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Unified H-infinity controllers of regular and singular plants
Wang Jin-hua
(College of Electrical Engineering and Automation, Fuzhou University , Fuzhou Fujian 350002, China)

Abstract: A new method for designing H-infinity controllers is given. By introducing regular real matrices, this method has
no rank restrictions on matrix D of plants and is suitable for both normal H-infinity control problems and singular H-infinity con-
trol problems. The sufficient and necessary conditions of existing appropriate controllers are given for special problems, such as
state-feedback control and dynamical output feedback control problem. The controllers are parameterized by the solutions of Ric-
cati (in-)equations. Two Riccati (in)-equations need to be solved for dynamical output feedback control problems. The regular
real matrices which can be chosen appropriately in the designing process give more choices in controller. The relationship be-
tween our controller and the normal H-infinity controller is discussed. The regular real matrices are chosen for several cases often

used.
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2 a5 X\ (Problem formulation)

) XM T
X = Ax + Byw + B,u,
z = C;x + Dyu, (1)

y = Cox + Dyw.
Hrp: x € R PRESAR;w € RPAAHEHTIR
BAsu € ROEHE Az € R MLy €
R? WA . A, By, B,,C,,Cy, Dy, Dy EAANL 4
B BUERE X BI1THE He I B i FI g — Rl iR
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T, Bz R R I 0T 8 AR e B L 35X F i
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1) (A,By) B2, (A, C,) T2 ;

2) (A,By) B2 #,(A, Cy) 2RI ;

3) DIC, = 0 % D,BT = 0.

ERXZE H B AR BT Z e, B
HIREZHEEL, 1N DIC, = 0,C, = 1H1ER, /@
RER A A HEE, AEE | T.()],
< 7, RIREHRIHETTET W T K Riccan HESEAL
FoRi,

A"X + XA + y°XB,BTX -
XB,(DTD,)"'BIX + C{C, < 0. (2)
= R HRE EE R, NARE R IR 3 BT %R
K =- (D'D,)"'BIX.

FERBAER T, XA BT e Hl 88 R 1R AR
PRI Dy = el 1 e TR/DBT, X R 5 PR it iy
P a5 3 25 K AR AR AR K AT LAEBA, X4 ¢ — 0 B,
X/e2—> o BIXB AR B T 5. B—
FHH,EANNENER z, = Cix +u,z, = Cix,
MBRA | Tw()] | > | Tu(s) | AERBERT
WIHIKE T, R A R & s R 254
K, > K, XBREASREHN.

ERBTHAENEELHEXBRENAR, &
EIRHEEMRITF S RITHEEER (1) 1k
Mt R, RitEHBSEHLAREE, B#EH
| To () | . < 7. EAFAEXRERIEE RIS, R 2 M ATAT
RIEE 2R
3 W& R %I H (State-feedback control)

AT B BATF, BT RS R
AR A . BIGTAn T R4, IR A R R
5 EAREE, B | T.(s)] . < 7.

X = Ax + Bjw + Byu,

=C Du,
Gn: Zz 11X + U (3)

y =[x+ [,

EFE1 ®y>04%E,) XHROG) FERS
RS, SEAFRRENBRER| T.(9)].
< 7 BOLHIFE AT B R RS M SO M
{48 Riccati H#&

ATX + XA - AXB,(M™M +
DID)"'M"™M(M"™M + DTDI)‘I\B'{X +
y2XB,B{X + CIC, < 0. (4)

A% X = 0. Fk, MER ARG S BRERR
DRI 3R R
F =-2(M"M + DID,)" 1B}X " (5)
iE RRERBERESN u = Fx, W)™
FO)TEWERBERATHAR RSN

B, + B,F B\[x
[ ] [CIF ][ ] [C2+DF 0”w]'
HFRGERBRER | T.()]. < ¥ RIZWFES
B RT A Riccati HREA E¥EfF
ATX + XAp + Y 2XB,BTX + CT:Ciy < 0. (6)

BHEBIEM TSI AR, THS B SBE
HERIER  E A RS R BEHSHER) RGN
BWRER | Tw(s)] . < 7, 08N u = Fx, M
AHX(6) BOT.i2 Q@ = A™X + XA + ¥y 2XB,BTX +
cic,, MRA(6)ATREH

Q + XB,F + F'BIX + F'DTD,F < 0. (7)

BARMERZEE ME «

Q - FTM"MF + XB,F + F'B]X +

F'DID\F + FFM™MF < 0.
SHERM D, B, REE 4% M, M™M + DD,
AT, Hatﬁﬂﬂ?@ﬁﬁﬁﬂﬁ?*%ﬂ%%ﬁu”ﬁ(s)ﬁﬁ
7N
4 BaRY 5] 7§42 % 2% ( Controllers of typical

systems)

5 Ho #H , B LA e R e Y | 76 B R A o
W R E RSP REEENER . 53C1]
AL, RATEIHE LA B AR . {5 iHE RS
158 o) R A L o B — A, B O 52 8845 S [5) 4 (FT prob-
lem) . T K 7E FI (6] &R BERY B0 Ho A JLAS gAY
V) L ) 428 T %

1) SEREEH A . :

SER T (FC) B & FI lﬁ]@mﬂ&%lﬁ]@” Ep
Wit EHIEF,

¥ = Ax + Bjw + [I 0lu,
Grc:{z = Cix + [0 Ilu,
y = Cix + Dw
WERER | T. (). < 7. HEXEESE, 52
1A,

EE 2 %7y > 0%4%E,FC )BT R B
$%u = Ly, BBARREASRER] T.()], <
Y BSL R LB R RAEAEE Y SC O BEN i
1% Riccati 7 #2
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YAT + AY - 4YC](NN" +
D,D])"'NN"(NN" + D,D])"'C,Y +
" y2¥CTC,Y + B,BT < 0 (8)
BB Y = 0. &k, WEESARRESERENR
TR

L =-2YC}(NN' + D,D])-1. (9)
2) TR =) 2
TN (DF) 8] &332 T SR 8 3R 48 45 il

C[E)R . BT 2S5
X = Ax + Biw + Byu,
Gpr: z=Cx+Du,
y = Cyx + w
ARRER [ T.()] . < 7, HPHBEE A - B/ C;
RIER.
EE 3 W’y > 045%E,DF IR R
B KG), ERAFRENBEER| Tu()]. < 7
BOLM T LEFMRAFEE LSRRI M &
18 Riccati FRR4)FME X = 0. Fnsk, BT
AR BBREN RIBHEH R
A+ BF-BC, IBI]
F | o

K(s) = [

He F (G5 FiR.
iE Xt DF [, e £ = (A - B,C,)#
+ By + Byu, ¥EH 1 MAR d WMERA 2 M
MMiRZE e = x - £ MRS, I[BB8 .
3) fa Al it
#4411 (OE) [ fE2 DF 9] i ) X 488 18] £33, B
Wit e,
X = Ax + Biw + Byu,
Gor: z=Cx+u,
y = Cox + D,w
PEER | T.() . . P EE A - B,C, REE
M ARYE X, fy i T 4 W45
EE 4 ® 7y > 045 ,OE [bEAFERRES
28 K(s) , HBAFRENBRER| T.(s)] ., < 7
BOLWF D EFBRAFEE YL N #
8 Riccat FR(8)FHME Y = 0. Lk, W B
RS ERENRBEHEEN
A+ ByC - LG | L]
Ci Lol

Ko -|
Hep L ms(9) fims.

5 ®HH R®EF R IT (Design of output
feedback controller)

EATF R THAXT R (1) BRI ST E . B8R
5% 0 Ho, R, BRI BF T SHMHLER N
(4),(8) P~ Riccati 5 KR, (BA)H L6 BFK &
AbE.

5135 W UMWRBEMKRIEEME, V2ZEX
RIECE)ERE, &

W' = 4(U + V)''U(U + V).
nmwsv.

iE W-V-=

(U+ VYU U+ V)/4A-V =
(U + VU'V -2V)/4 =
(U'v-n'v(u'v-1s4=0.

EE 6 IS KG) #HET X)W
WRER|T.(5) | . < ¥y ROLWESBELKERTF
EBEHMIETRLIER M, 6 2% K(s) EWTFXF

Cc, 0 D,

E
x x
HAER
y C, D, 0l-u

HERER | Tol(s) | o < 7. K D T M
T

1) D, 5 D, ¥R ;

2)Dfc, =0;

3) (DID,)"' = 4(M™M + DID,)"'M"M(M"
M + DTD))".

iE #E. % U=MM,Vv=DDEW-=
DiD,, #1531 # 5748 DD, = DID,. &¥ %8 K(s)
#E:R.(10) B AHEER | Tu(s) |, < 7, W

17wl = sup Izl = o ( amzanv -

A B, B,

“ ” J (xTCTC\x + wDTD,w)d:]1V? >

u snﬂlp [J (x"CTC,x + w'DTD,w)d:1'? =
w 1

([0 = T,

[ilffﬁﬁ | To(s) ] o < 7, EREEHI2S K(s) BB X
Xt (1) WERER| T.(s)] ., < 7.

WE¥.# DD, SR, MMM = DID,,lY
A DD, = DD, BNfF7EE Y BUIE 47 R SC 4B
M, #BR(10) MREFFRO) XR. % DD, HR,
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B M™™ = I + DD, , | M"M ]335, 24 ¢ — O R},
M'M — DTD,,#¥i# DTD, — DTD,. Elint s
) M, % e — 0B, 2 (10) XL HE TR (1) 4.
REE RS K(s) 8 X% (1) HEk#&
EHITa() | o < 7, MFRATAEEE MR RIEH
FSUAERE M, AR K(s) 8 X5 (10)
WBRER| Tw(s) . < 7.

FHiF& V! = 2M(M™M + DID )" {EH A #

uy = Vu,ic Dy = D, V™' #1 By = B,V~' 3%
(10) 254Ny
% A B, By|rx
[2}: ¢, 0 Dy [w} (11)
yi le, p, o llwy '

EE 7 EHES K(s) HE) TR (10) AEB
BER| Tw(s) | o < v BRI FE T S R 3
2 Ky(s) = VK(s) B X4(11) ARBRER
| To() | < 7.

5 BAE, X5 (11) K)VEH R BUH B IEAT S
#,80% DY[C, Dy] = [0 I]. FTEE(EDT
WD) R R ERIRS, 4 1 (1) XX R EH 28

S| 8 (CrEk[1]51H 8) . HHE—EHIH

Fxtg (1) ABREL | Tw(s) . < 7, MFR
Riccati 724 £ Ef# .
ATX+XA+7y2XB,BTX-XB,B'X+CTC, = 0,
(12)

H A + y?B,BTX - BBYX Ri&EM.

I3 9 (SrEk[1]513 9): 4 Riccati 77 #2(12)
HIEHRER, WERES K (s) B IR0 A
WRER]| Tw(s) | . < v HRSDELERK(s)
FEH TR RHETEREL]| T, ()], < 7.

* Awm, B, By|[ %
vi|i=1] - Foo 0 1 rj. (13)
y C2 D2 0 uy

H+$ F, =- BX,A,, = A + v ’B,BIX.

EE 10 FE-ITEHSHENR)ABRE
B[ Ta(s)|. < v, BIZEADELRMER T &R
M. .

1) FEAEE M0 I3 R H 4 M, 578 Riccati
yip i

A"X + XA + y2XB,BTX -
XB,(VW-'BIX + CTC, = 0 (14)
£ X =>0,H A+ y?B,B'X - B,(VW)BIX &

R K
V-l = 2M(M'™™ + DTD,)';

2) FAEE MM IR RSEEE N, #13 Riccati 72
YAT + AY + y2YCTC,Y -
YCI(U'U)-'C,Y + BB < 0 (15)

Y =0.H+ U-! = 2(NNT + D,DY)-'N;
3) p(XY) < 72
HEREZMWR, Aﬂ%“’%ﬂ%&?ﬂ%ﬁj@

A+y’B,BTX+B,F-Z2"'LC,. z 'L
K(s)= [T At Rl i R J.
- F 0
He, F =- (VIV)-'BIX,L - 2YC(NNT +

D,DI)',Z = 1 - y2Xy.

iE hEeHe SEHTH, FE—ITEHE
K(s) X% () ARRE A TL(9)], < y HIRE
KMERFAE Y ERWIET R EHE M, #1715
Ky(s) = V'K(s) X (11) ¥R A EH
| Tw(s) | < 7.

B 8 fi5 | # o Xn g, X (1) X R 7R
FTEHI 2R 7T 40 6B 454 B : Riccati 77 #2 (12) F f#
X = 0,A + yB,BTX - B,B\X s, =l 4%
K/ () BEBR3) xgmiaE ] T.()] . < 7.

MRHE (11) X R B 1E T5 1%, Riccati 772 (12)
Ff% X=0,HA+77’BBIX - BBIX ERER,
MEEEEAMF1).

K ()XER,HE L TiTie R OF A&, ¥ E
HA4H, CEHRETTERMSHEILESFMERE
EMAEBTE N, #15 Riccati 72

YA, + Ay + Y 2YFLF, Y -
Ycl(u'v)-'c,Y + B,BT < 0. (16)

B HNEMGET v'Y, FBERSRK
(16) A, Z = 1 + y2YX, W75

Z'YAT, + Ay YZ7!

y2Z-'y[CTC, - C3(U'U)'C,] YZ™!

B,BT < 0.

il Y = Z-'y BIArAR 3 (15).

_EE Y=Z'Y,AEBAY=Z'YHEY=0K
Y= 0, HEMEHAR. B/ Z > 0,844 3). Lk
SULEA, & (14) (16) A EEEMH, MEM 2),3) K
Sz IR A 2) 3) oL, M (16) WA Y =
Z'Y = 0.

RFEEE 4, ERU6O)EH Y =0, R(IDMZ
OE ST By
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¥ Ky(s) = VK(s),Fo == B\X,App = A +
y’BBTX,By, = B,V'.Y = Z'Y,L =
— 2YCY(NN" + D,D})' fR A 15X, Bpnf 48 3] 2 38
R R g RIBE.

T E R IRATEA 4 1 A5 00— SRRk M AT
i

1) % DD, = 1,D,D} = I1TAM™™ = DD, =
I,NN' = D,D] = I, WIEH 11 4 H s 25 st
e SCHR[ 1 ]E 38 3 45 AR 4R Y H, i th A
a5 BT 3 10 45 B9 88, 8 TIE %M He L
RIS ES 5

2) & D = 0,JU M = 2¢I, WEH 1 451 0¥
2RO SCHR (8 12 3.2.2 A B 2% . IR T
EFE 1 RRTHRBURA T B9 Ho RIS RS Hil 88 1%
TR

3) IR MR S, RATERX Dy FEFH R
HHRAE s AN Dy AT BB E . T RATA
HERIES SR T A R

4) FIAE MM AR R B M AN, B
WL T H 2 R IE

5) #Ex0(11) W, MR I M {513 B, 5B & KR,
ARG LOGABI AT & THRMEK PR S, il By
AR, M M™ = DID, ¥, By K. st &
Ui, S M™ = DD, #1 NN = D,DI 6}, A
Wit EH 11158 He BALMERF . XN —FHE
WULEA T & 5 R Bk A He SR .

6 &5t (Conclusion)

ARG T — Mo B9 He 5 28 1% 31 5k, @

TFIABGHN T I L, AL TERT

FRAE Heo P USRI 2 5 Ho BB g —

BT . MR 1 4 et 5 BT B L B4R ME He
[J R, 5 R A — LERREAN MR BB . XIS SUB4% 4 4 g
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