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Backstepping-based optimal control design of hydraulic active
suspension applied to a full-car model
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Abstract: It is a main way to improve the performance of the cars by designing advanced suspension systems. The

detailed seven degrees-of-freedom nonlinear model of full-car parallel hydraulic active suspension is built. A new active

suspension control strategy using the combination of optimal control and backstepping technique is presented based on the

system structure characteristic. Simulation results are also given to demonstrate that the control strategy is effective, and

the performance of the active suspension is obviously superior to the passive suspension in the same condition.
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1

Fig. 1 The full-car active suspension model

2.1 (Motion equations)
θ ϕ .

, zsfl, zsfr, zsrl,

zsrr :

zsfl ≈ z − bfθ + 0.5aϕ,

zsfr ≈ z − bfθ − 0.5aϕ,

zsrl ≈ z + brθ + 0.5aϕ,

zsrr ≈ z + brθ − 0.5aϕ.

(1)

: z , bf br

, a .

,

Fufl, Fufr, Furl Furr :

Fufl = uafl − Kafl (zsfl − zufl)−
Cafl (żsfl − żufl) ,

Fufr = uafr − Kafr (zsfr − zufr)−
Cafr (żsfr − żufr) ,

Furl = uarl − Karl (zsrl − zurl)−
Carl (żsrl − żurl) ,

Furr = uarr − Karr (zsrr − zurr)−
Carr (żsrr − żurr) .

(2)

: Kafl, Kafr, Karl Karr

, Cafl, Cafr, Carl Carr

, zafl, zafr, zarl

zarr , uafl, uafr, uarl uarr

.

, -

:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Mbz̈=Fufl + Fufr + Furl + Furr,

Jyθ̈=−Fufl(bf cos θ + 0.5a sin θ sin ϕ)−
Fufr(bf cos θ − 0.5a sin θ sin ϕ)+

Furl(br cos θ − 0.5a sin θ sin ϕ)+

Furr(br cos θ + 0.5a sin θ sin ϕ) ≈
− Fuflbf − Fufrbf + Furlbr + Furrbr,

Jxϕ̈=0.5a cos ϕ (Fufl−Fufr+Furl−Furr)≈
0.5a (Fufl − Fufr + Furl − Furr) .

(3)

:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Muflz̈ufl =−uafl + Kafl (zsfl − zufl) +
Cafl (żsfl−żufl)−Ktfl (zufl−zrfl) ,

Mufrz̈ufr=−uafr + Kafr (zsfr − zufr) +
Cafr (żsfr−żufr)−Ktfr (zufr−zrfr) ,

Murlz̈url =−uarl + Karl (zsrl − zurl) +
Carl (żsrl−żurl)−Ktrl (zurl−zrrl) ,

Murrz̈urr =−uarrKarr (zsrr − zurr) +
Carr (żsrr−żurr)−Ktrr (zurr−zrrr) .

(4)

: Mb , Jx Jy

, Mufl, Mufr, Murl Murr

, Ktfl, Ktfr, Ktrl Ktrr

, zrfl, ztfr, ztrl ztrr

.

2.2 (Hydraulic dynamics)
,

, [6,7]

:

,

;

. ,

.

, [6∼8],

uafl, uafr, uarl uarr

: {
uafl = S · PLfl, uafr = S · PLfr,

uarl = S · PLrl, uarr = S · PLrr.
(5)

: S , PLfl, PLfr, PLrl

PLrr , (Qfl, Qfr,

Qrl Qrr) :

Vt

4be

ṖLfl = Qfl − CtpPLfl − S(żsfl − żufl),

Qfl = sgn[Ps − sgn zvflPLfl]Cdwzvfl ·√
1
ρ
|Ps − sgn zvflPLfl|,
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Vt

4be

ṖLfr = Qfr − CtpPLfr − S(żsfr − żufr),

Qfr = sgn[Ps − sgn zvfrPLfr]Cdwzvfr ·√
1
ρ
|Ps − sgn zvfrPLfr|,

Vt

4be

ṖLrl = Qrl − CtpPLrl − S(żsrl − żurl),

Qrl = sgn[Ps − sgn zvrlPLrl]Cdwzvrl ·√
1
ρ
|Ps − sgn zvrlPLrl|,

Vt

4be

ṖLrr = Qrr − CtpPLrr − S(żsrr − żurr),

Qrr = sgn[Ps − sgn zvrrPLrr]Cdwzvrr ·√
1
ρ
|Ps − sgn zvrrPLrr|. (6)

: Vt , βe , Ctp

, Cd , w

, ρ , Ps . (zvfl,

zvfr, zvrl zvrr) (ufl,

ufr, url urr) , τ

:⎧⎪⎨
⎪⎩

żvfl =
1
τ

(−zvfl+ufl) , żvfr =
1
τ
(−zvfr+ufr),

żvrl =
1
τ
(−zvrl+url), żvrr =

1
τ
(−zvrr+urr).

(7)

2.3 (State-space model)

x1 = z, x2 = ż, x3 = θ,

x4 = θ̇, x5 = ϕ, x6 = ϕ̇,

x7 = zsfl − zufl, x8 = żufl, x9 = μPLfl,

x10 = zvfl, x11 = zsfr − zufr, x12 = żufr,

x13 = μPLfr, x14 = zvfr, x15 = zsrl − zurl,

x16 = żurl, x17 = μPLrl, x18 = zvrl,

x19 = zsrr − zurr, x20 = żurr,

x21 = μPLrr, x22 = zvrr,

μ = 10−7 , .

(1)∼(7) :

ẋ1 = x2,

ẋ2 =−Cafl + Cafr + Carl + Carr

Mb

x2 +

bfCafl + bfCafr − brCarl − brCarr

Mb

x4 −
aCafl − aCafr + aCarl − aCarr

2Mb

x6 −
Kafl

Mb

x7 +
Cafl

Mb

x8 +
S

μMb

x9 − Kafr

Mb

x11+

Cafr

Mb

x12 +
S

μMb

x13 − Karl

Mb

x15 +
Carl

Mb

x16 +

S

μMb

x17 − Karr

Mb

x19 +
Carr

Mb

x20 +
S

μMb

x21,

ẋ3 = x4,

ẋ4 =
bfCafl + bfCafr − brCarl − brCarr

Jy

x2 −
b2

fCafl + b2
fCafr + b2

rCarl + b2
rCarr

Jy

x4 +

abfCafl − abfCafr − abrCarl + abrCarr

2Jy

x6 +

bfKafl

Jy

x7 − bfCafl

Jy

x8 − bfS

μJy

x9 +

bfKafr

Jy

x11 − bfCafr

Jy

x12 − bfS

μJy

x13 −
brKarl

Jy

x15 +
brCarl

Jy

x16 +
brS

μJy

x17 −
brKarr

Jy

x19 +
brCarr

Jy

x20 +
brS

μJy

x21,

ẋ5 = x6,

ẋ6 =−aCafl − aCafr + aCarl − aCarr

2Jx

x2 +

abfCafl − abfCafr − abrCarl + abrCarr

2Jx

x4 −
a2Cafl + a2Cafr + a2Carl + a2Carr

4Jx

x6 −
aKafl

2Jx

x7 +
aCafl

2Jx

x8 +
aS

2μJx

x9 +

aKafr

2Jx

x11 − aCafr

2Jx

x12 − aS

2μJx

x13 −
aKarl

2Jx

x15 +
aCarl

2Jx

x16 +
aS

2μJx

x17 +

aKarr

2Jx

x19 − aCarr

2Jx

x20 − aS

2μJx

x21,

ẋ7 = x2 − bfx4 + 0.5ax6 − x8,

ẋ8 =− Ktfl

Mufl

x1 +
Cafl

Mufl

x2 +
bfKtfl

Mufl

x3 −
bfCafl

Mufl

x4 − aKtfl

2Mufl

x5 +
aCafl

2Mufl

x6 +

Kafl + Ktfl

Mufl

x7 − Cafl

Mufl

x8 − S

μMufl

x9 +

Ktfl

Mufl

zrfl,

ẋ9 =−μαS (x2 − bfx4 + 0.5ax6 − x8) −
βx9 + μγx10w1,

ẋ10 =
1
τ

(−x10 + ufl) ,

ẋ11 = x2 − bfx4 − 0.5ax6 − x12,
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ẋ12 =− Ktfr

Mufr

x1 +
Cafr

Mufr

x2 +
bfKtfr

Mufr

x3 −
bfCafr

Mufr

x4 +
aKtfr

2Mufr

x5 − aCafr

2Mufr

x6 +

Kafr + Ktfr

Mufr

x11 − Cafr

Mufr

x12 −
S

μMufr

x13 +
Ktfr

Mufr

zrfr,

ẋ13 =−μαS (x2 − bfx4 − 0.5ax6 − x12) −
βx13 + μγx14w2,

ẋ14 =
1
τ

(−x14 + ufr) ,

ẋ15 = x2 + brx4 + 0.5ax6 − x16,

ẋ16 =− Ktrl

Murl

x1 +
Carl

Murl

x2 − brKtrl

Murl

x3 +

brCarl

Murl

x4 − aKtrl

2Murl

x5 +
aCarl

2Murl

x6 +

Karl + Ktrl

Murl

x15 − Carl

Murl

x16 −
S

μMurl

x17 +
Ktrl

Murl

zrrl,

ẋ17 =−μαS (x2 + brx4 + 0.5ax6 − x16) −
βx17 + μγx18w3,

ẋ18 =
1
τ

(−x18 + url) ,

ẋ19 = x2 + brx4 − 0.5ax6 − x20,

ẋ20 =− Ktrr

Murr

x1 +
Carr

Murr

x2 − brKtrr

Murr

x3 +

brCarr

Murr

x4 +
aKtrr

2Murr

x5 − aCarr

2Murr

x6 +

Karr + Ktrr

Murr

x19 − Carr

Murr

x20 −
S

μMurr

x21 +
Ktrr

Murr

zrrr,

ẋ21 =−μαS (x2 + brx4 − 0.5ax6 − x20) −
βx21 + μγx22w4,

ẋ22 =
1
τ

(−x22 + urr.) .

:

α =
4βe

Vt

, β = αCtp, γ = αCdw

√
1
ρ

,

w1 = sgn[Ps − sgn x10

x9

μ
]

√∣∣∣∣Ps − sgn x10

x9

μ

∣∣∣∣,
w2 = sgn[Ps − sgn x14

x13

μ
]

√∣∣∣∣Ps − sgn x14

x13

μ

∣∣∣∣,
w3 = sgn[Ps − sgn x18

x17

μ
]

√∣∣∣∣Ps − sgn x18

x17

μ

∣∣∣∣,

w4 = sgn[Ps − sgn x22

x21

μ
]

√∣∣∣∣Ps − sgn x22

x21

μ

∣∣∣∣.
3 (Control design)

.

, ,

, [9∼11].

,

, .

[12] , .

. Backstepping

.

3.1 (Design of optimal controller)
x10w1, x14w2, x18w3 x22w4

ũfl, ũfr, ũrl ũrr, X =
[x1, · · ·, x9, x11, · · ·, x13, x15, · · ·, x17, x19, · · ·, x21]

T

, :

Ẋ = AX + Bũ + Γzr. (8)

: ũ = [ũfl, ũfr, ũrl, ũrr]
T

, zr = [zrfl, zrfr, zrrl, zrrr]
T

, A,

B Γ . ,

.

,

, :

J =
� ∞

0

(
xTQx + ũTRũ + zT

s Nzs

)
dt. (9)

: zs = [z̈sfl, z̈sfr, z̈srl, z̈srr]
T = LX , L

, Q, R N .

(9)

J =
� ∞

0

(
xTQnx + ũTRũ

)
dt. (10)

Qn = Q + LTNL.

,

:

ũ = −KX. (11)

: K = R−1BTP , P Riccati

AP + ATP − PBR−1BTP + Qn = 0. (12)

, (Q, R N )
[11].

. ,

,

,



1 : Backstepping 5

, .

3.2 Backstepping (Backstepping design)
Backstepping

,

Lyapunov ,

,
[4].

, [3,4]

u = [ufl, ufr, url, urr]
T

.

:

z
Δ=

⎡
⎢⎢⎢⎣

z1

z2

z3

z4

⎤
⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎣

x10w1 − ũfl

x14w2 − ũfr

x18w3 − ũrl

x22w4 − ũrr

⎤
⎥⎥⎥⎦ .

ż =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
τ
(−x10 + ufl)w1 − 1

2|w1| |x10|[−β

μ
x9 − αS(x2 − bfx4 + 0.5ax6 − x8) + γx10w1] − ˙̃ufl

1
τ
(−x14 + ufr)w2 − 1

2|w2| |x14|[−β

μ
x13 − αS(x2 − bfx4 − 0.5ax6 − x12) + γx14w2] − ˙̃ufr

1
τ
(−x18 + url)w3 − 1

2|w3| |x18|[−β

μ
x17 − αS(x2 + brx4 + 0.5ax6 − x16) + γx18w3] − ˙̃url

1
τ
(−x22 + urr)w4 − 1

2|w4| |x22|[−β

μ
x21 − αS(x2 + brx4 − 0.5ax6 − x20) + γx22w4] − ˙̃urr

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (13)

u

u=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

τ

w1
{x10w1

τ
+

1
2|w1| |x10|[−β

μ
x9−αS(x2−bfx4+0.5ax6−x8)+γx10w1]+ ˙̃ufl−c1z1}

τ

w2
{x14w2

τ
+

1
2|w2| |x14|[−β

μ
x13−αS(x2−bfx4−0.5ax6−x12)+γx14w2]+ ˙̃ufr−c2z2}

τ

w3
{x18w3

τ
+

1
2|w3| |x18|[−β

μ
x17−αS(x2+brx4+0.5ax6−x16)+γx18w3]+ ˙̃url−c3z3}

τ

w4
{x22w4

τ
+

1
2|w4| |x22|[−β

μ
x21−αS(x2+brx4−0.5ax6−x20)+γx22w4]+ ˙̃urr−c4z4}

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (14)

c1, c2, c3 c4 . (13)

żT = [−c1z1,−c2z2,−c3z3,−c4z4]
T .

Lyapunov Vi =
1
2
z2
i , i = 1, 2, 3, 4,

V̇i = −ciz
2
i � 0, (14)

x10w1 → ũfl, x14w2 → ũfr,

x18w3 → ũrl, x22w4 → ũrr.

4 (Simulation)
[5,8] :

Mb =1500 kg, Jy =2160 kg/m2, Jx =460 kg/m2,

Mufl = Mufr = Murl = Murr = 59 kg,

a = 3 m, bf = 1.4 m, br = 1.7 m,

Ktfl = Ktfr = Ktrl = Ktrr = 190000 N/m,

Kafl = Kafr = 35000 N/m,

Cafl = Cafr = 1000 N/(m · s−1),

Karl = Karr = 38000 N/m,

Carl = Carr = 1100 N/(m · s−1),

S = 3.35 × 10−4 m2, Ps = 10342500 Pa,

τ = 1/30 s, α = 4.515 × 1013 N/m5,

β = 1 s−1, γ = 1.545 × 109 N/m5/2 kg1/2.

, ±0.08 m,

±0.01 m.

N = diag{10, 10, 10, 10},
R = diag{1, 1, 1, 1},
Q = diag{10000, 0, 10000, 0, 10000, 0, 10,

0, 0, 10, 0, 0, 10, 0, 0, 10, 0, 0},

c1 = 1000, c2 = 1000, c3 = 1000, c4 = 1000.

[7] ,

. ,
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,

4 cm 8 cm ,

zrfl (t) =

⎧⎪⎨
⎪⎩
−0.02 (1−cos(8πt)), 0.5 � t � 0.75,

0.04 (1−cos(8πt)) , 1.25 � t � 1.5,

0, ,

(15)

,

zrrl (t) = zrfl (t − l/v), , l = bf + br

, v = 20 m/s .

2∼ 5 . ,

, .

2 , ,

, ,

,

,

; , 2

,

, 3,

,

;

4 , ,

, ; 5 ,

,

.

2

Fig. 2 Curves of car body motion
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3

Fig. 3 Curves of front-left, front-right, rear-left and

rear-right car body acceleration

4

Fig. 4 Curves of suspension travels
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5

Fig. 5 Curves of valve displacements

5 (Conclusions)

,

Backstepping .
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