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Nonlinear adaptive observer design without a priori knowledge on
the unknown parameters

DING Yu-qin, LIU Yun-gang
(School of Control Science and Engineering, Shandong University, Jinan Shandong 250061, China)

Abstract: The adaptive observer design is investigated for a class of nonlinear systems with unknown parameters.

Being different from the existing results, the nonlinear system studied here is more general and less dependent on a priori

knowledge including 1) the upper bound of the (Euclidean) norm of the system unknown parameters; 2) the non-Lipschitz

continuous nonlinear dynamics of the measurable output; 3) the explicitly dependence of the system output upon the control

input. By adding an adaptive regulator to estimate the norm of the unknown parameters, a novel approach is developed under

some conditions to design the nonlinear adaptive observer. The observer designed is globally asymptotically convergent,

i.e., it not only gives the convergent reconstruction of the system states, but also guarantees the uniform boundedness of

the estimations of the unknown parameters. In addition, the reduced-order observer design is considered when the system

output is independent of the control input. A simulation example is given to illustrate the correctness of the theoretical

results of this paper.
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. 20
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. [13,

14],

,

. [4, 13, 14], [12]
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,

. Besançon

[7] ,

.

. [7, 12, 21] ,

( [12] ,

‖θ‖ � γ3 θ ).

,

.

,

. ,

,

.

, C(U1; U2) U1

U2 ; λmax(P ) λmin(P )
P ; H�

H ; 0m×n

m × n ; Im m × m .

2 (Nonlinear ob-

server design)

2.1 (System model and

problem formulation)

: ⎧⎨
⎩

ẋ = Ax + ϕ1(u, y) + ϕ2(u, x)+
B

(
Φ1(u, y) + Φ2(u, x)

)
θ,

y = Cx + ϕ3(t, u),
(1)

: x ∈ R
n , x(0) = x0,

x̂, x̃, x̃ = x − x̂;

u ∈ R y ∈ R
r ;

θ ∈ R
p . (1) , A ∈ R

n×n,

B ∈ R
n×s, C ∈ R

r×n, ϕ1 ∈ C1(R × R
r; R

n),

ϕ2 ∈ C(R × R
n; R

n), ϕ3 ∈ C(R+ × R; Rr), Φ1 ∈

C1(R × R
r; R

s×p), Φ2 ∈ C(R × R
n; R

s×p).

, (A, C) , y .

K ∈ R
n×r, A − KC Hurwitz .

(1)

:

1 Φ1 Φ2 ,

γ1, γ2 ϕ2, Φ2⎧⎪⎪⎪⎨
⎪⎪⎪⎩

‖ϕ2(u, x) − ϕ2(u, x̂)‖ � γ1‖x − x̂‖,
∀u ∈ R, ∀x, x̂ ∈ R

n,

‖Φ2(u, x) − Φ2(u, x̂)‖ � γ2‖C1(x − x̂)‖,
∀u ∈ R, ∀x, x̂ ∈ R

n.

(2)

C1 ∈ R
s×n C

, M ∈ R
s×r, C1 = MC.

2 P, Q ∈ R
n×n

γ1 <
λmin(Q)

λ2
max(P ) + 1

,{
(A − KC)�P + P (A − KC) = −Q,

B�P = C1.
(3)

1 (1)

[9, 11]. [9]

(1) .

2 : ϕ1 Φ1

. 1 (1)

. , Φ1 Φ2

,

.

3 (1) [7, 12,

21] , : 1)

; 2)

Lipschitz ; 3)

.

: {
ϑ̇ = μ(ϑ, x̂),
˙̂x = η(ϑ, x̂),

(4)

(1) . μ ∈ C(Rp+1 ×
R

n; R
p+1), η ∈ C(Rp+1 × R

n; R
n), ϑ ∈ R

p+1

.

2.2 (Full-order adaptive

observer design)

[7,12]

,

:



1 : 29⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

˙̂x = Ax̂ + K(y − ŷ) + ϕ1(u, y) + ϕ2(u, x̂)+
B

(
Φ1(u, y)θ̂ + Φ2(u, x̂)θ̂ + γ2C1x̃Θ̂

)
,

˙̂
θ = Γ

(
Φ1(u, y) + Φ2(u, x̂)

)�
C1x̃,

˙̂
Θ = ργ2‖C1x̃‖2,

(5)

x̂ x̂(0) = x̂0, ŷ = Cx̂ + ϕ3(t, u),

K 2, (5)
; θ̂ ∈ R

p θ

θ̂(0) = θ̂0, θ̃ = θ − θ̂,

Γ , θ̂ ;

Θ̂ Θ = ‖θ‖ Θ̂(0) = Θ̂0,

Θ̃ = Θ − Θ̂, ρ , Θ̂

.

4 , (5) u, y, C1x̃

. y . 1 C1x̃=C1x

− C1x̂ = My − Mŷ .

.

(1) (5)
dθ

dt
= 0p×1,

dΘ

dt
= 0,

:⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

˙̃x = (A − KC)x̃ + ϕ2(u, x) − ϕ2(u, x̂)+
BΦ1(u, y)θ̃ + B

(
Φ2(u, x)θ−

Φ2(u, x̂)θ̂ − γ2C1x̃Θ̂
)
,

˙̃
θ =−Γ

(
Φ1(u, y) + Φ2(u, x̂)

)�
C1x̃,

˙̃Θ =−ργ2‖C1x̃‖2.

(6)

, (5)

.

2.3 (Main results)

.

1 (1)

. 1 2. (5)

(1) ,

lim
t→∞

x̃(t) = 0n×1, sup
t�0

(‖θ̂(t)‖ + ‖Θ̂(t)‖) < ∞.

Lyapunov

V (x̃, θ̃, Θ̃) = x̃�Px̃ + θ̃�Γ−1θ̃ + ρ−1Θ̃2.

dθ

dt
= 0p×1,

dΘ

dt
= 0,

dθ̃

dt
= −dθ̂

dt
,

dΘ̃

dt
= −dΘ̂

dt
,

(6) V , :

V̇ = x̃�(
(A − KC)�P + P (A − KC)

)
x̃ +

2x̃�P
(
ϕ2(u, x) − ϕ2(u, x̂)

)
+

2x̃�PBΦ1(u, y)θ̃ + 2x̃�PB
(
Φ2(u, x)θ −

Φ2(u, x̂)θ̂ − γ2C1x̃Θ̂
)
− 2θ̃�Γ−1 ˙̂

θ−
2ρ−1Θ̃

˙̂
Θ. (7)

1 2 Θ , Θ = ‖θ‖

‖Px̃‖‖x̃‖� 1
2
‖Px̃‖2+

1
2
‖x̃‖2 =

1
2
x̃�PP x̃+

1
2
x̃�x̃,

V̇ � x̃�(
(A − KC)�P + P (A − KC)

)
x̃ +

2γ1‖x̃�P‖ ‖x̃‖ + 2x̃�PB
(
Φ1(u, y) +

Φ2(u, x̂)
)
θ̃ − 2θ̃�Γ−1 ˙̂

θ + 2γ2‖C1x̃‖2Θ −
2γ2x̃

�PBC1x̃Θ̂ − 2ρ−1Θ̃
˙̂

Θ �
−x̃�Qx̃ + γ1(x̃�PP x̃ + x̃�x̃) +

2(x̃�PB(Φ1(u, y) + Φ2(u, x̂)) −
˙̂
θ�Γ−1)θ̃ + 2(γ2‖C1x̃‖2 − ρ−1 ˙̂

Θ)Θ̃. (8)

(5)

V̇ � x̃�(
γ1(PP + I) − Q

)
x̃. (9)

β = λmin(Q) − γ1(λ2
max(P ) + 1). 2

β > 0. (9)

V̇ � −βx̃�x̃. (10)

V , x̃, θ̃, Θ̃

,

sup
t�0

(
max{‖x̃(t)‖, ‖θ̃(t)‖, |Θ̃(t)|}) < ∞. (11)

(10) x̃ ,� ∞

0
‖x̃(t)‖2dt < ∞.

(11) θ̂ = θ − θ̃ Θ̂ = Θ − Θ̃,

θ̂ Θ̂ , :

sup
t�0

‖θ̂(t)‖ < ∞, sup
t�0

|Θ̂(t)| < ∞. (12)

, (11) (12) Φ1,Φ2 (

1 ), (6) 1

, ˙̃x .

Barbălat 1 x̃ . .

(1)

. (1) ϕ3 ≡ 0r×1

.

1Barbălat : x(t) ∈ R
n , lim

t→∞
� t

0
‖x(τ)‖2dτ < ∞, ẋ(t) , lim

t→∞
x(t) = 0n×1.
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2.4 (Reduced-order

robust nonlinear observer design)

(1) θ = θ(t), y =
Cx( ϕ3 ≡ 0r×1),

C =
[
Ir 0r×(n−r)

]
, r < n,

, ,

C .

(1) 2 1

,

:

3 γ1, ∀u ∈ R, ∀x, x̂

∈ R
n, ϕ2 :

‖ϕ2(u, x) − ϕ2(u, x̂)‖ � γ1‖x − x̂‖. (13)

, (1)

A 2 P Q

:

A=
[
A11 A12

A21 A22

]
, P=

[
P1 P2

P2
� P3

]
, Q=

[
Q1 Q2

Q2
� Q3

]
, (14)

: A11, P1, Q1 ∈ R
r×r; A12, P2, Q2 ∈ R

r×(n−r);

A21 ∈ R
(n−r)×r; A22, P3, Q3 ∈ R

(n−r)×(n−r).

, x x[r] = [x1, · · · , xr]�

x[r+1,n] = [xr+1, xr+2, · · · , xn]� , x =
[x�

[r], x�
[r+1,n]]

�. , y = Cx = x[r],

x[r], r

.

, x[r+1,n].

, [6] , L =
P−1

3 P�
2 ∈ R

(n−r)×r,

:⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

˙̂
ζ = (A22 + LA12)ζ̂ + (L(A11 − A12L)+

A21 − A22L)y + [L In−r](ϕ1(u, y)+

ϕ2(u, [y� ζ̂� − y�L�]�)),

x̂[r] = x[r] = y, x̂[r+1,n] = ζ̂ − Ly,

(15)

ζ̂(0) = ζ̂0.

2

(1) .

2 θ = θ(t)
y = Cx (1)

. 2 3,

C = [Ir 0r×(n−r)]. (15) (1)

.

:

(
y

ζ

)
=

[
Ir 0r×(n−r)

L In−r

](
x[r]

x[r+1,n]

)
.

(1),⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

y =x[r],

ζ̇ =(A22 + LA12)ζ + (L(A11 − A12L)+

A21 − A22L)y + [L In−r](ϕ1(u, y)+

ϕ2(u, [y� ζ� − y�L�]�) + B(Φ1(u, y)+

Φ2(u, [y� ζ� − y�L�]�))θ).

(15) ζ̃ =
ζ − ζ̂ :

˙̃
ζ = (A22 + LA12)ζ̃ + [L In−r]

(ϕ2(u, [y� ζ� − y�L�]�) −
ϕ2(u, [y� ζ̂� − y�L�]�) + B(Φ1(u, y) +

Φ2(u, [y� ζ� − y�L�]�)
)
θ). (16)

Lyapunov Vr(ζ̃) = ζ̃�P3ζ̃ .

(16) , :

V̇r = ζ̃�((A22 + LA12)�P3 + P3(A22 + LA12))ζ̃ +

2ζ̃�P3[L In−r](ϕ2(u, [y� ζ� − y�L�]�) −
ϕ2(u, [y� ζ̂� − y�L�]�) + B(Φ1(u, y) +

Φ2(u, [y� ζ� − y�L�]�)
)
θ). (17)

3, :

2ζ̃�P3[L In−r]
(
ϕ2(u, [y� ζ� − y�L�]�) −

ϕ2(u, [y� ζ̂� − y�L�]�)
)

�
2γ1‖ζ̃�P3[L In−r]‖‖ζ̃‖ �
γ1ζ̃

�(
P�

3 (LL� + In−r)P3 + In−r

)
ζ̃ =

γ1ζ̃
�(

P�
2 P2 + P�

3 P3 + In−r

)
ζ̃. (18)

2, M ∈ R
s×r, :[

P1 P2

P2
� P3

]
B = C�

1 = C�M� =

[
Ir 0r×(n−r)

]�
M� = [M 0s×(n−r)]�.

L = P−1
3 P�

2 ,

P3[L In−r]B = [P�
2 P3]B = 0(n−r)×s.

∀ t ∈ [0, ∞),

2ζ̃�P3[L In−r]B
(
Φ1(u, y) +

Φ2(u, [y� ζ� − y�L�]�)
)
θ(t) = 0.

(18) :

V̇r � ζ̃�(
(A22 + LA12)�P3 + P3(A22 + LA12)+
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γ1

(
P�

2 P2 + P�
3 P3 + In−r

))
ζ̃ =

ζ̃�(
γ1

(
P�

2 P2 + P�
3 P3 + In−r

) − Q3

)
ζ̃. (19)

:

(A22 + LA12)�P3 + P3(A22 + LA12) = −Q3.

(14) 2 Lyapunov .

, 1,

V̇r � ζ̃�( − λmin(Q) + γ1(λ2
max(P ) + 1)

)
ζ̃. (20)

α = λmin(Q) − γ1(λ2
max(P ) + 1). 2,

α > 0. (20) , ∀ ζ̃ �= 0(n−r)×1,

V̇r � −αζ̃�ζ̃ �− α

λmax(P3)
Vr < 0. (21)

Vr

α

λmax(P3)
,

α

2λmax(P3)
.

.

5
. 2.3 ,

y = Cx,

: 1 Φ2 ;

. ,

,

.

3 (Example)

:⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

ẋ1 =−2x1+x2+0.2x1e−t+
24
17

(yθ1+x1θ2),

ẋ2 = 3x1 − 3x2 + u2 + 0.2x2e−t−
40
17

(yθ1 + x1θ2),

y = x1 + e−t,

(22)

u = 2 sin(1.5t).

2 ,

:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

˙̂x1 =−x̂1 + x̂2 + 0.2x̂1e−t +
24
17

(yθ̂1+

x̂1θ̂2 + (x1 − x̂1)Θ̂) − y,

˙̂x2 =2x̂1−3x̂2+u2+0.2x̂2e−t− 40
17

(yθ̂1+

x̂1θ̂2 + (x1 − x̂1)Θ̂) + y,

˙̂
θ1 = 40y(x1 − x̂1),

˙̂
θ2 = 40x̂1(x1 − x̂1),

˙̂
Θ = 20‖(x1 − x̂1)‖2.

(23)

(22) x1(0) = −0.5, x2(0) = 1;

(23) x̂1(0) = 0.5, x̂2(0) =

−1, θ̂1(0) = 0.5, θ̂2(0) = 0.5, Θ̂(0) = 2.5;

θ1 = −1, θ2 = −2. 1 2

3 . 1 2

(22) , 3

.

.

1 x1, x̂1 x̃1

Fig. 1 Trajectories of x1, x̂1and x̃1

2 x2, x̂2 x̃2

Fig. 2 Trajectories of x2, x̂2 and x̃2

3 Θ̂, θ̂1 θ̂2

Fig. 3 Trajectories of Θ̂, θ̂1 and θ̂2
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4 (Conclusion)

,

.

.

,

.

,

. ,

,

.
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(Appendix A lemma)

.

1 n× n N ,

: N =

"
N1 N2

N�
2 N3

#
, , N1 N3 n1 × n1 n2 ×

n2 (n1 + n2 = n); N2 n1 × n2 .

N3 N :

λmax(N3) � λmax(N), λmin(N3) � λmin(N).

T :

T =

2
4 In1 −N2N−1

3

0n2×n1 In2

3
5 ,

TN (TN)−1 = N−1T−1 :

TN =

2
4N1 − N2N−1

3 N�
2 0n1×n2

N�
2 N3

3
5 , (24)

(TN)−1 =

2
64

“
N1 − N2N−1

3 N�
2

”−1
0n1×n2

−N−1
3 N�

2

“
N1 − N2N−1

3 N�
2

”−1
N−1

3

3
75 .

(25)

λmax(T ) = λmax(T−1) = 1. (24) :

λmax(N3)�max
n

λmax(N1−N2N−1
3 N�

2 ), λmax(N3)
o

=

λmax(TN) � λmax(T )λmax(N) = λmax(N).

, (25) λmax(N−1
3 ) � λmax(N−1).

1

λmin(N3)
� 1

λmin(N)
, λmin(N3) � λmin(N).

:

(1982—), , ,
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