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Abstract: The optimal output tracking control (OOTC) problem for a class of bilinear systems is considered where the

reference input is described by an exosystem. By using a successive approximation approach, a sequence of nonhomoge-

neous linear two-point boundary value (TPBV) problems is constructed to decouple the original nonlinear TPBV problem.

An adjoint vector sequence can then be obtained by iteratively solving the sequence of TPBV problems. The OOTC law

obtained consists of an accurate linear feedback term and a nonlinear compensation term which is the limit of the adjoint

vector sequence. By introducing a reduced-order observer to reconstruct the state of the exosystem, the problem of phys-

ically realizable of the OOTC law can thus be solved. A simulation example is employed to illustrate the effectiveness of

this approach.
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1 ÚÚÚóóó(Introduction)
V�5XÚ´�a'�AÏ���5XÚ,Ùê

Æ�.���5Ü©Ï~�XÚ�G�ÚÑ\�

�g.¼ê½öV�5¼ê. V�5XÚ�.'�

����5XÚ(�{ü,�£ãïÄé��Cq

§Ý  '�5XÚ�p�õ, Ï
3ó�L§�

�!>f!)Ô!zÆL§ï�9��!�»Ê�Ú

Ê�>f�+��¢Sé�Ï~�£ã�V�5

XÚ�.. �l��km²�A^�µ, ~X,�1

8I�l, �1ìÊ1!��ÚgÄf¨�[1,2] , Å

ì<���Å�Ã:�;,�-�l[3,4], ó��

Aì¥�§Ý­��l[5] . é��5XÚ��`�

�¯K,�â�`���4���n�±��¦)

����5�ü:>�¯K. ùa¯K�)Û) 

 ´Ø�3�. L�®kéõ�ïÄö��åuÏ

¦da¯K�ê�),Ï
Ñy
éõ�ïÄ�{.

~X�?êCq{[6] , GalerkinÅg%C{[7] , |^

Åg¦)��ÄuG��Riccati�§5¦��`)

�S��{[8,9]ÚRiccati�§CqS���{[10] .�

þã�{3zgS�L§¥ÑI�¦)Riccati�§

½Hamilton-Jacobi-Bellman�§,
ùa�§Ñ´Ý


�©�§. Cc5, JÑ
�«#�Åg%C�

{[11∼13].T�{3zgS�L§¥�I�¦)��

���þ�©�§,;�
¦)Ý
�©�§�E

ÂvFÏ: 2005−04−05;Â?UvFÏ: 2006−02−23.
Ä7�8: I[g,�ÆÄ7]Ï�8(60574023);ìÀ�g,�Æ­:Ä7]Ï�8(Y2005G02);��½g,�ÆÄ7]Ï�8

(05-1-JC-94).
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,O�.

�©�8�´?Øäkk��m�g.5U�

I��aV�5XÚ��`�l��¯K, ¿|^

Åg%C�{�Ñ�«�`�l��Æ�Cq�O

L§. ÏL�ES���{ò¹kXÚG�ÚÑ\

�V�5¼ê���5�`�l¯K=z��x�

5��àgü:>�¯KS�, l
¢y���5

ü:>�¯K�)Í.T�5ü:>�¯K�)S

���Âñu��`�l��¯K�), Ï
�Ï

L¦)T�5ü:>�¯KS�, ��dG��þ

��5)Û¼êÚ���þS�4�/ª�Ö��

|¤��`�l��Æ.��Ö���k�gS�

���±����`�l��¯K�g`). ÏL

�Eü�*ÿì5­�	XÚ�G�, )û
��

Æ�ÔnØ�¢y¯K.���Ñ
���ýÁ~

5�yT�{�k�5©

2 ¯̄̄KKK£££ããã(Problem formulation)
�Ä��V�5XÚ















ẋ(t)=Ax(t)+Bu(t)+{x(t)N}u(t), t>0,

x(0) = x0, {x(t)N} =
n
∑

j=1

xj(t)Nj,

y(t) = Cx(t),

(1)

Ù¥: x ∈ R
n, u ∈ R

mÚy ∈ R
q ©O�G��þ,

���þÚÑÑ�þ; A,BÚNj´äk·��ê�

~þÝ
,�

Nj = [(N j
1 )T, (N j

2 )T, · · · , (N j
n)T]T, j = 1, 2, · · · , n

(2)

Ù¥N j
i ∈ R

1×m, i, j = 1, 2, · · · , n. -f(x, u) =

{x(t)N}u(t), �f 'uCþx÷vLipschitẑ �. �

XÚ(1)�ÑÑy¤��l�Ï";�ỹ dXe­½

�	XÚ(½
{

ż(t) = Gz(t),

ỹ(t) = Hz(t),
(3)

Ù¥: z ∈ R
p, ỹ ∈ R

q; GÚH ��A�·��ê�

~þÝ
. b�(G,H)����*ÿ�.

ÀJk�����g.5U�I�

J =
1

2

[

eT(tf )Qfe(tf )+
w tf

0
(eT(t)Qe(t) + uT(t)Ru(t))dt

]

. (4)

Ù¥: Qf , Q ∈ R
p×p, R ∈ R

m×m��½Ý
, ÑÑ

Ø��

e(t) = ỹ(t) − y(t). (5)

�`�l¯K´Ï¦�`��u∗(t)¦É�X

Ú(1)�ÑÑy(t)�lỹ(t)¦�5U�IJ��4�

�.

d�`��¯K�7�^���, XÚ(1)'u

5U�I(4)��`�l����
Xeü:>�

¯K






































−λ̇(t) = CTQCx(t) − CTQHz(t)+

ATλ(t) + F (t)λ(t),

ẋ(t) = Ax(t) − (B + {x(t)N})R−1

(B + {x(t)N})Tλ(t), 0 < t < tf ,

λ(tf ) = CTQfCx(tf ) − CTQfHz(tf ),

x(0) = x0.

(6)

Ù¥

F (t) =













N 1
1 u(t) N 1

2 u(t) . . . N 1
nu(t)

N 2
1 u(t) N 2

2 u(t) . . . N 2
nu(t)

...
...

...
...

Nn
1 u(t) Nn

2 u(t) . . . Nn
n u(t)













. (7)

�`��Æ�

u∗(t) = −R−1(B + {x(t)N})Tλ(t). (8)

,
,Ø
4AÏ��/	,���¹e¯K(6)�)

Û)´Ø�3�. ÏLÅg%C��{5¦)�`

�l��¯KØ���«����{. �©�8�

3uÏL�Ñ�«Äu�þS��Åg%C�{5

¼�ÙCq).

3 ���`̀̀ÑÑÑÑÑÑ���lll������ÆÆÆ���OOO(Design of opti-

mal output tracking control law)
½½½nnn 1 XÚ(1)éu5U�I(4)��`�l

��Æ�

u∗(t) = − R−1(B + {x(t)N})T[P1(t)x(t)+

P2(t)z(t) + lim
k→∞

g(k)(t)]. (9)

Ù¥P1(t)ÚP2(t)©O�Ý
�©�§










Ṗ1(t) = −P1(t)A − ATP1(t)+

P1(t)BR−1BTP1(t)−CTQC,

P1(tf ) = CTQfC

(10)

Ú










Ṗ2(t) = −P2(t)G − ATP2(t)+

P1(t)BR−1BTP2(t)+CTQH,

P2(tf ) = −CTQfH

(11)
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���).���þg(k)(t)dXe�§(½


























































g(0)(t) ≡ 0,

−ġ(k)(t) =

[AT−P1(t)BR−1BT] g(k)(t)+[−P1(t)(B+

{x(k−1)(t)N})R−1{x(k−1)(t)N}T+

F (k−1)(t) − P1(t) {x
(k−1)(t)N}R−1BT

]

·
[

P1(t)x
(k−1)(t) + P2(t)z(t) + g(k−1)(t)

]

,

0 6 t < tf ,

g(k)(tf ) = 0, k = 1, 2, · · · ,

(12)

Ù¥

F (k−1)(t)=













N 1
1 u(k−1) N 1

2 u(k−1) . . . N 1
nu(k−1)

N 2
1 u(k−1) N 2

2 u(k−1) . . . N 2
nu(k−1)

...
...

...
...

Nn
1 u(k−1) Nn

2 u(k−1) . . . Nn
n u(k−1)













.

(13)

x(k)÷v�©�§














































x(0)(t) ≡ 0,

ẋ(k)(t) =
[

A − (B + {x(k−1)(t)N}R−1(B+

{x(k−1)(t)N})TP1(t)
]

x(k)(t) − (B+

{x(k−1)(t)N})R−1(B + {x(k−1)(t)N})T·
[

P2(t)z(t) + g(k)(t)
]

, 0 < t 6 tf ,

x(k)(0) = x0, k = 1, 2, · · · .

(14)

yyy �Äü:>�¯K(6),�
òÙ�§m>

��5�Ú��5�©l,-

λ(t) = P1(t)x(t) + P2(t)z(t) + g(t). (15)

Ù¥g(t) ∈ R
n��¦����þ. ª(15)ü>©O

ét¦�,¿(Üª(1)́ �

λ̇(t) =Ṗ1(t)x(t) + P1(t)ẋ(t) + Ṗ2(t)z(t)+

P2(t)ż(t) + ġ(t) =

Ṗ1(t)x(t) + P1(t)Ax(t) − P1(t)(B+

{x(t)N})R−1(B + {x(t)N})T·

[P1(t)x(t) + P2(t)z(t) + g(t)]+

Ṗ2(t)z(t) + P2(t)Gz(t) + ġ(t). (16)

qdu

−λ̇(t) =CTQCx(t) − CTQHz(t) + (AT+

F (t))[P1(t)x(t) + P2(t)z(t) + g(t)].

(17)

ò(16)Ú(17)�\¿'�Xê=���Ý
�©�

§(10) (11)Ú���þ�©�§






































−ġ(t) =

[AT − P1(t)BR−1B]g(t) + [ − P1(t)

(B + {x(t)N})R−1{x(t)N}T + F (t)−

P1(t){x(t)N}R−1BT][P1(t)x(t)+

P2(t)z(t) + g(t)], 0 6 t < tf ,

g(tf ) = 0.

(18)

�âª(8)(15)Ú(1),k






































ẋ(t) =

[ A − (B + {x(t)N})R−1(B + {x(t)N})T

P1(t)] x(t) − (B + {x(t)N})R−1(B+

{x(t)N})T[P2(t)z(t) + g(t)],

0 < t 6 tf ,

x(0) = x0.

(19)

ò(15)�\�(8)¥,���`�l��Æ

u(t) = − R−1(B + {x(t)N})T[P1(t)x(t)+

P2(t)z(t) + g(t)]. (20)

�
���`��Æu(t)I�¦)P1(t),P2(t)

Úg(t)w,, P1(t)ÚP2(t) ©O�Ý
�©�

§(10)Ú(11)���).,
, �
��g(t)��, I

�¦)dª(18)Ú(19)(½�ü:>�¯K. e¡,

Ú\Åg%C{5?1¦).

�Eü:>�¯KS�(12)(14)K�A���Æ

S��

u(k)(t)=− R−1(B+{x(k−1)(t)N})T

[P1(t)x
(k)(t) + P2(t)z(t) + g(k)(t)],

k = 1, 2, · · · , (21)

éu1kg`z¯K, �`G�;�Ú�`�l

��Æ©O�x(k)(t)Úu(k)(t). w,, (12)Ú(14)©

O�®�ª�ÚÐ���àg�5�þ�©�§

x,�±ÏLÅgS�¦)g(k)(t)Úx(k)(t).

À{x(k)(t)}Ú{g(k)(t)} �CN [0, tf ] ¥�S�,

d©z[11]¥�Ún1��, {x(k)(t)}Ú{g(k)(t)} ©

O��Âñ�(18)Ú(19)�),=

lim
k→∞

g(k)(t) = g(t), lim
k→∞

x(k)(t) = x(t). (22)

d ª(21)�, � � S �{u(k)(t)} = �{x(k)(t)}

Ú{g(k)(t)} �', ¿(Üª(22),�����XÚ
��`�l��Æ(9). y..
555 1 3¢Só§�O¥, S�{g(k)(t)}�4���

Ø�U°(¦Ñ,Ï~|^k�gS���{g(M) (t)}5C
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qª(9)¥� lim
k→∞

{g(k)(t)}?
��M �g`��Æ

uM (t) = − R
−1(B + {x(t)N})T[P1(t)x(t)+

P2(t)z(t) + g
(M)(t)] (23)

éM�(½,Ï~�âó§I�
ÀJ�½�Ø�IO5

¢y.

555 2 5¿�ª(23)¥�x(t)�G��þ�°(

), 
ª(21)¥�x(k)(t) �G�S��1kgCq), Ï


dª(23)���g`��ÆuM (t) 'dª(21)��

�u(k)(t)�°(.

555 3 éuM�g`��Æ�O,�ÑXe�{:

� dª(3)¦ÑÏ"ÑÑỹ(t); �â(10)Ú(11)©O¦

ÑP1(t)ÚP2(t);�½ε > 0;-J0 = ∞, k = 1.

� dª(12)¦Ñg(k)(t)�\(23)¦Ñuk(t); ?�Ú

d(1)��XÚÑÑ,,�dª(5)¦�e(t).

� -M = k,�â

JM =
1

2
[eT(tf )Qfe(tf )+

w tf

0
(eT(t)Qe(t) + u

T
M (t)RuM (t))dt] (24)

¦ÑJM .

� XJ

|(JM − JM−1)/JM | < ε (25)

¤á,K(åO�,ÑÑ��ÆuM (t).

� ÄK,d(14)¦Ñx(k)(t);-k = k + 1,=��.

4 ÄÄÄuuu***ÿÿÿììì���ÑÑÑÑÑÑ���lll������ÆÆÆ���OOO(Des-

ign of the observer-based output tracking

control law)
5¿��`��Æ(23)¥¹k	XÚ�G�C

þz(t) ,Ï
��Æ(23)́ ÔnØ�¢y�. �
)

ûù�¯K,I�­�	XÚ�G�. e¡�Ñü�

*ÿì��O�{.

durankH = q�(G,H)���*, Ï
�3

~
K ∈ R
(p−q)×p¦�T = [HT KT]T ∈ R

p×p�

�ÛÉ.-T −1 = [W1 W2]Ù¥W1 ∈ R
p×q,W2 ∈

R
p×(p−q)Ú\�ÛÉC�z̄ = [z̄T

1 z̄T
2 ]T = Tz, Ù

¥z̄1 ∈ R
q, z̄2 ∈ R

p−q.l
	XÚ(3)�L«�










˙̄z1(t) = Ḡ11z̄1(t) + Ḡ12z̄2(t),

˙̄z2(t) = Ḡ21z̄1(t) + Ḡ22z̄2(t),

ỹ(t) = z̄1(t).

(26)

Ù¥Ḡ11, Ḡ12ÚḠ21, Ḡ22�·��ê�Ý
,�

TGT −1 =

[

Ḡ11 Ḡ12

Ḡ21 Ḡ22

]

. (27)

d(26)wÑ,C���©G�z̄1=�	XÚ�ÑÑỹ .

e¡,�­�G�z̄�(p − q)�©G�z̄2 ,�Eü�

*ÿì
{

v̇(t) = Ĝv(t) + L̂ỹ(t),

ˆ̄z2(t) = v(t) + L̄ỹ(t).
(28)

Ù¥:

L̂ = Ḡ22L̄ − L̄Ḡ12L̄ + Ḡ21 − L̄Ḡ11,

Ĝ = (Ḡ22 − L̄Ḡ12).

ª(28)¥�v��E�*ÿì�(p − q)�G��þ,

*ÿì�ÑÑˆ̄z2=�z̄2�*ÿ�, L̄�*ÿìÝ
.

�±ÏLÀ�L̄
?¿��Ĝ ��ÜA��, �

yˆ̄z2(t)U�¦��êP~ÇªCuz̄2(t) . u´,	

XÚ�G�*ÿìÑÑ�±L«�

ẑ(t) = W2v(t) + (W1 + W2L̄)ỹ(t). (29)

l
dª(28)(29)9(23)�±��Äu*ÿì�Ä�

�l��Æ


















v̇(t) = Ĝv(t) + L̂ỹ(t),

uM(t) =

−R−1(B+{x(t)N})T [P1x(t)+P2W2v(t)+

P2(W1 + W2L̄)ỹ(t) + g(M)(t)].

(30)

555 4 du��Æ(30)¥¹kë�Ñ\*ÿì, *ÿ

ì�XêÝ
Ĝ ´U4:�¦À��. ¤±��Æ(30)Ø

´�`½g`�. �·�/ÀJXêÝ
Ĝ, �±¦��

Æ(30)����J�Cg`��Æ(23).

5 ���ýýý(((JJJ(Simulation results)
�Äd(1)£ã�V�5XÚ,Ù¥:

A =

[

0.1 6

−6 0.2

]

,B =

[

0

2

]

,N1 =

[

1

−0.5

]

,

N2 =

[

−1.5

0.5

]

,

[

x1(0)

x2(0)

]

=

[

0.2

−2

]

,

C =
[

0.4 0
]

. (31)

ë�Ñ\d	XÚ(3)£ã,�ëê�

G =

[

0 1

−1−1.5

]

,H =
[

1 0
]

,z0 =

[

0.2

0

]

. (32)

XÚ�5U�I(4)�ëê�

Qf = 5,Q = 5,R = 1, tf = 8. (33)

À���°Ýε = 0.01. L1�Ñ
�S�g

êk©O�2, 4, 6, 8, 9��XÚ�5U�I�. ´

�|(J9 − J8)/J9| < ε½=�k = 9�÷v°Ý�¦,

l
u9���¤¦�Cq�`ÑÑ�l��Æ. ¢
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Sþ, k ����,���ÑÑ�l��Æ�%Cu

�`�.ã1Úã2�Ñ
�k = 2, 4, 9��XÚÑÑ

Ø�e(t)Ú��Cþu(t)��ý­�.

L 1 �k = 2, 4, 6, 8, 9��5U�I��

Table 1 Performance index values when

k = 2, 4, 6, 8, 9

k 2 4 6 8 9

Jk 1.8880 1.3314 1.2111 1.1927 1.1823

ã 1 �k = 2, 4, 9��XÚÑÑØ�e�ý­�

Fig. 1 Trajectories of output errore whenk = 2, 4, 9

ã 2 �k = 2, 4, 9��XÚ��Cþu��ý­�

Fig. 2 Trajectories of control inputu whenk = 2, 4, 9

6 (((ØØØ(Conclusion)
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