P >0,0 >0 = 1,2,,m), W20 1(j=1,2,,m), ME LM
[ @) PA, PA, PA,, PB
ATP CTc, - (1-4d)0, 0
ATP 0 cic, - (1 -4dy)
: _ 262 - - Q2 <0 (20
ATP 0 0 c,-(1-d.)0, 0
LB"P 0 0 0 - 7
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5 n H =21 %

FEXT P >0,0 >0 = 1,2, ,m) B 17,
W J(w) < 0. He

O, = PAg+ ATP + D, 0, + CLC,.

AR S 2 A1 A TR E 3, B A A A S
SRSk 6 G T T 3| AR AT R
AR RS (1) 3| 5.

=00 ol Zwx
AT 2 A
=01 =2l =Tk}
=t =h En
- : : :
=T AT AT
—0m —lm —2m
AT =T gl
Z0.m+1 ZElm+l S mel
LD'P + D"HA, D'HA, D"HA,
£ = E.+AEE(i =0,1,2,,m;i << m)
'_‘ll —_ ‘—‘lj i ] - A ? A ? il -~ .] -—~
A — T .
Simil = Eiimel AEiEb(" = 0,1,2,"‘,”1),
A — T :
Enslim+l = SEmslim+l t AEbEb’Hj(] = 1,2, ’m)’

E; X TR(19),H € XFA(12).
5 S5 (Examples)
Bl1 ZEERF (DY () = 0REEME. n

-2 0 -1 0
2,m:1,A0=[0 1],A.=[1 1],1):

1, E; = diag!1.6,0.05], E, = diag!0.1,0.3}. HI%E
B 2 153 RO R UIE 2 55 & 15 B2 0 B R I i 0 ST
[5,6, 895 REYHLES TR 1/, ATLAFRH, A
HRAKILTCHER.
A1 ARF A SR MRt R &) B R
Table 1 Boundary of delay corresponding to different
upper bound of the derivative of delay

d Kim BI85 Yue #7£558-9 Moon HIZER® EH 2
0 0.2412 0.2412 ' 0.7059 1.1490
0.5 <0.2 0.2195 — 0.9247
0.9 <0.1 0.1561 — 0.6954
Bl 2 ZEAFHAL(6OM HotERE, W n = 2,
-2 0 -1 0
m:l,AO:[ ,AI:[ ],B:
0 -0.9 -1 -1
[-0.5 1]\ C =11 0].% A,(t) = OB, HTLAIH

BMh, = 4470, RE(6) FRE. 2 b, = 0.846 B,
CEKL9], [ 11] 483 B/ MERERE bR ¥ 7370k 2 F1 0.
32, FIHEE 283K ¥ 7 0.27, XA X EY
ETCAEFEWARTE B0, PRGN TR
SHC R B R LA R B MERBFEIREI G AR

EE 4 MTFRGE) MABE Y >0 b =0,
d < 1(j = 1,2,,m), WR—H LM
E <0, =00 =12, ,m)

FHEXTFTP>0.0 >0 =1.2,.m),W, =0
(j=1L2,.m), XY =0 = 1,2,.m),M; = 0
(j =12, ,m) Ny(i = 0,1, ,msj = 1,2,
m) fA > 0RIAIfTRE .M J(w) < 0. HrAp

é()M é().m+l PD + AEHD ]

Eim Bl ATHD

s Ermn AHD

Erm B ALHD

B met Ensiimn B"HD

D'HA, D'HB - Al + DTHD

A2 BT Y
Table 2 Minimum performance ¥

hy
i
0.8 1 1.5
0 0.25% 0.29 0.365
0.5 0.264 0.34 0.455
0.9 0.278 0.471 RBR&GEAKHEE

6 %512 (Conclusion)

fEE M FHA ZHTWHNEE RS, KEG T
Rt BREREN EERA LI H, wk T CE
AR ARSEE, FR IR BE T A A A OC & (4 AT AR
FABRME X R . BG4 L EI A ST R
AR L R rt i B (A R R SR KD
HHREFEARHICR .
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