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Time optimal control problem for a fourth-order linear system
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Abstract; In optimal control field, it is very difficult to find the optimal control for an optimal control problem with
point-wise state constraints. There is no effective way to calculate the optimal control for this kind of problem, A time-
optimal control problem P, for a forth-order linear system with point-wise state constraints and terminal constraints is
considered in this paper. By transforming problem P, into a time-fixed problem R, with the same point-wise constraints
and fewer terminal constraints, the solvability of the problem P, is proved to be equivalent to that of R,, the relations

between the solutions of these two problems are also established. For the problem R, its corresponding problem I‘ér

without the point-wise state constraints can be solved easily. From the solution of I‘(\T , the optimal control of problem R,
is then constructed. According to the relation between the solutions of the problem P, and R;, the optimal control of P,
is consequently obtained. The main results are the solvability of the problem P, and its explicit expressions of the optimal
time and the optimal control.
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{Y(t) = AY(¢) + Bu(t), a.e. t € (0,t,), ()
Y(0) = 0.
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2(Y(1)) <0,0<t =1, (2)
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t, =sup{T|l u e %(T)}, Vu e %. (5)
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p(Y,u) =<
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2 O P, ¥4 (Transformation of the
problem P, )
4 x(1) =y, () ,MERG(L) AIEM
() =u(t),ae te (0,,),
{x(O) = x(0) =x(0) =%V (0) =0.
BRSTFAIRN u = u(+) e %, RE(6) A

%, (1) = é—I;(t—s)3u(s)ds, e (0,1 (7)

BRox, (o) ¥ u WEHPL . REAR(2) HL
WA Y(1,) = Y, I 3HH K

lx, ()1 <1,te(0,,],

x,(t,) =h, xP(1,) =0, k=1,2,3.
TALEM A >0,T > 0,12
P,,(h) =
fue #l, <+wo BHRA(8) 53X(9) BLt,
Z.,(T) =
(we?|t=T,R(8) BrHx"(T) =0,k =1,2,3},
‘?Zad(T) =
fwe #l1, =T,A(8) BorH#,(T) =0},
M e] 8 P, W iR N ,

B P, ZHEh>0,FKue #%,(h),H7

_ def |
W= T(h) = inl o, (10)

MIXFER) a FETERS, FRE N P, R iR
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B R, 4T >0,FKide#,(T), 8
x,(T) = ?(T)i—mEf sup x,(T).

ue B 4(T)
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IR M (7) \Taylor 4 X KK (15) BEHBAE u =

Tlimi(T) :O,Tl_i'ﬂE(T) =+ o, (12)
TR P, 3t FAERR b > O TR, HEBUE T(h) R
§(T(h)) = h, (13)

R P, S Q) BRI .

E XFEZAR >0, ds(T) BBIRAESM:

B (12) W5, A~ T, > 0 75

(T, =h
Wi = () AN Qs KB, T () = x,( ).
Wi e Z,(T,) Ri(T,) =h ™ Ha e %,(h). ¥
REWEH T(h) = T,, M0 (13) 3Rz, B i R AR
P, 1If& .

Mt e #,(h) LEBMT(h) <1, =T, %
T(hy < T,,0%7tEu = u(+) e Hu(h) Ei5:, =
TelT(h),T). Bt =T, - T, %58 Q; WigH
v =o(+), B

u(t), aete (0,T),
D(t) ={ .
u(t-T), aet e (T,T,).
BHBIES =0(-) e Z(T) R

x,(T,,) =h+2,(1) = E(T,,) +35(2) > E(Th).
XBRTs(T) BESCPE. Wi T(h) = T, BT
BG, & u = u() REEP, #, 0W:, =
T(h). Mifiu(+) e Z,,(T(h)), HHR(13) W4
% (T(h)) =h = §(T(h)).
Eﬁu‘lﬂ%l‘ﬂ@ QT(h) B‘Jﬁ@
[IRK Qp 5 R BT RA KRR
5132 WFEEMT >0, EH
s(2T) = 2/(T), (14)
BRI Q,, ARREM T R, B
iF TN = u(-) e %,02T),%

(Gu) (1) =%:[u(t) —uT -1)], ae t e (0,T).
(15)
B8Ry = (Gu)(+) e %Ht, =T. H=(7) K& Taylor
NAEGBE|
5,(1) =2 (5,21 +x,(1) -
x,(2T-1)],0=st<T (16)
MW Ey e %,(T). B—FE,HEERN() €

u(t) = {v(t), aete (0,7,

(17)
-9(2T -1t), a.e.t € (T,2T),

u(+) € %,(2T) B(Gu)(+) =v(-). WR(15) &2
S U G %,,(2T) — %,,(T) fwsest. B
R (16) A5

%, (2T) =2x,(T), Yu e %,(2T). (18)
IR K G S g B (14).

&G EM AR Q,r 5 I[M R, W] %40

FI L, 2w NI, W, M Ga e 7, (T) 2
(18) KK (14) A5

% (T) = E-xi(ZT)
M, (Gie) () AR, i R BE & v MR,
W, e (17) B u( ) REE Q. KIS .

3 AR, KK (Solving the problem R, )

MTEEW e = u(+) e 2(T), HA(T) &
Taylor 2y = A[ 15

£.(1) = j;(c ~ $)u(s)ds,

1_ -
= ?.s(ZT) =FT).

L, (2) | sf;(} —5)ds = % (19)

Vost<T 4
M T8/, BREE(6) BT —H W 2 (8).
M, R R Rt £,(T) = 0 Hif ,(T) F K
B u MR R, AU . B R ERME T iR
By . '
BER, HET>0,3R9 e 2%(T), 5
%, (T) = #H(T) =
sup{x, (T) | w e #%(T),x,(T) =0}.
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A1 SEHE2. 6 iSCR[7] ER4. 1.3) SR HAm W
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SRAS I R, T R RO BAE R H70C0) , 4 T S
0(8) BB PR
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1, 0<t<(1- ‘F
p(t) = (20)

-1, (1 ~%§)T<t< T,
HEAREHR
HT) = 45 (21)
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SFHR(20) ZXH 9 = 0(+) , BHER(19) & e (0]
2’ b ]
BSR4, | WEKAN (5 -V T Ha3] R
H3 Rk 2,(1) =+ 2 e
. 1, l e (2’t1:|’
(2 AP <lel<s2+ \
2 (t-1t)
o l-—F"te (¢,T].
Wit %0 < T<2+/28,HR(20) Aty HLFHRIE
o(+) HEFIE R, . YVt e|[0,T],0=<zi,(t) 1, %,(T) =0,
BT 52 N MR, HERRETE (D =D -Te S

“URB”. HBER AR 5 AN NS
FeE kT, MELRE L =21 J\Ti+¥ =0,%
AT MR A S AR 1 51 B R, YRR B4R - 5 el K (20)

Bé = (3 -DT = | JErsR 20 sS4 (A

Sh R x,(+) [IRBIHBXREL) RFINELAME,
FEREPIEAS £ =+ 1 BEMN—BRPL, EERG AL
Y B 3 BRI E . RS
AE B R R R R, B AR IR .

EE1 XTEEWT >O0,RER, EEHE—
Ma=0(") ¥0<T<2+20F,4(+) =0(") &
R (20) B M T > 2 + 28,

1, te(0,1),
a(t) = {—1, te (1,2) Uu(y,T), (22)
0, te (2,).
Heie, =T -2 HEREN
‘%, 0 <T<2+42,
H(T) = r° S (23)
7T+ T >2+2.
iE HGIE3 WIS, REUEHEY T >
2 + 2 BT

B, B4R = T, ABR(7) (19) K (22) &5
K%

r;_47 tE[Oyl:l’

1 t -1 (1-2)*

E+( 2)—(24),135(1,2],
t -

E"' D) lE(2,t1],

1 (-1 (t-1)°

»E"'( 2) - 241 ’tE(ZI;T]’

Bl (22) B & e #,,(T).
HW, HEERu =u(+) e %,(T),idy() =
£,(8) - x,(¢)
$(t) = u(t) -a(t), ae t e (0,T),
y(0) =y(0) =y(T) =0,
y(2) =%,(2) -1 =<0.
MOo<t <10,

¥ (1) = f;(z ) [u(s) —1]ds 0. (24)

H2soso B, (24) BRB. HH 1, e (1,2)
7% y(2,) >0, e Langrange P{EER , FFHE ¢ e
(1,6) n e (4,2) #1%

_y(g) ~y(1) 5

y(€) = T 0,
y(n) - 2 _to <0’ :
y(n) —y(§) <0,
A—HH,
#(t) =u(t) —a(t) =u(t) +1 20,
ae te (1,2),
T

y(m) - y(&) = ["3(0)de > 0.
ERFEBIIR(24) M1 e (1,2) BT . FEATE
£ (24) Mo < (¢, T] Rz, 83t e e [0,T] Rr.
Seryie

%, (1) = x,(8) = j;u - 5)y(s)ds <0,

(Yu(+) e %,,(T),Vt e [0,T]).
AT & B[R R, 8%, Bl (23) BT .
WS UERAE—E . 20 < T<2 +2H¢,
BRI MME—ERr. YT >2 +20, 5w =
u(+) HRBE R, §#, N
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[T =9)[4,(5) = £,()Jds =
%,(T) -%,(T) =0.
EEHR(24), W53
£,(s) —%,(s) =0, ace se (0,7).
M HEGRR EAX s e [0,T] B AR, AT
u(s) - a(s) == (s) -2 (s) =0,
a.e s e (0,7).
PE— M ARHIE .
4 (O P, BYRMR (Solving the problem P, )

RYETIE 2 Fose s 1, 5 st a R O, ik .
TE2 XMTEEHT >0,RHQ, HAM—

#=u(+). M0 <T<4+2,20,
(1) =
. ,E(O,&Z@)U(g,ﬁ#ﬂ),

1, e (BT (2 e ),
(25)

WMT >4 +220,
L, te (0, U(g4) U,
a(t) =40, te (2,) U (1,t4),

1, te (1,2) U (4,50 U (4,1,

(26)
He
t1=ET'—J2_, t2=-§—+«/i, t,=T-2,1t,=T-1.
HEiiEn
4

3T27, 0<T<44+22,
3(T) = e 5 (27)

T T+g T >4 +2.)2

iE Lha = ﬂ,( ‘) iEl‘lﬂE 01/2 B‘Jﬁ»ﬁﬁ:(zo)
5K (22) F 2 BA T, M5 BB (25) WK
(26) EXHw =u(-) HE

- a(t), O0s:<772,
u(n) = |
-(T-1), T2 <t=<T,
x,(1), O0=<s:<7172,
xn<z>={“ (28)
5(T) =x,(T-1), T2 <t<T,

B5|H 2 RIEBE R AT R & kR 0 K B X
(14) 5(23) "> BpE R (27).
TEIEHENE . Fu = o) BEAE

Qr B9, M ggzX(14) 5(18) A A1 Gu LR R,,
B . IR R, fREAMME-—ME Gu = 4, B
u(t) —u(T -1t) =2a(t) =2i(z),

a.e te (0,—7:).
BERK | u(t) | <1(ae t e (0,T)) AN,
fele e [0,2]1 (t) == 1} WEMKHL

u(t) =-u(T-1t) =1 = a(1)
JUFabAE B . B (16) K (28) AT

‘;7’t € [O,TT],

%, (t) =2, (T-t) =2, (1) -5(T),

£,(t) -2,(T-1) =2%,(2).
MTifE (s < [0,2°] 1 a(2) = 0} MAEMRHALL, b

H(8) K#,(1) =+ 1 BIMFH
£,(t) =-5,(T-1t) =x1 =4%,(2),
Xif sb GRS 7 U A5
u(t) ==u(T -1) =0 = u(s)
JUFALAL AL . AT
u(t) =~-u(T-1t) = u(t) (29)

200, 7] LILFAAE R . BB A(T - 1) =

- (), W BV AR (29) 1E[ 5, T) BT

[0,7] EARJURAEALARSE . ME—HEZRIIE .
BJ5 A EREGR .
TE3 XMTHEEHAL>O,AEP, HAME

#u=u(). %50 <h<T 2/,

1, te (0,t,)U (%t:),
u(t) = [ (30)

_1, t e (tls ?T) U (tZ,T);

MW h >l61+2ﬁﬂi,
1, te(0,1)U(S,,S) U(S,,Ss),
E(t) = {Oa t e (2951) V) (S3,S4),'
-1, t e (1,2) U (S,,S;) U (S,T).
(31)
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S, =T-2,8=T-1,T=T(h),
457 17
273 h, O<hs—€+2ﬁ,

2+ /—g—+4h, h>1—61+2ﬂ,

#(32) E[EE P, MELE .

iF TR, AR Q, TR T > 017
ME—f#, HRA(27) AHBUES(T) & T e (0,)
TR B SR R, SRR (12). HIg| 3L A
&, P, SRR R > 0 TREAME M. BT
#£(27) 513) @ T(h) SRR (32). H5(H#1
NERE2 Bpam R (30) B (31) & X H) a Z )&
P, ME-—f . '
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