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Abstract：Based on stochastic Fubinitheorem，theHopfieldneural network system depicted by a stochastic 吐 differential 

equation is transhted into a stochastic ordinary differential equation．By constructiRg a mean Lyapunov function with respect to 

the space variables and usmg I西 formula under the cegral operators，the exponential stability of stochastic neutral systeam with 

distributed parameters is investigated bY devia~g ofthe funcdon along the trajectories ofthe systems．Also，the Lyapunov exponeflt 

estimate is obtained．Thus，the stability of stochastic systeam with distributed parameters is studied by Lyapunov direct method． 
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具分布参数的随机 Hopfield神经网络的指数稳定 
邓飞其，赵碧蓉，罗 琦 

(华南理工大学 自动化科学与工程学院，广东 广州 510640) 

摘要：基于随机Fubini定理，将随机偏微分方程描述的Hopfield神经网络系统转化为用相应的随机常微分方程 

来描述．利用关于空间变量平均的Lyaptmov函数与I西公式，通过对所构造的Lyapunov函数在 I西微分规则下对相 

应系统求导的方法，获得了系统指数稳定的代数判据及其Lyapunov指数估计．实现了运用Lyapunov直接法对分布 

参数系统稳定性的研究． 

关键词：Hopfield神经网络；分布参数；Lyapunov函数 

In recent years，there have been many results about the 

stabiliW of deterministic Hopfield neural network[ 51
． In 

the aspect of stochastic Hopfield neural network including 

time delay and time-varying delay，many kinds of stability， 

such as exponential stability，mean-square exp onential 

stability an d almost sure asymptotic stability have been 

researched extensively and deeply in [6～l2]．In fact，no 

one will ignore the diffusion phenomena when he studies 

the electrom moving in an asymmetric electron magnetic 

field．When he studies the stability or stabilization of 

Hopfield neural network，he should consider not only the 

stochastic disturbance but also the diffusion phenomena． 

Hence，the network model should be described by 

boundary value problems of partial differential equations． 

But so far，at the best knowledge of the authors，no 

achievement has been made about the stability of the 

stochastic Hopfield neural networks ch distributed 

parameter．So it is of great value to study the stability 

of those systerns． 

In this Paper，based on stochastic Fubini theorem，we 

will consider the integral of solution random field with 

regard to spatial variables as the solution of the CoITe— 

sponding stochastic ordinary differential equation and 

research its stability．By constructing an average Lyapun ov 

functional and then using Iu5 formula，we will obtain some 

sufl~ident conditiom of exponential stabiliW criteria for 

stochastic system with distributed parameter． 

In this paper，we will consider a more generalized Hop- 

field neural networks 、)l，ith distributed parameter： 

C du (t， )= 

{善麦 (f，⋯)蓑]一 ui+ + 
n 

∑Tijgj( (z， ))}dr+∑ ( f(z，x)dWz(t) 
= 1 1=1 

(1) 

with the initial conditiom 

“ (0， )= ( )，i=N， ∈ G 

and the boun dary conditions 

(2) 
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垫牟 ：0， E，v，(t， )E R+×8G，(3) 
where G= { =(xl，⋯，Xr)T，I X I< }CⅣ， 

，v={1，⋯，n}，R =【0，+∞)is a bounded convex 

domain wi凼 smooth boundary． aG is sufficiently 

smooth；Du,=D (t， ，M)≥0 is diffusion operator； 

C ，R，li are capacitance，resistance and current respec— 

tive~；T=( )n×n is wei#ting matrix；ui，xi are state 

variables and spatial variable；li is exoteric input and gi is 

activation fimction，they are all global Lipshitz continuous； 

W(t)= (Wl(t)，⋯， (t)) ‘is an m—dimemional 

Bmwnian motion defined on the complete probability 

space (n，F， ( )l∈1，P)with mtural ti tration 

{Ft}t≥0； (Ⅱ)= ( cf(Ⅱ￡(t，x)))t~xiTt is local Lipshitz 

continuous and satisfies the linear increasing condition 

with (0)=0； ( )，i E N are measurable fimctiom 

on G．Here we denote 

一

3ui

：：。。1(~3tti，⋯， ) ， )∈ ×8G3 ，n 3x 一： ∞ l’⋯’ J’ ' × ’ 
n is the outside unit normal vector of G． 

Definition 1⋯ We say the stochastic fieldⅡ(t， )= 

col(Ul(t，x)，⋯， (t， ))is a stochastic field solution of 

problem(1)～(3)，if the following conditiom are satis— 

fled 

I)Ⅱ(t，x)= col(Ⅱl(t，x)，⋯，Ⅱ (t，x))adapts 

{ }t≥0； 

II)For each T E R+，Ⅱ(t，x)E C([0，T]x G， 
rr 

R )，E(1 lⅡ(t， )l +l vⅡ(t， )l )<+ 
d 0 

III)For each T E R+，t E(0，T]，it holds that 

j．Gui(t， )d = 

枷 + 客 -~-0 IDa( 
j．G [一 ui+̈ 川Tijgj( ))] + 

f r ( ( ， ))d (t)d ， d 
GJ 0 ：I 

i=N，(t，x)E(0，T]x G， a·s‘ 

(4) 

Definition 2 We say the equilibrium of(1)～(3) 

about the given nora II。II 2 is exponentially stable in 

mean square，iffor every random field solution 

Ⅱ(t，x)=col( l(t，x)，⋯，Ⅱ (t，x)) 

ofproblems(1)～(3)，there exist constants M >0， > 

0 such that 

E( 一Ⅱ )≤ e ， a_s． 

Let L (G)be a space of real Lebesgue measurable fimc— 

tiom on G wi th the L2一norlTl defin ed as 

l1 2= lⅡ( )12dx] ． 

ThenL (G)becomes a Banach space，and lⅡl denotes 

the Euclid norlT1． 

Note that stochastic Fubini theorem，from condition 

(5)，ifg (i=1，⋯，n)，o'／／(i=1，⋯，n；Z=1，⋯， 

，n)are linear functions，then the stochastic process 

)= j 圳 ，t∈R+ (5) 
is the solution process to the stochastic ordinary differential 

equation 

d面 (t)= 

{j．G客毫 c t,x~Ig + 
j G[一 Ui+ +j∑

=l 

T#gi(uj(， )) ¨  

l，!∑ ( ( ， ))d dWt(t)， ，v，(∽)E R+×G 
(6) 

wi凼 d1e initial condition 

瓦f(0)= f，i∈ N． (7) 

W here l G l denotes the nleasul~ofboun ded set G， = 

1／GJ (x)dx．However，in a neural network，gi and 
o"if(i=1，⋯，n；Z=1，⋯，m)may not surely be linear 

functiom．Therefore，we treat(5)as the solution process 

to(6)formally in the following discussion．By construct- 

iI an average Lyapunov functional and using the It6 dif- 

ferential formula．we reach our result、，ia d1e comp utation 

of d1e differential of the Lyapun ov functional along the 

system(1)一(3)． 

Comider the stochastic Hopfield neural network wi th 

distributed parameter 

Cfdu￡(t，x)= 

{ 毫 ui)一 ui+ + 
∑Tijgj(uj(t， ))}dr+∑ ( (t，x)dWt(t) 

(8) 

iIl d1e following discussion．we letⅡ be the equilibrium  

of system (8)，u(t， )=col( 1，⋯， )is random 

field solution of(8)，then the system(8)call be rewritten as 

Cfd(Ⅱf—ui )= 
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客毫 一 
兰 +∑

j=1 

( ( )一gj(u，))}dt+ 

∑Eod(Ui)一aa(Ui )dWl(t)]． (9) 

Theorem 1 Assume that 

H1)I (ut)一gj(u2)I≤ 1 I l— 2 I， l， 2 

∈R ，J=1，⋯，n； 

H2)There exists a constant >0，such that 

tr[ ( )一 ( )]T( ( )一a(u ))≤ I — I2； 

m )A=diag( 2
，⋯ ， 

- 2)+(6 )
⋯

+ Jn 

is neg；adve蹦 ned，here ：
L 

，6 = = 

( )，md Ⅱic ． 

Suppose that 。 lax(A) 一 ，then at the equilibrium = 

． the random field solution to the system of(9)has 

the foUowing Lyapunov exponent estimate with respect to 

the spatial variables，namely 

suP卜lim (1／r)lg(E( 一U )≤一口· 

Proof Let 

V(t，u(t， ))：∑( 一Ui ) ． (10) 

Based on this，we construct a Lyapunov auxiliary function— 

al 

V(t， (t， ))= 

l ( (∽))d =I ∑( 一Ui )2d ．d G G 
： 1 

(11) 

ob、，i0u ，it is positive definite．By using It6 differential 

formula．computing the differential of(11)along system 

(9)，we obtain that 

dV(t， (t， ))I(9)= 

I[￡ (t， (t， ))dt+ 
J C 

( ) ( ) 刚d = 

』c2 n(u )[_ + 

∑ ( ( )一 (uj ) dt+ 
，= l V I 

I tr( ( )一 ( )T( ( )一 ( ))dxdt+ 
d 

掣 ]d dt+ a ⋯’ 

2l∑(tti--Ui )∑( d( )一 (ui ))dxdWl(t)． 
b i=1 l=1 

(12) 

W here 

(t， (t， ))= 

+砉(差等 
l
tr[ ( )一 ( )]T( ( )一 ( ))△ (t， (t， ))· 

From the boundary condition and Green formula，we ob— 

tain that 

薹 一 ；)E -／ 毫( 
( c = 

』c ⋯i ( c ) 一 

j．c( c = 

( c s一 

』c害( ) 
一 茎J．c害( 

△ is Laplace operator， 

( = 
f—Dil 二 ⋯ 二 1 ＼
Cf 3xl ’ ’Ci 3x ／ 

出e cor donS II)and(13)，the expression(12) 

can be rewritten as 

dV(t， (t， ))I(9)≤ 

』c2 ( )[_ + 

∑ ( ( )一gj(u；)]dxdt+ 

I tr(a( )一 ( ))T( ( )一 ( ))dxdt+ 
J C 

I ∑( 一 )∑( uf)一 ( )) awAt)≤ 

一 j．c2客  ̈
j c2 ( 一 ) ( )_gi(u／)) + 

j tr( ( )一 ( ))T( ( )一 ( ))d dt+ 

，

∑㈨ 

～ 
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— — — — — — — — — — — — — —
— — — — — — — — — — — — — — — — — — — — —

— — — — — — — — — — — — — — — — —  
一 一 ⋯ 一一 ’一 r⋯ ⋯  ^， ， 

2j c∑(“ 一“ ) ( (“ ) u ))d dWt(t)≤ Lr i=1 f=1 、 

一 j G(“一“ diag( 2 ，⋯，矗)(u一“*)d础+ 
)Tl百rob “  ̈

lf+tr,：盯(“)一盯(“ ))T(盯(“)一盯u))d dt+ 

J ∑(“ 一“ )∑(盯 (“ )一盯 u ))d dWi(t)≤ i
=1 f：1 、 

一  』c I“一“ l zd dt+ 

．I ∑(“ 一“ )∑(盯d(“ )一 口u ))d dWi(t)． (r 
i=1 f：1 

(14) 

Taking口∈(0， )，from the It6 formula．we have 

d[eatV(t，11,)]： 

eat[口 (t，u)dt+dV(t，“)]≤ 

eatI ∑( Iti ) d d 一 cl IJ“一“ IJ 2d d + “ 
：1 J G 

2e f，!∑(“ )∑(O／l(“ ) f(“ ))d d (t)． 
Integrating the inequality(14)from 0 to T>0 and take 

the mathematical expectation at its both sides
，we have 

E[em (T，／A)]≤ 

+E[a (ui )2d 一 

．rc．r e ·“一“ ·zdtd ]≤ ， (·5) 

wherej c(∑i
= 1 

)d ，d1en we hve 

eatE(f I“一“ 1 2dx)≤M J 、 

e E(1J“一／t IJ )≤M． 
Namely 

suP卜lira (1／T)lg(E( 一“ 『f2))≤一口． 

The proofis completed． 

Now we consider the following stochastic neural nec_ 

work with distributed parameter 

Cidu (t，z)= 

f)△“i(f， )一瓦iti+，i+ 

∑T~j(uj(t， ))dt+∑ (ui(∽)dWi Ct)， 
』=1 f=1 

(16) 

the initial and boundary conditions are the same as(2)， 

(3)，d (t)>0(i=1，⋯， )ar c0n血1uous mcdons 

with low boundary，A is Laplace operator
．  

Let“ =co1(“ ，“ ，⋯，／An )is equilibrium of sys— 

tem(17)，simt~N to the Theorem1，we have d1e fo1low_ 
ing theorem ． 

Theorem 2 Assum e that 

H1)I gS(ttI)一gS(u2)I≤ 1 l“l—H2 I
，u l，u2 

∈R ，J=1，⋯，／／,； 

H2)Th ere exists a constant工上>0，such that 

tr[( (“)一 (“ )]T(盯(“)一盯(“ ))≤ I“一“ I 2
． 

We also let／1<2d／h ，d= infmE(di(t))； 
t∈R’ ⋯ ’ 

m )A=diag(一 ，⋯，一 )+(6 )⋯  

is negative defined，and suppose that 
ⅡIa】【( )：=一 ． 

Th en，at the equilibrium “ = “ ，random field s0ludon 

to the system of(19)has a Lyapunov exponent estimate 

in mean square with respect to the spatial variables
．  

sup lim (1／T)lg(E( 一“ )≤一口． 

(17) 
Proof Analogous to the proof of Th eorem 1

， let 

(11)be the corresponding tyapunov function．We calcu— 

late the derivative ofit along the system(16)，we have 

dV(t，“(t， ))I(19)= 

J c2 (Mi—M ) t)△(u 一“ )一 
1Ai -- 1Ai

+

j =l考( )]d + 
J ctr(盯(“)一盯(“ ))T(盯(“)一 (“ ))d dt+ 

2 J ∑(“ 一“ )∑(盯d(“i)一 “( ))d dWt(t)． Lr 
i=1 f：1 

(18) 
From Gauss Divergence theorem and the boundary condi— 

tion，we obtain that 

J G ui-u )△(／gi--／g )d ：J G[△(／gi--／g )] d ． 
(19) 

From Poincare mequality we obtain that 

c(“ 一“ )d ≤̂2』c[△(“ 一“ z 
(20) 

Substituting(19)and(20)into(18)，analogous to the 

proofofTh eorem 1，we c姐 get the conclusion
． 

In this paper，we have considered a stochastic partial 

differential system，by constructing an average Lyapunov 

function with respect to the spatial variables and employ- 

the硒 differential formula，we solve the problem of 

、 
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、̂ri山 distributed paramemr。we also obtain the correspond- 

ing rule for stochastic system with distributed paramemr， 

the results obtained here are absolutely new． 
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