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Stability conditions and criteria for

fractional order linear time-invariant systems
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Abstract: The fractional order differential equations and the fractional order linear time-invariant systems are introduced,
and their transfer function representation and state-space representation are given. The stability conditions are proposed for the
fractional order linear time-invariant systems. A proof is also given based on the fractional order state-space equation . Starting di-
rectly from the argument principle of complex analysis, two efficient stability criteria are deduced for fractional order linear time-
invariant systems: Nyquist criterion of fractional systems and logarithmic-frequency criterion of fractional systems. An example

verifies the effectiveness of the criteria aforementioned.
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1 5|5 (Introduction)

B AR BUMFA 43 (Fractional calculus) 224 300 £
FERHE B EBBR S BEANAREEEERT
19.20 gt B FBEE PAEMAKF T, TF
X, B S B LI IR B o) TR SN B
% . JEBUSRRS A T ST 2 D R R
S, X AR TVER : Podlubny I 855 1 43
BB PPD* ¥hI#51 2 s Matignon D BFT T -8 %
ARG M AT v AT 0 a0
Oustaloup A 2} T CRONE #5#1 [F815-6)

ZENREERERFARITHNEESIENREE
HREZ—, A REMABIS. FEBI D &
GHEERB—RARE LR s AR, B
BRIE R E 4B R Z WA, &0 Routh HjH#E
0 Jury FIHE, T LARRST B R iR .
AT ERENE TR EAREL R, T Y
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2 S Hr et EE & St (Fractional order lin-
ear time-invariant systems)

2.1 15 R ¥R (Transfer function representation )
TEHEEEE RETUFRR AT WS

A UNET S

Dy(t) + an  DPVy(t) + o + agy(2) =

b, Du(t) + by DP™Vu(1) + o+ boult). (1)

Hrp

1 J” (o) s (2)

DPf(t) = (1 = a)do (1 - ¢)"
BMIRN a = /g B FE.q.m,n HIEE
B.Hm < n, Q)P TC) BINDEE .
FIRBIFWLFT Df() BhrB b sl
L(Df(1)) = s°F(s), (3)
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el
MRS (1) B 5% R BRI T -
Y(s)  bus™ + b5 " 4 ot 4 by
G(S) = U(S) = P anﬁlsa(n—l) + 4 oag :
(4)

2.2 RS AIEHIR (State space representation)
AR (D) E R FeREFRER
{ DFx(t) = Ax(t) + Bu(t), (5)
y(e) = Cx(2).
Hep, x(1) €= y(0) €, AE ", BE R,
c e Fixn,

a(e) = [x(e),2(0) o, %, ()17, (6)
xi(t) = x(e),
xz(:t) = D% (1) = D*x(1), 1)
%,(1) = D'w,_ (1) = D" V()
[0 1 0 - 0 0
o 0 1°. 0
4 - o |.B- ,
0 -0 1 0
L~ ag —ay  ~ - a,_ ] 1
C = [bo b, 0 - 0]
(8)

3 FAE 514 (Stability conditions)
EX 1 SBMEHER RS
Dax(l) = Ax(l), 0<acx 1, x(O) = Xy (9)

R AR
1) BER, MYHMNY, ¥, IM>0,¥t>0,
()} < M; (10)
2) #riEtRER), HHAY
lim Il x() I =o0. (11)

DA b B SRR A BT £kt B R AR E
HE X .

EX 2 DEBEHEEERSE(DRAEREBA
A F%i 1 (Bounded input and bounded output) £ /Y,
LA

Yu€ L®, y = glt)*»u(t) € L*. (12)

He, g(0) 7 6(s) MRS R REX 2K
SPEBrHEEE R MM EEE X .

51 WRO0<a <2, C,u €R,
na/2 < p < miniw,wat, X ¥Vp = 1H
Eg_,q(z) =
4 -k
z 1.
_E“P(B—ak)+0(|2| ry, (13)

lz1—> o, p<laglz) <.

He, E, 5(z) HIEE Mittag-Leffler 53>, 5] 2
ROUERA AT A 3% S0k (2]

EE 1 FHO)RHERENAREFMHRE
4 A BYRTASHEM A,  det(A - A) = O, WEFMH

| arg(A;) | > %T, Vi. (14)

E B AR DARBFFEFHA (0= 1,-+,0),
FREE#r R g 7, 15 (9) AT LR

Dx(e) = A (1), %(0) = . (15)

Hrp
#(t) = Tx(t), (16)
A= TAT-' = diaglA,,A5,*, 4, 1. (17)

W THRKEFREN 0, DETFER 00, WA

Gain | 2() 1 < 12D | < o I 2() I

(18)
MR (1), R
lim || %(¢) | =o. (19)
KOS WIEHTIERT LR E, 5(2) FRA
() = B, (N 1) 3. (20)
XA, EE | 2() | >0, R
E, (A7) >0, Vi. (21)

m5IHE 1A, B EM TR (14) BRAL Xt F
A FEFHEE S, 7TULRIEAY 77 e .

E 1 MFRERLEO), HAVRIERATORGEW
DEJELA ¢ R BE R, M E Ak rp R i R LA e YR BE R
B AR IEFPTERCE R 5 AH L B R R G L1 R R RO T
BRIV L DI a] AR H O 18 TR, Bl e R A BRI
ZPER, X R LA KEAICAZ T 0 IER BB R BT s
A, TBREM Y R BA XM & PEE ¥R
AT RYURU, A EREEE —EREHE AN RE  RZ R —E.

4 FREMEHIIE(Stability criteria)
B G(s) RF R 8L RIS R G T3 518
RE(RE 1), B

G(s) = 2% (22)
Hep, P(2) A1 Q(A)(A = 5°) BREANEEZMA,
H deg[P(A)] = n,deglQ(A)] = m,n > m,a =
1/q,q FIERE WIH ARPAIMER BRI D(s) H

) = 0(s")
D(s) = PG + 0(5)’ (23)
HFAEIE LT N
D(s) = P(s*) + Q(s). (24)

WHIBRE F(s) A
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924 B o# B £ 5 m A I
0(s*)  P(s*) + Q(s*) (25) EERX (26) R P I Z W45 T w5 B R $
FlO =1e 0 =7 ey F(s) frFAF s PHEITGSAESE T P

B, F(s) WF SR AT H AT RENR S
T REHIEA

&

G (s)

B BuRBRSE
Fig. 1 Unit feedback system

SIE 204 ARHET)  WNREMM% I, WA 2
D F(s) F R PAF(s) IR, W s W T A £

H—RR,7E F(s) WE L, F(s) RS H 7 &3 AT
HEIMEB R AP Z K, 5
R=P-2Z. (26)

R 2T BH REREHFAE) SBEHE
URBRARGE(WE DRENTELRMGFE ¢(s) ¥E
R A ST R REIR A S (- 1LjOMBER R %
FGA)(A = ) MBI~ an/2, an/2) AR
HE P, BEUARREARE, HAR REARER
ERBNE Z P HE

Z=P-R (27)
iE FEIANRRENFELTR D(s) BE
AERNAHEZNA, EHRELS ZN. HPREEH
RAMRERES VA, B
-m < arg(s;) < m. (28)
X B AR FR A 45 #4 1R (structural roots) , I I 17E B
SEVHENNE, REH 6 AR WL .

D) REFVEATR, RGN0 —HiE T #
BRE

2) BEFVHANAEMR, H Re(s) < 0,Im(s) =
0, RGN H— B AT FE R

3) BEFFHANAMR, H Re(s) < 0,Im(s) =
0, RGN A —BH B IR B E

4) REFVHHAAER, H Re(s) = 0,Im(s)
0, RYTMAN K —FIRIREG KA

5) REFXFHEAAR, H Re(s) > 0,Im(s) £
0, REMAN K — KBRS R

6) REFFEAAM, H Re(s) > 0,Im(s) =
0, RGEMR K — 18 - FHR 8.

HWIMATEERS FVYHRARNTHIER, B
ATLFI ARG TR E N JERE XV E s @B
K2 o AXFWRLEBONA ML T, il 2 Fis, 38
A T, R KB MBI EE s FHE. EAR

ZF G(A)(A = s°) BERIEXER(- an/2,an/2) B
FIAR S P. F(s) IR GER i BT £ 5t B $L R
HEF LR RE G(s) L8( - 1,j0) WATEH Foead iy
BB AET n o> m, Y s i p AT K RIEE
A, @it G(s) BREIE] G(s) FRIPR R A, Xt
I s THERERMITIT LSRR C(s) FHENE.
XHFE, R B ICHIER (s VR — joo B joo BU(H,
RFME C(jo) WRMAMLL) SiaRs(-1,;0) ¥
dHER. BARAEEARRGRE. RE R = ;&
MR RFEARRE, EARERFUERDEIRR (27)
. & | arg(A,) | = an/2, MAFR RS REE.

Bl 2 WEE¥ s FEMOHMAMAT,
Fig. 2 Closed curve I', containing the half-right plane s.

B (M REMBOREAR) B R
fIRRAG (B DARE R Z, 7R
e = ) EREKE(- an/2,an/2) NI
B S P AT I SR S R IE (BT A S
LR, STEAHMERS + 1800 KM E RSB
2N =N,- N_HE:

Z = P _2N.
HZFTE ARRGRE; &, A EaE.

E FFEMEERE G(s) BN BE SR
BOAHBARTE 5 Bl 2 Sy

L(w) = 20log | G(jw) | =

20log | Q((jw)?®) |- 20log | P((jw)®) I, (30)

plw) = 20((jo)*) ~ ZP((jw)®).  (31)
G(jo) WHRFHMZRLE(- 1,j0) B, B o 18
hnes dEAH 2R B T b (A ) FE EET (O
) SRR E(- o, - 1) KKRERE.
HEBMTERFERAESFE N, , AT E EHF8RK
ARG N, T

N=N,-N_. (32)
N, F N_ tr] A4y 5 E 5t BUissa g 28 75 X F0 dB

(29)
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FRES  SPHERME T RANEE SR AE
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B RIEE AN, MBAEH %k B T M Lt 5 &
+ 180° RHIR BT FAR B LR B L1\ T F A
+ 180° B BREHFRGERRE , LBSL P =
IN; BMARKE, EARE R0 2(29).
5 $IF (Example)

Bl BREFIMERE Cs) = hz—’ffz—q
e AF ZRAERER, K HBUET .

4 G(A) = ;;i—fi’;—i,l = "7, MAFIEE

{E 2T =,
P(A) = A2 - 2X + 1.

FFHEE A = A, = 1, B arg(d,2) 1 < ‘:’,)}kﬁﬁ
G(s) EREEFEHAFTHNARERS.
E3~548%H K =0.5,K = 1,K = 28,
G(s) MIEEHFE. NPATLLRH LK = 0.58, &%
EHFHERAE A (- 1,j0), AM AR ZEAR
3K = L0 R Ll 5 (- 1,j0) , A
REGATHEREE; K = 2 iF, S Wil &%t
fEem(-1,j0) fefs 2 B, AMAAR RGRE.

1.5

05|

-05

FEEHH ML G (jo)

-15 I T B N
-1-08 -06-04-020 02 04 06 08
®/(rad - s-1)

B3 K =0.5 WHRZEHRFREN
Fig. 3 Nyquist path at K = 0.5

RETHHE G (jo)

@/(rad - s-1)

M4 K= 1NMREHERZHE
Fig. 4 Nyquist path at X = 1

AL G (jow)

®/(rad - s-1)

Bs K= 20MTZEHFREE
Fig. 5 Nyquist pathat K = 2

Be~84RlAHET K=0.5K=1,K =28},
G(s) HATER . AP aT IR, K = 0.5 B, fEXTHL
TESR R K TR GE A, NEAEHhR A F
it 180 &AM A REASRE ;K = | B, FEXTH
PES R R T T HMREE R, MECRF it LG5
ZEid 1800 &, MMM RGN RIS E K = 2 0, 7F
ot B AT i £ R & 4 08 3R S B S, BB Al 2k
BHTm s 1800 & 1 %K, N, = I,N_= O,N =
N,-N_=1,Z=P-2N =0, HMHAFRLGRE.
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Fig. 6 Bode plots at K = 0.5
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10°2 107! 10 10" 102
270 HEH H T -
T 180 -1
B ogop o0 e
0 L Lt : il R
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B8 K = 2mfAmEE
Fig. 8 Bode plots at K = 2
M ETHETHE AT AR X PR A 515 1 045
R—B.EGEHAR YLK > | iF AR RGRE.
6 %58 (Conclusion)
DB RENREE ST BRI REE
7% HP—AEE R FE RSB RERE SR —
BARE LR s ®ABEEK, H A 685 A e
BB R E TN Routh HIEAN Jury B4 3K 4387 4>
B ARRRE. A HENEMAER S LS
TRRAIE Pt €% R R E . %
B AR Ge A R R P2 BB R G B R 4
IR ENIAT BR800 3R 2R GE i 45 A 1E
WAL ] LURGE 73 B P 3F R e ia B v, A i i 58
BIIGAE T X PR I RO A R
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