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Robust decentralized adaptive stabilization for time-varying
interconnected systems with unmodeled dynamics
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Abstract: For a class of time-varying interconnected systems with dynamic and static interconnections, as well as
unmodeled dynamics, the problem of robust decentralized adaptive stabilization is studied by using the backstepping design
method and σ-modification adaptive laws. It is proved that when the variation rate of time-varying parameters and the
magnitude of the unmodeled dynamics are changing in some ranges, respectively, all the signals in the closed-loop system
are bounded, and the output of each subsystem is relevant to the variation rate of system parameters. The effectiveness of
the control scheme is demonstrated by a simulation example.
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1 ÚÚÚóóó ( Introduction )
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2 ¯̄̄KKK���JJJÑÑÑ ( Problem statement )
�ÄdN��CfXÚ|¤�'éXÚ,1 i�

fXÚL«Xe

yi(t) = (1 + µii∆ii(s))Ai0(s, t)−1
(
Bi0(s, t)ui(t) +

Di0(s)
N∑

j=1
j 6=i

fij(t, yj)
)

+
N∑

j=1
j 6=i

µij∆ij(s)yj(t),

i = 1, · · · , N. (2.1)

Ù¥ui(t), yi(t) ∈ R©OL«1 i�fXÚ�Ñ

\ÚÑÑ, Ai0(s, t) = sni + sni−1αi,ni−1(t) + · · ·+
sαi1(t)+αi0(t), Bi0(s, t) = smibi,mi

+· · ·+sbi1(t)+
bi0(t), αij(t)Ú bik(t)(j = 0, · · · , ni − 1, k = 0, · · ·
,mi) ����Cëê, Di0(s) = (sni−1, · · · ,

s, 1), fij(t, yj) ∈ Rni , ∆ij(s)yj(i 6= j)©OL«
1 j�fXÚ�1 i�fXÚ�·�ÚÄ�'é

�, ∆ii(s)L«1 i�fXÚ��ï�Ä�, µij ,
µii > 0(i, j = 1, · · · , N)©OL«Ä�'é�Ú
�ï�Ä��Ì�. ��5¿�´�©¥� sL

«�©�f. ,	, �©æ^
�p�� I/O�
fD−1(s, t)N(s, t)/ª,�'SN�©z[3].
éXÚ (2.1)�±eb�:
bbb��� 1 Bi0(s, t)´Hurwitzõ�ª, =é?¿

� t > 0, Bi0(s, t)�¤k�hij(t)÷vRe(hij(t)) <

0, j = 1, · · · ,mi. z�fXÚ��gniÚ�é

� ρi = ni − mi®�. bi,mi
(t)�ÎÒ®�, ¿�

�3��~ê δ > 0¦� |bi,mi
(t)| > δ.

bbb��� 2 αi(t) = (αi,ni−1(t), · · · , αi0(t))T,
bi(t) = (bi,mi

(t), · · · , bi0(t))T���k., §��
�ê©ãëY�k.. =�3~êMθi

> 0, M%i
>

0¦�|θi(t)| 6 Mθi
, |%i(t)| = |1/bi,mi

(t)| 6 M%i
,Ù

¥ θi(t) = (bi(t)T, αi(t)T)T.

bbb��� 3 fij(t, yi)÷v |fij(t, yj)|6
kij∑
k=1

rijk|yj|k,

Ù¥ rijk > 0,Kij > 0®�.
bbb��� 4 ∆ij(s)(i, j = 1, 2, · · · , N)½�î

��K.
´yXÚ (2.1)k±e�G��m¢y:




ẋi(t) = Ai1xi(t) +


0(ρi−1)×1

bi(t)


 ui(t)+

fi(t)− αi(t)xi1(t),

yi(t) = xi1(t) + χi(t).

(2.2)

Ù¥:

Ai1 =




0
...

Ini−1

0 01×(ni−1)


 , fi(t) =

N∑
j=1
j 6=i

fij(t, yj(t)),

χi(t) = µii∆ii(s)xi1(t) +
N∑

j=1
j 6=i

µij∆ij(s)yj(t).

555 1 �
{z$�, �©~^x, X©OL

«x(t)ÚX(s). vkAÏ`², xijL«�þxi�1 j�

��, ciÚ c��~ê. eij = (

j−1z }| {
0, · · · , 0, 1, 0, · · · , 0)TÓ��

�¦�Ý
k�A��ê.

3 ©©©ÑÑÑggg···AAA���ííí������ììì������OOO ( Design
of decentralized adaptive backstepping con-
troller )
À�·�� ki = (ki1, · · · , ki,ni

)T, fXÚ(2.2)
�z�




ẋi(t) = Aixi(t) +


O(ρi−1)×1

bi(t)


 ui(t)+

fi(t)− (ki − αi(t))xi1(t),

yi(t) = xi1(t) + χi(t),

(3.1)

�Ai = Ai1 − kie
T
i1½. ½Â±eÈÅì




η̇i(t) = Aiηi(t) + ei,ni
yi(t),

ξik(t) = −(Ai)kηi(t), 0 6 k 6 ni,

λ̇i(t) = Aiλi(t) + ei,ni
ui(t),

vik(t) = (Ai)kλi(t), 0 6 k 6 mi.

(3.2)

dª(3.2),Ú\xi(t)�G��O x̂i(t)

x̂i(t) ,

ξi,ni
(t) +

ni−1∑
k=0

αik(t)ξik(t) +
mi∑
k=0

bik(t)vik(t) =

Bi0(Ai, t)λi(t)−Ai0(Ai, t)ηi(t). (3.3)

Ù¥:

Ai0(Ai, t)=(Ai)ni+(Ai)ni−1αi,ni−1(t)+· · ·+αi0(t),

Bi0(Ai, t) = (Ai)mibi,mi
(t) + · · ·+ bi0(t).

½Â εi(t) = xi(t)− x̂i(t),dª(3.1) ∼ (3.3)9Ai�

½Â�

ε̇i(t) =Aiεi(t) + Di(t) + fi(t)+

(αi(t)− ki)χi(t), (3.4)



708 � � n Ø � A ^ 1 23ò

Ù¥

Di(t) =

ηi(t)
ni−1∑
k=0

α̇ik(t)(Ai)k − λi(t)
mi∑
k=0

ḃik(t)(Ai)k =

ηi(t)
d
dt

(Ai0(Ai, t))− λi(t)
d
dt

(Bi0(Ai, t)).

éª(2.2)12ªü>�^ s, �d εi(t) �½Â9ª
(3.3)´�

ẏi(t) =ξi,ni
(t) + ωT

i θi(t) + εi2(t)+

(s + αi,ni−1(t))χi(t) + fi1(t) =

ξ2
i,ni

(t) + bi,mi
(t)v2

i,mi
(t) + ωT

i θi(t)+

εi2(t) + (s + αi,ni−1(t))χi(t) + fi1(t).
(3.5)

Ù¥:

ωi(t) = [v2
i,mi

(t), · · · , v2
i0(t),

Ξi2(t)− yi(t)eT
i1]

T,

ωi(t) = [0, v2
i,mi−1(t), · · · , v2

i0(t),

Ξi2(t)− yi(t)eT
i1]

T,

Ξi2(t) = [ξ2
i,ni−1(t), · · · , ξ2

i0(t)],

ξ2
ij, v

2
ik©O´ ξij, vik�12���. dª(3.2)�1

3, 4ª� v̇i,mi
= Aivi,mi

+ ei,ρiui,w,



v̇j
i,mi

= vj+1
i,mi

− kijv
1
i,mi

, j = 2, · · · , ρi − 1,

v̇ρi

i,mi
= vρi+1

i,mi
− ki,ρi

v1
i,mi

+ ui.

(3.6)

| ^ © [4]¥ � � í � O E â é d ª(3.5)Ú
ª(3.6)|¤�XÚ�Og·A��ì. ½Â�I
C� 




zi1 = yi, zik = vk
i,mi

− αi,k−1,

k = 2, 3, · · · , ρi,

zi,ρi+1 = vpi+1
i,mi

− αi,ρi
+ ui.

(3.7)

À���Æ



ui = αi,ρi
− vpi+1

i,mi
, αi1 = %̂iᾱi1,

ᾱi1 =−(ci1+2di1)zi1−c̄i1(zi1)2K−1−ξ2
i,ni
−ω̄T

i θ̂i,

αi2=−b̂i,mi
zi1−[ci2+di2(

∂αi1

∂yi

)2]zi2+
∂αi1

∂θ̂i

Γiτi2+βi2,

αik = −zi,k−1 − [cik + dik(
∂αi,k−1

∂yi

)2] zik+

∂αi,k−1

∂θ̂i

Γiτik −
k−1∑
j=2

σk
ijzij + βik,

βik =
∂αi,k−1

∂yi

(ξ2
i,ni

+ ωT
i θ̂i) +

∂αi,k−1

∂ηi

(Aiηi+

ei,ni
yi)+

m+k+1∑
j=1

∂αi,k−1

∂λij

(−kijλi1 + λi,j+1)+

∂αi,k−1

∂%̂i

%̇ + kikv
1
i,mi

, k = 2, · · · , ρi.

(3.8)

cik, dik(k = 1, 2, · · · , ρi)� � O ë ê, k =

max
16i,j6N

{Kij}, σk
ij =

∂αi,j−1

∂θ̂i

Γi

∂αi,k−1

∂ŷi

ωi. À�g

·AÆ



˙̂
θi = Γiτi,ρi

= ΓiWθi
zi − Γiσθi

θ̂i,

˙̂%i = −γisgn(bi,mi
)ᾱi1zi1 − γiσ%i%̂i,

τi1 = (ωi − %̂iᾱi1ei1)zi1 − σθi
θ̂i,

τik = τi,k−1 − ∂αi,k−1

∂yi

ωizik,

k = 2, 3, · · · , ρi.

(3.9)

Ù¥: %̂i(t), θ̂i(t)©O´ %i(t)Ú θi(t)��O, Γi =

ΓT
i > 0, γi > 0, � σθi

=





0, |θ̂i| 6 Mθi
,

σsθi
, |θ̂i| > Mθi

,
σ%i

=





0, |%̂i| 6 M%i
,

σs%i
, |%̂i| > M%i

.
dª(3.7)∼(3.9)��

żi =Azizi + Wεiεi2 + WT
θi θ̃i − bi,mi

ᾱi1ei1%̃i+

Wεi[(s + αi,ni−1)χi + fi1]. (3.10)

Ù¥

Azi=




−ci1−2di1−c̄i1(zi1)2K−2 b̂i,mi 0 · · · 0

−b̂i,mi − ci2−di2(
∂αi1

∂yi
)2 1+σ3

i2 · · · σρi
i2

0 − 1−σ3
i2

...
...

...
...

...
...

... 1+σρi
i,ρi−1

0 σρi
i2 · · · − 1−σρi

i,ρi−1 − ci,ρi−di,ρi(
∂αi,ρi−1

∂yi
)2




,

Wεi = (1,−∂αi1

∂yi

, · · · ,−∂αi,ρi−1

∂yi

)T,WT
θi = Wεiω

T
i − %̂iᾱi1ei1e

T
i1, θ̃i = θi − θ̂i, %̃i = %i − %̂i.
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4 ÌÌÌ���(((JJJ ( Main results )
ÄkÚ\�qC�

ζi(t) = Ti(t)xi(t). (4.1)

Ù¥:

Ti(t) = ((Abi
(t))ρiei1, · · · , Abi

(t)ei1, Imi),

Abi
(t) =



−bi,mi+1(t)/bi,mi(t)

...
Imi−1

−bi0(t)/bi,mi(t) 0 · · · 0




´y



Ti(t)

(
0(ρi−1)×1

bi(t)

)
= 0,

Ti(t)Ai1 =

Abi(t)Ti(t)+Ti(t)(Ai1)ρi

(
0(ρi−1)×1

bi(t)

)
eT
i1.

(4.2)

dª(2.2)Ú (4.2),éª(4.1)¦��

ζ̇i(t) =Abi
(t)ζi(t) + bbi

(t)xi1(t)+

Ṫi(t)xi(t) + f̃i(t). (4.3)

Ù¥ bbi
= Ti[(Ai1)ρi

(
0(ρi−1)×1

bi

)
− αi], f̃i = Tifi,

db� 4��∆ii(s)xi1, ∆ij(s)yj�G��m¢y

�



v̇ii = Aviivii + bviixi1,

∆ii(s)xi1 = eT
i1vii,





v̇ij =Avijvij+bvijyj ,

∆ij(s)yj = eT
i1vij ,

(4.4)

Ù¥Avii , Avij´Hurwitz�,� eT
i1(sIi −Avii)

−1 ·
bvii = ∆ii(s), eT

i1(sIi − Avij )
−1bvij = ∆ij(s). e¡

�ÑÌ�(J.
½½½nnn 1 �ÄdXÚ (2.1), ��Æ (3.8)Úg

·AÆ (3.9)|¤�4�XÚ.eb�^� 1∼4¤
á,�é?¿ t > 0, Bi0(Ai, t)�ÛÉ,K�½�3
~êµ∗i , β∗i1, β∗i2 > 0, ¦�é¤k�µi ∈ [0, µ∗i ],
βi1 ∈ [0, β∗i1]Úβi2 ∈ [0, β∗i2],

1) 4�XÚ�¤k&Òk.;
2) 1 i�fXÚ�ÑÑ yi(t)÷v

lim
t→∞

sup y2
i (t) 6

max





c
N∑
i=1

[(β∗i1)
2+(β∗i2)

2+σθi+σ%i ]+c

√
N∑
i=1

(β∗i2)2

α
, V (0)





.

Ù¥: µi = max
16j6N

{µij}, βi1 = ‖ d
dt

(Ai0(Ai, t))‖,

βi2 = ‖ d
dt

(Bi0(Ai, t))‖.

yyy dAi, Avij½,K�½�3Pi, Pvij > 0¦
�AT

i Pi + PiAi = −2Ini , A
T
vij

Pvij + PvijAvij =
−Ivij , i, j = 1, · · · , N . À�1 i�fXÚ9��

4�XÚ�Lyapunov¼ê

Vi =
1
2

ρi∑
j=1

(zij)2 + di0ε
T
i Piεi + γi1η

T
i Piηi+

N∑
j=1

qijv
T
ijPvijvij + γi2ζ

T
i Pbiζi+

|bi,mi |
2γi

ẽ2
i +

1
2
θ̃T
i Γ−1

i θ̃i,

V =
N∑

i=1

Vi. (4.5)

Ù¥ di0, γi1, γi2, qij��½ëê. ²L�
O��
±é�µ∗i Úβ∗i1,¦�éµi ∈ [0, µ∗i ], βi1 ∈ [0, β∗i1],

V̇ 6− αV +
N∑

i=1

Fi + c
N∑

i=1

(βi2)2V q+1 =

− αV + F + cβ2V
q+1. (4.6)

Ù¥: Fi = ci[(βi1)2 + (βi2)2 + σsθi
+ σs%i ],

F =
N∑

i=1

Fi, β2 =
N∑

i=1

(βi2)2. ÏdÀJ·��

�β2, KV =
F +

√
β2

α
⇒ V̇ 6 0. � V̄ =

max{(F +
√

β2)/α, V (0)}, K lim
t→∞ sup y2

i (t) =

lim
t→∞ sup z2

i (t) 6 V̄ .

555 2 ��rN�´éuäN�~f,÷X½n 1�

y²L§, µ∗i , β∗i1, γ∗i2�±äN�Ñ. �u�Ì, ½n��

[y²9äN~f�O�L§Ñ.

5 ������~~~fff ( An example )
�Ädü�fXÚ|¤�'éXÚ

yi(t) =(1 + µii∆ii(s))Ai0(s, t)−1(Bi0(s, t)ui(t)+

Di0(s)fi(t, yj)) + µij∆ij(s)yj(t),

i = 1, 2, i 6= j. (5.1)

Ù¥: Ai0(s, t) = s2 + sαi1(t) + αi0(t), Bi0(s, t) =
bi0(t), Di0(s) = (s, 1). Kª(5.1)k±e¢y



ẋi(t)=

(
−αi1(t) 1
−αi0(t) 0

)
xi(t)+

(
0

bi0(t)

)
ui(t)+

fi(t, yj),
yi(t) = xi1(t) + χi(t), i = 1, 2.

(5.2)
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Ù¥:

f1(t, y2) = (0.1y2
2 − 0.1y2 cos y2 tanh y2,

0.1y2
2 − 0.1y2 sin y2)T,

f2(t, y1) = (0.1y2
1 − 0.1y1 cos y1,

0.1y2
1 − 0.1y1 tanh y1)T,

χ1 = µ11
0.25
s + 1

x11 + µ12
0.25
s + 1

y2,

χ2 = µ21
0.25
s + 1

x21 + µ22
0.25
s + 1

y1.

dª(4.4)9∆ij�½Â�Avij = −1, bvij =
0.25(i, j = 1, 2). ÏL�X�O���µ∗1 =
0.5961, µ∗2 = 0.5863, β∗11 = 0.0855, β∗21 = 0.0858.
� q = 2, α = 0.25, c = 10, β12 = β22 = 1/30. l
ã1�±wÑ���YäkéÐ���5U.

ã 1 4�XÚ��A�

Fig. 1 Responses of closed-loop system

6 (((ØØØ ( Conclusion )
�é�aäk'é�Ú�ï�Ä���C'

éXÚ,ïÄ
°�©Ñg·A	½¯K.��C
ëê�CzÇ9�ï�Ä��Ì�©O3,
�

�SCz�, y²
4�XÚ�½5Ú�l5
U.
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