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Tracking control synthesis for a class of uncertain nonlinear systems
based on partition of unity
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Abstract: By utilizing the property that partition of unity can approximate any continuous function on the compact
set at arbitrary precision, the robust tracking controllers with adaptive laws are designed for a class of uncertain nonlinear
systems. The results show that the tracking errors converge to a small neighborhood of zero and all states in the closed-loop
system are bounded via the controllers. Finally, the simulations show the validity of the method adopted in this paper.
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1 ÚÚÚóóó ( Introduction )
3���O¥²~æ^g·A���{5�Ñ

XÚ�,
Ø(½5Ú��55[1∼3]. C5,�é�
k®�Ø(½5�5(�9��(�~ëê��

/,Nõ©z?Ø
TaXÚ�°�g·A���
O¯K[1∼7]. ù
©z¤?ØXÚ�.����
b½´ÙØ(½5�,
Ä¼ê('Xkn¼ê!
�^¼êÚpd¼ê�)��5|Ü.��5¿�´
�k��Ø(½5��/�kaq�?Ø,3ù

?Ø¥,Ø(½5�þ.�b½�,
Ä¼ê��
5|Ü½¡/)�^�0[8∼11]. du¢SXÚ�Ø
(½5²~Ly�ér���55,¤±^,
Ä
¼ê��5|ÜL«§9Ùþ.k�´ØÜ·�.
,	,·��5¿�U£ã¤kØ(½5�Ï^¼
ê´Ø�3�. 3ù«/³e,æ^3,�;��þ
|^Ü·�¼ê?1�kØ��%C£ã�U´�

��1��{. |^ØÓ�%C½nû)ÑéØ(
½5��«%C�ª¿�¤�A����Oé��

nØ�uÐ´kÃ�.

�©´© [12]¥k'ü ©)%CnØ3��
+������A^,Ä�g´´: Äk|^ü ©
)�,
�5|Ü�%CXÚ�Ø(½5[12],¦�
Cqëêz�2�OXÚ�°��l��ìÚg·

AÆ.(JL²,Äuü ©)�OXÚ�g·A°
��l��ì´�~k�����{.

2 XXXÚÚÚ£££ããã ( System description )
�ÄXeäkØ(½5�üÑ\−üÑÑ��

5��XÚ

y(n) = f(x) + g(x) u + ξ( x, u, t ) . (1)

Ù¥: G� x = ( y, ẏ, · · · , y(n−1) )T ∈ Rn;XÚ�
ÑÑ y ∈ R; XÚ�Ñ\ u ∈ R; f( · ), g( · ) ´
���ëY¼ê; é x ∈ Rn, g(x) 6= 0; ξ =
ξ( x, u, t )´XÚ�Z6.
)ö�?Ö´, |^ü ©)�%C5��O

äkg·AÆ�°���ì,¦4�XÚ�¤kC
þ��k., ÑÑ y �k.ë�&Ò ym ��lØ

� e = e(t) = y − ym ìC/Âñ�":����
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��S.
PØ��þ ē = ( e, ė, · · · , e(n−1) )T,ë�&Ò

�þ ȳm = ( ym, ẏm, · · · , y(n−1)
m )T. Ú?PÒ

v(t) = y(n)
m − λn e(n−1) − · · · − λ1 e. (2)

Ù¥ λi(i = 1, 2, · · · , n),¦õ�ª sn+λn s(n−1)+
· · ·+ λ1� Hurwitzõ�ª.
Ú\LÈØ�

er(t) = γn e(n−1) + γn−1 e(n−2) + · · ·+ γ1e. (3)

Ù¥ γi (i = 1, 2, · · · , n),¦õ�ª sn + γn sn−1 +
· · ·+ γ1� Hurwitzõ�ª.
Ú\e¡ü��fõ�ª:

H(D) = Dn + λn Dn−1 + · · ·+ λ1, (4)

H̄(D) = γn Dn−1 + γn−1 Dn−2 + · · ·+ γ1, (5)

Ù¥D =
d
dt

.

bbb½½½ 1 �±é�~ê kd > 0 ¦�fõ�
ª (4)� (5)÷ve�^�:

H̄(D) H−1(D) =
1

D + kd

. (6)

Ú\e�8Ü[13]:

Ac
d = {x

∣∣ ‖x− x0 ‖p, π 6 c } ,

A = {x
∣∣ ‖x− x0 ‖p, π 6 c + φ } ,

‖x‖p, π =
{

n∑
i=1

( |xi|
πi

)p } 1
p

. (7)

Ù¥: c, φ´�~ê, x0�½8Ü3XÚ (1)G��
m� �. ‖x‖p, π ´äk�� {πi}n

i=1� p-�ê.
� f0(x), g0(x)©O´ f(x), g(x)�I¡�.|

^ü ©)%C½n[12],�{
f(x)− f0(x) = F1(x) + ε1(x) ,

g(x)− g0(x) = F2(x) + ε2(x) .
(8)

Ù¥: F1(x) = pTΛ(x) =
N1∑
i=1

qi αi(x), F2(x) =

qTB(x) =
N2∑
j=1

qj βj(x); {αi}, {βj}©O´láA�

ü|mCX {Ui}, {Vj}�ü ©).
éu?¿�½��ê εf , εg (Ø7é�),�±b

½

sup
x∈A

| ε1(x) | 6 εf , sup
x∈A

| ε2(x) | 6 εg. (9)

bbb½½½ 2 1) | f(x) − f0(x) | 6 a (x), | g(x) −
g0(x) | 6 b (x), g0(x) > 0 ;

2) | g ( x ) | > δ (x) > 0 ;

3) | ξ(x, u, t) | 6 d (x).
Ù¥: x ∈ Rn, δ (x), a (x), b (x), d (x)´®�

��KëY¼ê.
P p̂ = p̂ (t), q̂ = q̂ (t) ©O´ª (8)¥ëê�

þ p, q��O�þ; ε̂f = ε̂f(t), ε̂g = ε̂g(t) ©O
´ εf , εg ��O�. �OØ� p̃ = p̂ − p, q̃ =
q̂ − q, ε̃f = ε̂f − εf , ε̃g = ε̂g − εg.

Ú\e�ÎÒ:{
f̂(x) = f0(x) + p̂TΛ(x) ,

ĝ(x) = g0(x) + q̂TB(x) .
(10)

P f̃(x) = f̂(x) − f(x), g̃(x) = ĝ(x) − g(x), Kd
ª(8)∼(10),k{

f̃(x) = p̃TΛ(x)− ε1(x) ,

g̃(x) = q̃TB(x)− ε2(x) .
(11)

3 ���lll���������OOO ( Design of tracking con-
troller )
Ú\e�¼ê[14]

m=m(t)=max
{

0, sat
(‖x−x0 ‖p, π−c

φ

)}
,

er∆ = er∆ (t) = er (t)− ϕ sat
(

er (t)
ϕ

)
. (12)

Ù¥ φ , ϕ ©O´>.�Úk"«�°Ý. �Ú¼
ê sat( ω )deª½Â

sat( ω ) =





−1, ω < −1 ,

ω, |ω | 6 1 ,

1, ω > 1 .

(13)

éuXÚ (1),JÑe�°���ìÚg·AÆ

u = ua +
1

δ(x)
ub . (14)

Ù¥

ua =
1
Ω

[−f̂(x) + v(t) + kd ϕ sat( er/ϕ ) +

m p̂TΛ(x) ] , (15)

ub =−{m [ a (x) + ( b (x) + ‖ q̂ ‖ ) |ua| ] + d (x) +

(1−m) [ | ε̂f |+ ( | ε̂g |+ ‖ q̂ ‖ ) |ua| ] } sgn er .

(16)

Ù¥Ω = ‖ q̂ ‖ + g0 (x)+( 1−m ) q̂TB(x). p̂, q̂, ε̂f ,

ε̂g de�g·AÆ(½:
˙̂p = ( 1−m ) η1 er∆ Λ(x) , (17a)

˙̂q = ( 1−m ) η2 er∆ B(x)ua , (17b)

˙̂εf = ( 1−m ) η3 | er∆ | , (18a)
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˙̂εg = ( 1−m ) η4 | er∆ | |ua | . (18b)

Ù¥ ηk (k = 1, 2, 3, 4 )��N�~ê.

555 1 1) 5¿� g0(x) > 0, ‖B(x)‖ =

s
N2P
j=1

β2
j 6

1, m 6 1,¤±��ì(15)¥Ω 6= 0.
2) XJvkAO�`²,þ¡Ñy��ê ‖ · ‖þ�î

¼�ê.

|^��ì (14),òXÚ (1)U��

y(n) = f(x) + g(x) ua +
g(x)
δ(x)

ub + ξ . (19)

��ì (15)�±L«�

ua =
1
Γ
{−f̂(x) + v(t) + kd ϕ sat( er/ϕ ) +

m[ p̂TΛ(x) + q̂TB(x) ua]}. (20)

Ù¥Γ = ‖q̂‖ + ĝ(x). aqu51, Γ 6= 0. |^
ª (11)Ú (20),òª (19)L«�

y(n) =−f̃(x)− [ g̃(x) + ‖q̂‖ ]ua + ∆ +
g(x)
δ(x)

ub + ξ( x, u, t ) . (21)

Ù¥∆ = v(t) + kd ϕ sat( er/ϕ ) + m[ p̂TΛ(x) +
q̂TB(x) ua].
|^ª (2),�f (4),�ò (21)L«�

H(D) e( t ) =−f̃(x)− [ g̃(x) + ‖q̂‖ ]ua + ∆1 +
g(x)
δ(x)

ub + ξ( x, u, t ) , (22)

Ù¥∆1 = ∆− v(t).
|^b½ 1,ª(22)9LÈØ�ª (3),k

ėr( t ) =−kd er(t)− p̃TΛ(x)− q̃TB(x) ua +

ε1(x) + [ ε2(x)− ‖q̂‖ ]ua + ∆1 +
g(x)
δ(x)

ub + ξ( x, u, t ) . (23)

½½½nnn 1 �ÄXÚ (1), XJb½ 1§2¤á, K
3��.��ì (14)Úg·AÆ (17) (18)��Ó�
^e,4�XÚ�¤kCþ��k.,ÑÑ�lØ�
ìCÂñ�":������S.

yyy �Ä�½¼ê V ( t ) =
1
2

e2
r∆ +

1
2η1

p̃Tp̃ +

1
2η2

q̃Tq̃ +
1

2η3

ε̃2
f +

1
2η4

ε̃2
g,K V (t)÷XÚ (23)��

�ì (14)Úg·AÆ (17) (18)�¤�4�XÚ��
m�ê�±©�ü«�/: � | er | < ϕ�, er∆ = 0,
�g·AÆ (17) (18), k V̇ (t) = 0; � | er| > ϕ �,
k ėr∆ = ėr(t),d�

V̇ (t) = er∆ėr +
1
η1

p̃T ˙̂p +
1
η2

q̃T ˙̂q+

1
η3

ε̃f
˙̂εf +

1
η4

ε̃g
˙̂εg, (24)

|^ (23),�±�Ñ

er∆ ėr(t) 6−kd e2
r∆(t)− (1−m) er∆ [p̃TΛ(x) +

q̃TB(x) ua] + (1−m)| er∆| [εf +

(εg + ‖q̂‖) |ua| ] + m | er∆| [ a(x) +

( b(x) + ‖q̂‖ ) |ua| ] +

| er∆| d(x) +
g(x)
f(x)

er∆ ub. (25)

ò��ìª (14)�\ª (25), 5¿�
g(x)
δ(x)

> 1, d

ª (24) (25)9g·AÆ (17) (18),� | er| > ϕ�§�

±��

V̇ (t) 6 −kd e2
r∆(t). (26)

dª (26) � V (t) ü~, Ïd lim
t→+∞

V (t) �3. ù

¿�X V (t) ¥�¤kCþk.. ?�Ú, l
ª (25) (26)9BarbalatÚn[15]�, er∆(t) t→+∞−−−−→ 0ù
¿�X�lØ�ìCá\e�.�S[15]:

| e(i) | 6 2iΛi−n+1ϕ. (27)

y..

4 ���ýýý���~~~ ( Simulation example )
�Äe�XÚ

ÿ = 16
sin(4πy)

4πy

(
sin(πẏ)

πẏ

)2

+

( 2 + sin( 3π ( y − 0.5 ) ) )u + ω. (28)

Ù¥ ω = 0.5 sin( 0.5 t ). � ω = 0 �, XÚ (28)²
~�^5u� ²�ä�{[16∼18].
3�ý¥, ë�&Ò� ym = 0.5 sin(0.5πt), �

'8Ü�Ac
d = {x| ‖x‖2 6 4};A = {x| ‖x‖2 6

4(1 + 0.1) }. e¡ÀJ A �mCX. Äk, d
© [12]ÀmCX {Ui} ±�)ª (8) ¥�ü 
©) {αi}, i = 1, 2, 3, U1 = {x; ‖x − a1‖ <

1.5, a1 = (−2, 0)T }, U2 = {x; ‖x − a2‖ <

1.5, a2 = (2, 0)T }, U3 = (−2, 2) × (−10, 10).
aq/, ÀJmCX {Vj} ±�)ª (8)¥ü ©
) {βj}, j = 1, 2, 3, V1 = {x; ‖x− b1‖ < 15, b1 =
(−3, 0)T }, V2 = {x; ‖x − b2‖ < 15, b2 =
(3, 0)T }, V3 = (−15, 15) × (−20, 20). G�Ð
©� x(0) = (1.5, − 1.5)T;ëêÐ� p̂i(0), q̂j(0),
ε̂f(0)Úε̂g(0)?¿/34«m [−2, 2] SÀ�;
� d (x) = 0.5, f0(x) = 0, g0(x) = 2, a (x) =
16, b (x) = 1, kd = 5, Λ1 = 25, Λ2 = 10, γ1 =
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5, γ2 = 1, ϕ = 0.1. �ý�ã1∼ã3.
l�ý�±wÑ, �|^ü|3�mCXÒ

�¤
�l?Ö, lù�:þ`, �©��{'
© [16∼18]¥��{{ü.

ã 1 y� ym �ÑÑ�l�

Fig. 1 Tracking curves of y and ym

ã 2 XÚG� x2 ��A�

Fig. 2 State response curve of x2

ã 3 ëê�O p̂, q̂, ε̂f Ú ε̂g �A�

Fig. 3 Estimate parameter response curves of p̂, q̂, ε̂f and ε̂g

5 (((ØØØ ( Conclusion )
|^ü ©)�,
�5|Ü3;��þäk

±?¿°Ý%CëY¼ê�5�,�±¦XÚ�Ø

(½�Cq�5ëêz,±d�Ä:U
��a�

�5Ø(½XÚ�Og·A°��l��ì. ù«

��ì�±¦4�XÚ¤kCþ��k.��y�

lØ�ìC/Âñ�":������S.
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