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Abstract: A class of hidden multi-resolution autoregressive moving average (ARMA) model is studied for forecasting
nonlinear time series. The model has ARMA model as the original fine level model, that is, the building blocks. The
precision of the model for approximating the true one is determined by the variance among the levels. The autocorrelation
functions (ACF) structure of the new model is then studied. The estimation of parameters is easily performed via Bayes
method and Metropolis-Hasting algorithm. Furthermore, a new method for nonlinear time series forecast is proposed. The
method can be directly applied to hidden multi-resolution model with different building blocks, and reduce the forecasting
error compared with other linear method and hidden multi-resolution model forecast method. Finally, the model and ap-
proaches are illustrated through the use of both simulated and real series. The new model and forecasting method appear to
capture features of the data better and provide more precise forecasting than other competing models do.

Key words: nonlinear time series forecast; hidden multi-resolution autoregressive moving average model; autocorrela-
tion functions
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2 ÛÛÛõõõ©©©EEEARMA���...999ïïï���°°°ÝÝÝ©©©
ÛÛÛ(Hidden multi-resolution ARMA models
and modeling accuracy analysis )
^X = {Xt}(t = 1, 2, · · · )L«�ïÄ��

mS�, Ù���nx��Å��þP�X1:nx
=

(X1, · · · , Xnx
)′. p(·)Úq(·)�©Ù�Ý¼ê. òXÀ

�[Y²L§, é(½���êm(ozI°),
�EoY²L§Y�[Y²�\D²þ, Ys =

m−1
m∑

i=1
X(s−1)m+i + us, s = 1, 2, · · · , Ù¥us ∼

N(0, τ),´i.i.d.D(�, τ�Y²m���©

bbb��� 1 �[Y²´,�(½�., �©^²
�_�ARMA(1,1)�.

Xt = φxXt−1 + εt + θxεt−1, (1)

Ù¥εt ∼ N(0, σ2
x),´i.i.d.D(S�,K

X1:nx
∼ N(0, Vx). (2)

bbb��� 2 ���'uoY²�N\&E,
XY1:ny

´ARMA(1,1)�.

Ys = φyYs−1 + ηs + θyηs−1, (3)

Ù¥ηs ∼ N(0, σ2
y),KY1:ny

∼ N(0, Qy).

doY²�EL§, ���nx�E�oY

²�Å��þY1:ny
= (Y1, · · · , Yny

)′, Ù¥ny =
nx/m, Y²m�C�XêÝ
A�÷vY1:ny

=
AX1:nx

�ny × nxÝ
. Y²m�'é�§=®
�X1:nx

^�eY1:ny
�^��Ý¼ê

(Y1:ny
|X1:nx

) ∼
ny∏
s=1

N(m−1
m∑

i=1
X(s−1)m+i, τ) =

N(AX1:nx
, U). (4)

Ù¥U��þu1:ny
����
.

�Buëê�O, -τ = λ(AVxA
′)11, Ù¥

(AVxA
′)11L«Ý
AVxA

′�11111���, =
òτëêz�AVxA

′�¼ê©

dBayesúª[3]Ú�5£8��{, ®�Y1:ny
^

�eX1:nx
�^��Ý¼ê

(X1:nx
|Y1:ny

) ∼ N(BY1:ny
, Vx −BWB′). (5)

Ù¥: B = VxA
′W−1, W = AVxA

′ + U .
A^Bayes½nÚJeffrey^�OK[2],?��[Y

²Cþ�éÜ©Ù�

q(X1:nx
) =

w
p(X1:nx

|Y1:ny
)q(Y1:ny

)dY1:ny
∝

w
N(BY1:ny

, Vx −BWB′)N(0, Qy)dY1:ny
. (6)

¤���©Ùq(X1:nx
)(=�ïá�Ûõ©E�

.) ´õ���©Ù: X1:nx
∼ N(0, Qx). Ù¥:

Qx = Vx − B(W − Qy)B′, W = AVxA
′ + U ,

B = VxA
′W−1.

dþãL§�E�Ûõ©E�.^oY²&E

?�Ð©[Y²b�,�.éêâ�ï�°Ýde
¡½n�Ñ©

½½½nnn 1 Ûõ©EARMA�.^oY²�&E
?�
Ð©[Y²b�,¤�E�#�.����

�ý¢�[Y²�.���
�m�Ø�dY²

m����
U û½.

yyy ý¢�.����
L«�V T
x ,dª(4)

Qy =AV T
x A′ + U,

Qx =Vx −B(W −Qy)B′ =

Vx −BA(Vx − V T
x )A′B′. (7)

duQx�E,/ª, QxéV T
x ��O°ÝéJ��

¼�,�Ä�O�¯K,òª(7)=z�oY²

AQxA
′ + U =AVxA

′ + U −AB(W −Qy)B′A′ =

W −AB(W −Qy)B′A′. (8)

d uA� ~ ê Ý 
, � y ²QxéV T
x � Ø �

'VxéV T
x �Ø��, �IO�ª(8)¥�Ý


éQy��O°Ý.=O�AB(W −Qy)B′A′é(W −
Qy)��O°Ý,ÏdÝ
AB�ü 
�Ø�Ò�

��°Ý�Ýþ©

dª(4)Úëêzτ = λ(AVxA
′)11��{

AB = AVxA
′W−1 = (W − U)W−1 = I − UW−1,

Ý
AB�ü 
�Ø�(I−AB)W =U . ½ny..
 ÏL14!0��Ûõ©E�.�ý�L§,

½n1Ø=�Ñ
�.�ï�°Ý,��Ñ
�.é
�5�?1ý��ý�°Ý©

3 ØØØÓÓÓÄÄÄ���¬¬¬���ÛÛÛõõõ©©©EEE���...���ggg���'''¼¼¼

êêê(((���'''���(Comparison of the ACF struc-
ture in hidden multi-resolution models with
different building blocks)
�!±oY²�AR(1), [Y²©O�AR(1),

MA(1)ÚARMA(1,1)�Ûõ©E�.�~, ïÄ�



1 5Ï p��: ��5�mS�ý��Ûõ©EARMA�. 673

.�g�'¼ê(�©

ã1Úã2£ã
oY²�Ó,[Y²�.Úëê
Cz�Ûõ©E�.�ACFCz. �ëê��:

φy = 0.9, σ2
y = 1, σ2

x = 1,

λ = 0.1, nx = 96,

m = 12.

ã 1 oY²�AR(1),[Y²©O�AR(1)(:�)ÚMA(1)(¢�)�Ûõ©E�.�g�'¼ê
Fig. 1 ACF of hidden multi-resolution models with AR(1) as coarse level and AR(1) (dot line)

and MA(1)(real line) as fine level respectively
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ã 2 oY²�AR(1),[Y²�ARMA(1,1)�Ûõ©E�.�g�'¼ê

Fig. 2 ACF of hidden multi-resolution models with AR(1) as coarse level and ARMA(1,1) as fine level

ÏL'��uyÛõ©EARMA�.(ã2)L
«�ACF(�´Ûõ©EARÚÛõ©EMA�
.(ã1)¤Øäk�. duARMA�.�¹AR�
.ÚMA�.,lù�¿ÂþÛõ©EARMA�.
���ïÄ.
d�.��EL§,[Y²�.b�Ì�^5

ëêzÐ©���
Vx. ØÓ�[Y²�.b
�ÏL���
K�Ûõ©E�.. òAR(1)Ú
MA(1)� � � � 
 © O L « �V AR

x ÚAMA
x .

�φx�ýé����, AR(1)�ACFP~�ú,
�θx�ýé����, ACF²wLyÑ����
5�, V AR

x ÚAMA
x ��OÒé²w. �ëêφxÚ

θx�ýé���, �φx = θx�, kV AR
x ≈ V MA

x .
Ïd�½�Ó�oY²�.�^�e, [Y²
�.�b�AR(1)ÚMA(1)φx = θx ���Ó�

Ûõ©E�.ACF(�.ã1L²�ëê�ýé�
v
��(ã1(c)Ú(f)), Ûõ©EAR(1)ÚÛõ©
EMA(1)�.�ACFäk²w«O,Ïd3é[Y
²�.?1b��,A(Ü���ACF5�Ä.
4 ÛÛÛõõõ©©©EEEARMA���...���ëëëêêê���OOOÚÚÚýýý
���(Parameter estimation and forecast of hid-
den multi-resolution ARMA models)

4.1 ÛÛÛõõõ©©©EEEARMA���...���ëëëêêê���OOO(Parameter
estimation of hidden multi-resolution ARMA
models )
éX1:nx = (X1, · · · , Xnx),^��ÎÒL«Ù

éA�*ÿ�, x1:nx = (x1, · · · , xnx),�E�oY
²�. y1:ny = (y1, · · · , yny). Ûõ©EARMA(1,1)
�.�ëê�¹oY²ëêΓ = (φy, θy, σ

2
y)Ú[

Y²9'é�§ëê∆ = (φx, θx, σ2
x, λ)üÜ©.

�.ïáL§�ª(5)Úª(6)L²éAuØÓY
²�ëê�±Õá?1�O.

� [ Y ² Ú ' é � § ë ê � k � ©

Ù©O�: φx ∼ TrN(−1,1)(mφx , Sφx), θx ∼
TrN(−1,1)(mθx , Sθx), σ2

x ∼ IGa(vσx/2, vσxsσx/2),
λ ∼ TrIGa(0,10)(vλ/2, vλsλ/2). Ù¥: IGL«_
³ê©Ù, =X ∼ IGa(a, b) ⇔ 1/X ∼ Ga(a, b);
TrN(a,b)ÚTrIGa(a,b)©OL«3«m(a, b)þ�ä
���©ÙÚ_³ê©Ù©

ëê∆ = (φx, θx, σ2
x, λ)^Metropolis-Hasting

�{?1�O. éÛõ©EARMA(1,1)�.ke
ª¤á:

p(φx, θx, σ2
x, λ|X1:nx , λ|Y1:ny) ∝

p(φx, θx, σ2
x)p(X1:nx |φx, θx, σ2

x)·

p(λ)
p(Y1:ny |X1:nx , φx, θx, σ2

x, λ)
p(Y1:ny |φx, θx, σ2

x, λ)
=

p(φx, θx, σ2
x)N(0, Vx)p(λ)·

ny∏
i

N(AiX1:nx , λ(AVxA′)11)

N(0, AV A′ + U)
. (9)

Ù¥AiL«Ý
A�1i�1�þ. ª(9)^u{z
Ú\�ëê(φx, θx, σ2

x, λ)��[ÚO�z�Ú�
�ÉVÇ©

4.2 ÄÄÄuuuÛÛÛõõõ©©©EEEARMA���...���ýýý���(Forecast
based on hidden multi-resolution ARMA mod-
els)
�!?ØÄuÛõ©EARMA�.�ý�

¯K. yk��{±AR(1)�Ä�¬ïáÛõ
©E�., -r = xnx−m(φx, φ2

x, · · · , φm
x )′, Rij =

σ2
xφ
|i−j|
x (1 − φ

2min(i,j)
x )/(1 − φ2

x)©O�^Ð©
AR(1)�.�E��[Y²m-Úý�þ��þÚ
Ø����
. Ys3�½Y����s−1��e�
Ð©©Ù, (Ys|Y1:s−1) ∼ N(ps, Ps)�^KalmanÈ
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ÅO�.
®k��{Xe��ý�©Ù:

a) (Yny |Y1:(ny−1), X1:(nx−m)) ∼ N(fy, Fy), (10)

Ù¥

Fy =[σ−2
y + (m−2−→1 ′R−→1 + τ)−1 + P−1

ny
]−1, (11)

fy =Fy[σ−2
y φyyny−1 + m−1(m−2−→1 ′R−→1 +

τ)−1−→1 ′r + P−1
ny

pny ], (12)

Ù¥
−→
1L«���1�m���þ.

b) (X(nx−m+1):nx
|Yny , X1:(nx−m)) ∼ N(fx, Fx),

(13)

Ù¥

Fx =R−m−2R
−→
1 (m−2−→1 ′R−→1 + τ)−1−→1 ′R,

fx =r + m−1R
−→
1 (m−2−→1 ′R−→1 +

τ)−1(ŷny −m−1−→1 ′r).
ŷny�þ¡a)Ú¤���ý��©
Ûõ©E�.�ý�L§Úï�L§aq: ^

�«*ÿ&EÚý�&E?1?����ª'u

[Y²�ý�(J. [Y²�ý�©Ù���

d(5)5,þ��þ^oY²��O��?�©
�©JÑ�ý��{UXeÚ½��ý�©

Ù:
1) O�Ð©�r(0)ÚR(0).
�é*ÿêâCïáÛõ©E�.

X1:nx ∼ N(0, Qx),

Qx = Vx −B(W −Qy)B′.
Ð©m-Ú�cý�þ��þÚ���


�nx���©ÙN(0, Qx)�^�þ�Ú^���
�Ý
: r(0) = S12S

−1
22 (x1, · · · , xnx−m)′ÚR(0) =

S11 − S12S
−1
22 S21, Ù¥S11´�m × mÝ
, Ù�

��Qx�nx − m + 1�nx1Ú�; S22´dQx�

11�nx−m1Ú11�nx−m�|¤�(nx−m)×
(nx −m)Ý
; S21 = S′12,äNXe:

S11 =




Qnx−m+1,nx−m+1 · · · Qnx−m+1,nx

...
...

...
Qnx,nx−m+1 · · · Qnx,nx


 ,

S22 =




Q1,1 · · · Q1,nx−m

...
...

...
Qnx−m,1 · · · Qnx−m,nx−m


 ,

S12 =




Qnx−m+1,1 · · · Qnx−m+1,nx−m

...
...

...
Qnx,1 · · · Qnx,nx−m


 .

2) ¼�m-Ú�cý��þ��þÚ���

f

(1)
x ÚF

(1)
x .

a) (Yny |Y1:(ny−1), X1:(nx−m)) ∼ N(f (1)
y , F

(1)
y ),

Ù¥:

F (1)
y =[σ−2

y +(m−2−→1 ′R(0)−→1 +τ)−1+(Pny)
−1]−1,

(14)

f (1)
y =F (1)

y [σ−2
y φyyny−1 + m−1(m−2−→1 ′R(0)−→1 +

τ)−1−→1 ′r(0) + (Pny)
−1pny ]; (15)

b) (X(nx−m+1):nx
|Yny ,X1:(nx−m)) ∼ N(f (1)

x , F
(1)
x ),

Ù¥:

F (1)
x =R(0) −m−2R(0)−→1 (m−2−→1 ′R(0)−→1 +

τ)−1−→1 ′R(0),

f (1)
x =r(0) + m−1R(0)−→1 (m−2−→1 ′R(0)−→1 +

τ)−1(ŷny −m−1−→1 ′r(0)).
3) �®��1l × m-Ú�ý�(J, O�1

(l + 1)×mÚ�Ð©ý�&Er(l)ÚR(l).
�®��1l ×m-Ú�cý��,ý�þ��

þÚ���
©O�

oY²�ý�&E:

ŷny , · · · , ŷny+l−1, f
(l)
y , F (l)

y ;

[Y²�ý�&E:

x̂nx−m+1, · · · , x̂nx+(l−1)m,

f (l)
x = (f (l)

x1 , · · · , f (l)
xm), F (l)

x .

-F
(0)
y , F

(0)
x �"Ý
. Ký��Ð©þ��þÚ

���
©O�

r(l) =S12(Sl
22)

−1(x1+lm, · · · , xnx−m, x̂nx−m+1−
f

(1)
x1 , · · · , x̂nx − f (1)

xm, · · · , x̂nx+(l−2)m+1−
f

(l)
x1 , · · · , x̂nx+(l−1)m − f (l)

xm)′,

R(l) =S11 − S12(S
(l)
22 )−1S21.

Ù¥S
(l)
22 =

[
· · · · · ·
· · · F

(l)
x

]
, =S22me��m × mÝ


�F
(l)
x �O,Ù¦�ØC¤���Ý
©

4) O�1(l + 1)×mÚ�ý�.
a) (Yny+l|Y1:(ny+l−1), X1:(nx+(l−1)m)) ∼
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N(f (l+1)
y , F

(l+1)
y ),Ù¥:

F (l+1)
y =[(σ2

y + F (l)
y φ2

y)
−1 + (m−2−→1 ′R(l)−→1 +

τ)−1 + P−1
ny

]−1,

f (l+1)
y =F (l+1)

y [(σ2
y + F (l)

y φ2
y)
−1φyŷny+l−1+m−1

(m−2−→1 ′R(l)−→1 +τ)−1−→1 ′r(l)+P−1
ny

pny ];

b) (X(nx+(l−1)m+1):nx+lm|Yny+l, X1:(nx+(l−1)m))

∼ N(f (l+1)
x , F

(l+1)
x ),Ù¥:

F (l+1)
x =R(l) −m−2R(l)−→1 (m−2−→1 ′R(l)−→1 +

τ)−1−→1 ′R(l),

f (l+1)
x =r(l) + m−1R(l)−→1 (m−2−→1 ′R(l)−→1 + τ)−1·

(ŷny+l −m−1−→1 ′r(l)), l = 0, 1, 2, · · · .

�©JÑ�þãý��{��k��{'�,
ü$
oY²�ý�Ø�,de¡½n�Ñ.
½½½nnn 2 3Y²m��τ¿©��^�e,

ª(13)�ý���F
(1)
y `uª(11)�ý���Fy,

Fyq`uÐ©[Y²�.AR(1)�ý���σ2
y .

yyy

Fy =[σ−2
y + (m−2−→1 ′R−→1 + τ)−1 + P−1

ny
]−1 =

[σ−2
y + a−1 + b−1]−1 =

σ2
yab/(ab + aσ2

y + bσ2
y) < σ2

y ,

F (1)
y =[σ−2

y +(m−2−→1 ′R(0)−→1 +τ)−1+P−1
ny

]−1 =

[σ−2
y + (a∗)−1 + b−1]−1.

�â½n1�(J,��τ¿©�,Ûõ©E�.�
ý����
R(0)`uAR(1)�ý����
R,
3éoY²þ,Ò=z�a∗ < a. �Ä

ab/(ab + aσ2
y + bσ2

y)− a∗b/(a∗b + a∗σ2
y + bσ2

y),

ab(a∗b + a∗σ2
y + bσ2

y)− a∗b(ab + aσ2
y + bσ2

y) =

b2(a− a∗)σ2
y > 0.

�F
(1)
y < Fy. Fy < σ2

y�dª(11)íÑ.
y.©

�â[Y²ý���EL§Ú��ý��Å

ÚS�L§, #�{¥[Y²ý��°(Ý�`

u^ª(13)�ý�(J�Ä:���ý�.

�©JÑ�ý��{kü��`:: Ù�´^

'üX�[Y²�.U�Ð�[Üêâ�Ûõ©

E�.5��Ð©ý�&E(r,R�r(0), R(0)); Ù

�, dÚ½1)Ú3), #�{ØI�Ð©�[Y²&

E,���í2�[Y²�.��«�/.

5 êêê������[[[���¢¢¢~~~©©©ÛÛÛ(Numerical simula-
tion and example analysis)
�!Äk^�[�)�êâ�y
Û

õ©EARMA�.�ï�°Ý`uÛõ©
EAR�.. é{IG��Çêâ©O^Ûõ©
EARMA(1,1)�.ÚÛõ©EAR(1)�.?1ï
�Úý�, ?�Ú�y
ïÄE,�.��Ä�
¬�Ûõ©E�.�¢S¿Â.��±éHuron�
Y²¡pÝêâ�Ûõ©EAR(1)�.�~,u�

�©JÑ�ý��{'�k�ý��{`�©

5.1 êêê������[[[(Numerical simulation)
ã3(a)´�[�)��|Ûõ©EARMA(1,1)

�.êâ, �ëêý�©O�: φy = 0.9, σ2
y =

1, φx = 0.8, θx = 0.9, σ2
x = 1, λ = 0.01, nx =

96,m = 12.

ã 3 �[êâ

Fig. 3 Simulated data

L1©O�^Ûõ©EARMA(1,1)�.ÚÛõ
©EAR(1)�.[Üêâ�ëê��þ�Úþ�
Ø�. �±w�Ûõ©EARMA(1,1)�.�ëê
��ý�é�C; éÛõ©EAR(1)�., �,
�k5���O�ëê(Ûõ©EARMA(1,1)�.
k6�), �ëêφy, σ

2
y , σ

2
x �þ�Ø��uÛõ©
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EARMA(1,1)�.¥�Aëê�þ�Ø�, cÙ
´φy, ©O�61.3391Ú0.2096, ùL²^Ûõ©
EAR(1)�.éêâï�´ØÜ·�.
L 1 ØÓÄ�¬Ûõ©F�.�ëê�O(J

Table 1 Estimated parameters of hidden multi-
resolution model with different
building blocks

Ûõ©EARMA(1,1)�. Ûõ©EAR(1)�.
þ� þ�Ø� þ� þ�Ø�

φy 0.6170 0.0105 0.4836 0.0785
σ2

y 0.9821 0.2099 4.5348 61.3391
φx 0.6801 0.0363 0.9250 0.0052
θx 0.7978 0.0078 – –
σ2

x 0.8188 0.0199 1.3364 0.0396
λ 0.0112 5.6718×10−6 0.0111 5.2887×10−6

ã3(b)�ü��.éACF�[Ü(J. �ý¢
�.�ACF�', Ûõ©EARMA (1,1)�.�`
uÛõ©EAR(1)�., þ�Ø�©O�0.0450Ú
0.0482. ����ACF�'Ûõ©EARMA(1,1)Ú

Ûõ©EAR(1)�.�þ�Ø�©O�0.0138
Ú0.0299. ,	, d½n1, ü��.¤O���
Ø�©O�τ̂AR = 0.0772Úτ̂ARMA = 4.2877 ×
10−4, ý¢ëê�Ø��τ = 4.5984 × 10−4.
Ý
(AB)ARÚÝ
(AB)ARMA�ü Ý
�

��¤k��ýé��Ú©O�0.3689Ú
0.1531, �y
½n1�(J. ù�~f�L²ï
Ä�k�E,Ä�¬�Ûõ©E�.´é7��.
5.2 ¢¢¢~~~©©©ÛÛÛ(Example analysis)
5.2.1 {{{IIIGGG������ÇÇÇêêêâââïïï���ÚÚÚýýý���(Modeling

and forecast for the quarterly U.S. civilian un-
employment rate data)

{IG��Çêâ(l1948c�1993c, �
174�*ÿ�[4], ²L�G!�?�)Q�Nõ
ïÄö^õ«ØÓ��.©ÛL. �©êâ
S��ã4(a), �ozI°�m=6, ©O^Û
õ©EARMA(1,1)ÚÛõ©EAR(1)�.éS�
c168�êâ?1ï�,ëê�O(J�L2.

ã 4 {IG��Çêâ

Fig. 4 Quarterly U.S. civilian unemployment rate data

L 2 ØÓÄ�¬Ûõ©E�.�ëê�O(J

Table 2 Estimated parameters of hidden multi-
resolution model with different
building blocks

Ûõ©EARMA(1,1)�. Ûõ©EAR(1)�.

þ� þ�Ø� þ� þ�Ø�

φy 0.6488 2.0934×10−6 0.5454 0.0112

σ2
y 1.3687 0.0037 2.0078 0.6467

φx 0.8701 0.0043 0.9044 0.0014

θx 0.5515 0.0065 – –

σ2
x 0.1017 1.5690×10−4 0.1746 5.1483×10−4

λ 0.0108 4.8043×10−6 0.4664 0.0150

ã4(b)Ú(c)©O�Ñü��.^�©JÑ�
ý��{é�6�êâ�ý�þ�Ú95%ý�«

m, ý��þ�Ø�(MSE)ÚzÚ�ý���(=
[Y²ý�©Ù¥��©Ù���
�Ìé��

�)�L3,Ù¥MSE=
1
m

l∑
i=1

(x̂T+i−xT+i)
2, xT+iÚ

x̂T+i©O�CþXT+i�ý¢*ÿ�Úý�þ�©

L 3 ØÓ�.�ý�Uå

Table 3 Forecast power of different models

Úê 1 2 3 4 5 6 MSE

AR(1) 0.1519 0.2457 0.3101 0.3655 0.4255 0.4970 0.5241
ARMA(1,1) 0.0660 0.1191 0.0952 0.0763 0.1115 0.2216 0.2323

Ûõ©EARMA(1,1)�.�Nþý��J`
uÛõ©EAR(1)�.. �Ù¦��5�.(�
�g£8ÚMarkov=£�.[4])'�, Ûõ©
EARMA(1,1)�.^���ëêÒ�±éÐ�



678 � � n Ø � A ^ 1 23ò

�Nêâ�ÚOA�¿?1°(ý�©

5.2.2 Huron���YYY²²²¡¡¡pppÝÝÝêêêâââïïï���ÚÚÚýýý
���(Modeling and forecast for the level height
data of Huron Lake)

^Ûõ©EAR(1)�.éHuron�Y²¡pÝ
êâ(l1875c�1972c, �98�*ÿ�[5])?1ï
�Ú©Û. �êâS��ã5(a). �[Y²�c�
mºÝ,Ó��3��ozI°�m = 4�Ø�*
ÿ�oY².

e¡^l1875�1958c�84�êâ5[Ü�
.(L4), ©O^�k��{Ú�©��{O�
l1959�1972c�14�ý�þ�Ú95%�ý�«
m(ã5(c)Ú(d)), lã5�±uy, (d)�ý�(J
�²w`u(c)�©^�5�mS�éêâï
�,©O^AR(2)�.xt = 2.0993 + 1.0159xt−1 −
0.2462xt−2 + εt, σ

2
ε = 0.4559ÚÐ©�AR(1)�

.xt = 2.9388 + 0.6776xt−1 + εté�14�êâ?
1ý�©ý�(JÚ'��L5:

ã 5 Huron�Y²¡pÝ
Fig. 5 Level height data of Huron Lake

L 4 Ûõ©EAR(1)�.�ëê�O
Table 4 Estimated parameters of hidden

multi-resolution AR(1) model

þ� þ�Ø�

φy 0.4620 –
σ2

y 0.9010 –
φx 0.6776 0.0115
σ2

x 0.3437 0.0038
τ 0.0559 0.0023
λ 0.1042 0.0011

L 5 ØÓý��þ�Ø�
Table 5 MSE of the forecast based different models

Ûõ©EAR(1) Ûõ©EAR(1) AR(2) AR(1)
(�©�{) (�©�{)

MSE 1.2866 1.6449 1.6555 1.6991

6 (((ØØØ(Conclusion)
�©ïÄ�a^u��5�mS�ý��

Ûõ©E�., éÙï�Úý�°Ý?1
½
þ©Û, y²
¤ïá�.�ACF�ý¢�.
�ACF�m�Ø�dY²m���û½. �é
Ûõ©EARMA�.,©Û
ÙACF(�,�Ñ

ëê�O�{. JÑ
�«#�ý��{,Ø�6
uÐ©[Y²b½, ´|^¤ïá�Ûõ©E
�.5¼���Ün�Ð©ý�&E, lJp


ý��°Ý, ¿y²
#�ý��{'�5�
{~�
ý�Ø�. ¢~�L²�©��{�±
éÐ�U?ý�°Ý.
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