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Abstract: The stabilization for the closed-loop descriptor systems under the derivative feedback is studied by using

the decomposition of matrix pencils under a sense of limited equivalence. The sufficient conditions are obtained for the

elimination of pulse behavior under dynamic orders (from minimum to maximum). Different methods are then given for

the design of derivative feedback controllers according to the orders. Furthermore, sufficient conditions are given for both

the stabilization for the closed-loop descriptor systems under derivative feedback and the decentralized stabilization for the

closed-loop large-scale interconnected descriptor systems under partial derivative feedback. A numerical example is given

to verify the effectiveness of the results.
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1 (Introduction)
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2 (Preparation)

Eẋ = Ax + Bu, (1)

: x ∈ R
n, u ∈ R

m .

rank E = n1 < n, n = n1 + n2, Bn×m ,

(1) .

u = Kx − Lẋ + v, (2)

(E + BL)ẋ = (A + BK)x + v. (3)

[1] (1)

K, L, (3) .

E = P

[
E1 0
0 0

]
Q, A = P

[
A1 A2

A3 A4

]
Q,

: 2006−05−11; : 2006−12−13.

: (51685168); (02152).
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B = P

[
B1

B2

]
Q̃,

P , Q, Q̃, E1 ,

B1 =
[
0 I2

0 0

]
, B2 =

[
I1 0
0 0

]
,

A1 =
[
A11 A12

A21 A22

]
, A2 =

[
A13 A14

A23 A24

]
,

A3 =
[
A31 A32

A41 A42

]
, A4 =

[
A33 A34

A43 A44

]
.

1 [5]

rank
[
E B

] − rank B �
rank [E + BL] � rank

[
E B

]
,

L , rank [E + BL]
.

2 [3] (1)

rank
[
E A

0 E

]
= n + rank E. (4)

3 [5] a) (1)

rank
[
A3 A4

]
= n2, rank

[
AT

2 AT
4

]
= n2; (5)

b) (1)

rank A4 = n2. (6)

4 [5] a) (1) K−

rank
[
A43 A44

]
= n − rank

[
E B

]
; (7)

b) (1)L–

rank

[
− (

A41 A42

)
E−1

1

[
I2

0

]
A43 A44

]
=

n − rank
[
E B

]
, (8)

K– L–

.

∀M ∈ R
s×t, M SM = kerM ,

TT
M = kerMT, rank SM = t −

rank M , rank TM = s − rank M .

3
( )(Design

of the impulse-free derivative feedback con-

troller for closed-loop systems (in the condi-

tion of maximum dynamic rank))
1 rank A44 = n− rank

[
E B

]

u = −Q̃−1
[
0 BT

2

]
Q

−1
ẋ, (9)

(E + BL)ẋ = Ax .

rank

[
E + BL A

0 E + BL

]
= n + rank [E + BL] .

(10)

(9) L, (10) .

(9) (10)

rank

[
E + BL A

0 E + BL

]
=

rank

⎡⎢⎢⎢⎢⎢⎣
E1 0 A1 A2

0
(

I1

0

)
A3 A4

0 0 E1 0
0 0 0

(
I1 0

)

⎤⎥⎥⎥⎥⎥⎦ =

n + rank [E + BL] ,

1 . .

2 (1)K– ,

rank
[
A43 A44

]
= n − rank

[
E B

]
, (11)

u = −Q̃−1

[
0 ST

[A43 A44]

0 0

]
Q

−1
ẋ, (12)

(E + BL)ẋ = Ax .

L = Q̃−1

[
0

(
L13 L14

)
0 0

]
Q̄−1,

[
L13 L14

]
. (10)

rank

[
E + BL A

0 E + BL

]
=

rank

⎡⎢⎢⎢⎢⎢⎢⎢⎣

E1 0 A1 A2

0
[
(L13 L14)

0

]
A3 A4

0 0 E1 0

0 0 0
[
(L13 L14)

0

]

⎤⎥⎥⎥⎥⎥⎥⎥⎦
,

,

rank

[
L13 L14

A43 A44

]
= n − rank E

(10) . rank
[
A43 A44

]
.[

L13 L14

]
= ST

[A43 A44 ]
, 2

. .
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3 (1) L– ,

rank

[
− (A41 A42) E−1

1

[
I2

0

]
A43 A44

]
=

n − rank
[
E B

]
, (13)

u = −Q̃−1

[
0 STh

Ā43 Ā44

i

0
(
L23 L24

)
]

Q̄−1ẋ, (14)

(E + BL)ẋ = Ax . L23,

L24 [
Ā43 Ā44

]
=[

A43 A44

] − [
A41 A42

]
E−1

1

(
L23 L24

0 0

)
(15)

.

(3) ,

L, P, Q,⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

E + BL = P

[
Ir̃ 0
0 0

]
Q,

A = P

[
J̃ 0
0 In−r̃

]
Q,

B = P

[
B̃1

B̃2

]
,

r̃ = rank [E + BL] .

(16)

4
(Design of the derivative feedback con-

troller in common conditions)
rank [E B] − rank B �
rank [E + BL] � rank [E B] , (17)

L = Q̃−1

[ (
L11 L12

) (
L13 L14

)(
L21 L22

) (
L23 L24

)] Q̄−1, (18)

[E + BL] =

P̄

⎡⎢⎢⎢⎣
(

E11

E12

)
+

(
L21 L22

0 0

) (
L23 L24

0 0

)
(

L11 L12

0 0

) (
L13 L14

0 0

)
⎤⎥⎥⎥⎦ Q̄. (19)

1) :

rank (E + BL) = rank
[
E B

] − rank B.

4

rank

⎡⎣ E12 0(
A11 A12

) (
A13 A14

)
A3 A4

⎤⎦ = n, (20)

u = Q̃−1

[
0 0

E11 0

]
Q̄−1ẋ, (21)

(E + BL)ẋ = Ax .

E11 +
(
L21 L22

)
= 0,

L = Q̃−1

[
0 0

−E11 0

]
Q̄−1,

(10)

rank

⎡⎢⎢⎢⎢⎢⎣

(
0

E12

)
A1 A2

0 A3 A4

0
(

0
E12

)
0

⎤⎥⎥⎥⎥⎥⎦ = n + rank E12

⇒ rank

⎡⎣ E12 0(
A11 A12

) (
A13 A14

)
A3 A4

⎤⎦ = n.

4 . .

2) : rank[E B ] − rank B � rank (E +
BL) � rank E .

5 LΩ1 , LΩ2 ,

rank

⎡⎣LΩ̄1

E12 0
(A11 A12) LΩ̄1 (A13 A14) LΩ̄2

A3 A4LΩ̄2

⎤⎦=n−r,

(22)

u = −Q̃−1

[
0 0

−E11 LΩ1,Ω2

]
Q̄−1ẋ, (23)

(E + BL)ẋ = Ax .

, Ω1, Ω2,Ω̄1, Ω̄2

{1, 2, · · · ,m2} , {1, 2, · · · , n2} .

Ω̄1, Ω̄2 Ω1, Ω2 {1, 2, · · · ,m2} , {1, 2, · · · , n2}
. LΩ1 , LΩ2 m2, n2

Ω1, Ω2 1 ,

0. LΩ1,Ω2 m2 × n2 , Ω1, Ω2

1, 0.

rank LΩ1,Ω2 = r, .

,

L = Q̃−1

[
0 0

(L21 L22) (L23 L24)

]
Q̄−1, (24)
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L21 L22

)
= −E11, (10)

rank

⎡⎢⎢⎢⎢⎢⎣

(
0

E12

)
(L23 L24)

0
(A11 A12)

0
(A13 A14)

0
0 0 A3 A4

0 0
(

0
E12

)
(L23 L24)

0

⎤⎥⎥⎥⎥⎥⎦=

n + rank
[(

0
E12

) (
L23 L24

0 0

)]
, (25)

rank

⎡⎢⎢⎢⎣
(L23 L24)

0
(A11 A12)

E12

(A13 A14)
0

0 A3 A4

0 0 (L23 L24)

⎤⎥⎥⎥⎦ =

n + rank
(
L23 L24

)
, (26)

rank

⎡⎣T (A11, A12) T (A13, A14) S

E12 0
A3 A4

⎤⎦ =

n − rank
(
L23 L24

)
. (27)

T = T(L23L24) , S = S(L23L24) .

(22), 5 . .

6 LΩ1 , LΩ2 ,

rank

⎡⎢⎣LΩ̄1

E12 0
(A11, A12) LΩ̄2 LΩ̄1 (A13, A14)

A3LΩ̄2 A4

⎤⎥⎦=n−r,

(28)

u = −Q̃−1

[
0 0

−E11 + LΩ1,Ω2 0

]
Q̄−1ẋ, (29)

(E + BL)ẋ = Ax . , Ω1, Ω2

{1, 2, · · · ,m2}, {1, 2, · · · , n1} .

rank

[
LΩ1,Ω2

E12

]
= rank E12 + r. (30)

7 LΩ1 , LΩ2 , LΩ′
1
, LΩ′

2
,

rank

⎡⎣LΩ̄′
1

LΩ̄1

E12

(A11, A12) LΩ̄2

A3LΩ̄2

LΩ̄′
1

LΩ̄1

0
(A13, A14) LΩ̄′

2

A4LΩ̄′
2

⎤⎦=n−r, (31)

u = −Q̃−1

[
0

−E11 + LΩ1,Ω2LΩ′
1,Ω′

2

]
Q̄−1ẋ, (32)

(E + BL)ẋ = Ax . , Ω1, Ω
′
1;

Ω2, Ω
′
2 {1, 2, · · · ,m2} ; {1, 2, · · · , n1}, {1, 2,

· · · , n2} .

3) : rank E � rank (E + BL) �
rank

[
E B

]
.

8 LΩ1 , LΩ2 ,

rank

[
LΩ̄1

(
A33 A34

)
LΩ̄2(

A43 A44

)
LΩ̄2

]
= n2 − r, (33)

u = −Q̃−1

[
0 LΩ1,Ω2

0 0

]
Q̄−1ẋ, (34)

(E + BL)ẋ = Ax . ,

Ω1, Ω2 {1, 2, · · · ,m1}, {1, 2, · · · , n2}
.

9 LΩ1 , LΩ2 ,
(
L23 L24

)
⎡⎢⎢⎣LΩ̄1

(
(A33, A34)−(A31, A32) E−1

1

 
L23, L24

0

!)
LΩ̄2(

(A43, A44)−(A41, A42) E−1
1

 
L23, L24

0

!)
LΩ̄2

⎤⎥⎥⎦=

n2 − r,

u = −Q̃−1

[
0 LΩ1,Ω2

0
(
L23 L24

)]
Q̄−1ẋ,

(E + BL)ẋ = Ax . L23, L24

[
Ā43 Ā44

]
=[

A43 A44

] − [
A41 A42

]
E−1

1

(
L23 L24

0 0

)
(35)

. , Ω1, Ω2 {1, 2, · · · ,m1}, {1, 2,

· · · , n2} .

5 (
,

) (Stabilization for descriptor systems un-

der derivative feedback)

EL = E + BL, r̃ = rank [E + BL].

5 (1)



1 : 25

P ,

ETP = PTE � 0, ATP + PTA < 0

ETP = PTE � 0, P−TAT + AP−1 < 0. (36)

10 (1) L– ,

T1, T2, k1 >

0, k2 > 0,

F =
[
F11 F12

F21 F22

]
< 0 (37)

, u = Kx − Lẋ,

(3) , (1)

.

F11 = J̃TT1 + T1J̃ − 2k1

[
T1 TT

2

]
B̃B̃T

[
T1

T2

]
,

F22 = −2I − 2k2B̃2B̃
T
2 ,

F21 = FT
12 = (k1 + k2)B̃2B̃

T

[
T1

T2

]
+ T2.

:

K =
[
−k1B̃

T

[
T1

T2

]
k2B̃

T
2

]
Q.

(1)

T , K, L,{
ET

LT = TTEL � 0,

(A + BK)TT + TT(A + BK) < 0
(38)

.

T = P−T

[
T1 0
T2 T3

]
Q,K = K̃Q =

[
K1 K2

]
Q.

T1 = TT
1 > 0, T3 . (38) 1

, 2 [
G11 G12

G21 G22

]
< 0, (39)

:

G11 = J̃TT1+T1J̃+KT
1 B̃T

[
T1

T2

]
+

[
T1 TT

2

]
B̃K1,

G12 = GT
21 =

[
T1 TT

2

]
B̃K2 + TT

2 + KT
1 B̃T

2 T3,

G22 = T3 + TT
3 + TT

3 B̃2K2 + KT
2 B̃T

2 T3.

T3 = −I ,

K = [K1 K2] Q =
[
−k1B̃

T

[
T1

T2

]
k2B̃

T
2

]
Q,

(39) (37) , 10 . .

6 (Numerical calculation)

⎡⎣0 1
0 1

0

⎤⎦ ẋ = x +

⎡⎣0
1
0

⎤⎦ u. (40)

(40) , rank
[
E ASE B

]
= 2,

(40) .

u = − [
1 0−1

]
ẋ + Bv, (41)

⎡⎣0 1 0
1 0 0
0 0 0

⎤⎦ ẋ = x +

⎡⎣0
1
0

⎤⎦ v, (42)

rank
[
EL ASEL

B
]

= 3, (42)

.

v =
[
k1 k2 k3

]
x + ω, k1 < 0, k2 < −1,∀k3, (43)

⎡⎣0 1 0
1 0 0
0 0 0

⎤⎦ ẋ =

⎡⎣ 1 0 0
k1 k2+1 k3

0 0 1

⎤⎦ x +

⎡⎣0
1
0

⎤⎦ ω

, (40)

.

7
(Stabilization for interconnected large-

scale descriptor systems under decentralized

derivative feedback)

:

Eiẋi =Aixi+Biui+
N∑

j=1,j �=i

Aijxj, i=1, 2, · · · , N,

(44)

: Ei ∈ R
ni×ni , Bi , (Ei, Ai)

. E = blockdiag{E1, E2, · · · , EN},

A,B . P, K

. H = (Aij)N×N , Aii = 0.

ui = Kixi − Liẋi, (45)

(Ei+BiLi)ẋi= (Ai + BiKi)xi + Bivi +
N∑

j=1,j �=i

Aijxj, i=1, 2, · · · , N. (46)

11 (Ei, Ai, Bi) Li–

, T1i, T2i,
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k1i > 0, k2i > 0, εi > 0,

Fi =
[
F11i F12i

F21i F22i

]
< 0 (47)

, (45), (46)

, (45)

.

Ki =
[
−k1iB

T
i

[
T1i

T2i

]
k2iB

T
2i

]
Qi,

Li = Q̃−1
i

[
0 ST

[Ā43i Ā44i]

0
(
L23i L24i

)] Q̄−1
i .

(48)

:

F11i = J̃T
i T1i+T1iJ̃i−2k1i

[
T1i TT

2i

]
B̃iB̃

T
i

[
T1i

T2i

]
+

εili
[
T1i TT

2i

] [
T1i

T2i

]
+

ε−1
i

N∑
j=1,j �=i

δ(Ãji)
(
ÃT

jiÃji

)
11

,

F21i = FT
12i = (k1i + k2i)B2iB̃

T
i

[
T1i

T2i

]
+

(1 − εili)T2i + ε−1
i

N∑
j=1,j �=i

δ(Ãji)
(
ÃT

jiÃji

)
21

,

F22i =−(2 − εili) − 2k2iB2iB
T
2i +

ε−1
i

N∑
j=1,j �=i

δ(Ãji)(ÃT
jiÃji)22. (49)

li =
N∑

j=1,j �=i

δ(Ãij)
(
ÃT

jiÃji

)
=⎡⎢⎣

(
ÃT

jiÃji

)
11

(
ÃT

jiÃji

)
12(

ÃT
jiÃji

)
21

(
ÃT

jiÃji

)
22

⎤⎥⎦ .

H = P
(
Ãij

)
N×N

Q, P, Q .

8 (Conclusion)

7 8, :

( ) ,

, (

) . ,

,

.
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