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Observer-based approximate design of optimal output-tracking
controller for linear systems with time-delay

TANG Gong-you, LI Chao, GAO Hong-wei
(College of Information Science and Engineering, Ocean University of China, Qingdao Shandong 266100, China)

Abstract: An approximate design procedure of optimal output-tracking controller is considered for linear systems with

time-delay. First, based on the optimal output-tracking control problem of the original system, two iterative sequences of

differential equations with known initial and terminal conditions are constructed and proved to be convergent uniformly

to the optimal solution of the original problem. Next, through a finite iteration of the solution sequence, an approximate

solution of the optimal output-tracking control problem is obtained. Furthermore, an algorithm is given to calculate the

approximate optimal output-tracking control law. Finally, a reduced-order reference input observer is designed to make

the feedforward term in the optimal output-tracking controller physically realizable. Simulation results illustrate that the

presented approach is effective and simple to implement.
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2 (Problem formulation)

⎧⎨
⎩

ẋ(t) = Ax(t) + A1x(t − τ) + Bu(t),
x(t) = φ(t),−τ � t � 0,

y(t) = Cx(t).
(1)

: x ∈ R
n, u ∈ R

r y ∈ R
m ,

; A, A1, B C

; τ > 0 ; φ(t)
. (1) y

ȳ :

ż(t) = Fz(t),
ȳ(t) = Hz(t).

(2)

: z ∈ R
p, ȳ ∈ R

m, F , H

; H , (F, H) .

J =
1
2
eT(tf )Qfe(tf ) +

1
2

� tf

0

[
eT(t)Qe(t) + uT(t)Ru(t)

]
dt. (3)

: Qf , Q R , e(t)
,

e(t) = ȳ(t) − y(t). (4)

, (1)

(3)

:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ẋ(t)=Ax(t)+A1x(t−τ)+Bu(t), 0<t� tf ,

− λ̇(t)=⎧⎪⎪⎪⎨
⎪⎪⎪⎩

CTQCx(t)−CTQHz(t)+ATλ(t)+
AT

1 λ(t+τ), 0 � t � tf − τ,

CTQCx(t) − CTQHz(t) + ATλ(t),
tf − τ < t � tf ,

x(t) = φ(t), −τ � t � 0,

λ(tf ) = CTQfCx(tf ) − CTQfHz(tf ).
(5)

u∗(t) = −R−1BTλ(t). (6)

,

:

1 (1) (3)

:

u∗(t)=−R−1BT[P (t)x(t)+P1(t)z(t)+g(t)], (7)

P (t) Riccati

: ⎧⎨
⎩
−Ṗ (t)=ATP (t)+P (t)A−

P (t)SP (t)+CTQC,

P (tf ) = CTQfC;
(8)

P1(t) :⎧⎨
⎩
−Ṗ1(t)=P1(t)F−P (t)SP1(t)−

CTQH+ATP1(t),
P1(tf ) = −CTQfH;

(9)

g(t) :⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ẋ(t)=[A−SP (t)] x(t)−SP1(t)z(t)−
Sg(t) + A1x(t − τ), 0 < t � tf ,

−ġ(t) =⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

[A − SP (t)]T g(t) + P (t)A1x(t − τ)+
AT

1 [P (t)x(t + τ) + P1(t)z(t + τ)+
g(t + τ)], 0 < t � tf − τ,

[A − SP (t)]T g(t) + P (t)A1x(t − τ),
tf − τ < t � tf ,

x(t) = φ(t), −τ � t � 0,

g(tf ) = 0.

(10)

λ(t)=P (t)x(t)+P1(t)z(t)+g(t), 0<t� tf , (11)

(11) , (5)

, (8)(9)⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

−ġ(t) =⎧⎪⎪⎪⎨
⎪⎪⎪⎩

[A − SP (t)]T g(t) + P (t)A1x(t − τ)+
AT

1 λ(t + τ), 0 < t � tf − τ,

[A − SP (t)]T g(t) + P (t)A1x(t − τ),
tf − τ < t � tf ,

g(tf ) = 0,

(12)

S = BR−1BT. (8) P (t) Riccati

, , P (t) (9)

P1(t). (11) (6)

(7), (7) (5) 1 , (11)

(12) (10), 1 .

(10) x(t − τ)
g(t + τ),

, .

3 (Design of

optimal output-tracking controllers)
2 k

:

u(k)(t) =−R−1BT[P (t)x(k)(t)+

P1(t)z(t)+g(k)(t)], (13)
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x(k)(t) g(k)(t)
:⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

x(0)(t) ≡ 0,

ẋ(k)(t) =
[A − SP (t)] x(k)(t) + A1x

(k−1)(t − τ)−
Sg(k)(t)−SP1(t)z(t), 0 < t � tf ,

x(k)(t) = φ(t), − τ � t�0, k=1, 2,· · ·,

(14)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

−ġ(k)(t) =⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

[A−SP (t)]T g(k)(t)+P (t)A1x
(k−1)(t−τ)+

AT
1 [P (t)x(k−1)(t + τ) + P1(t)z(t + τ)+

g(k−1)(t + τ)], 0 < t � tf − τ,

[A−SP (t)]T g(k)(t)+P (t)A1x
(k−1)(t−τ),

tf − τ < t � tf ,

g(k)(tf ) = 0, k = 0, 1, 2, · · · .

(15)

(14)

[12] 1, .

(15) (12) .

(15) , x(k−1)(t) g(k−1)(t)
, z(t + τ) (2) .

(15)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

g(0)(t) = Φ(t, tf )φ(tf ), t0 � t � tf ,

g(k)(t) =

Φ(t, tf )φ(tf )+
� t

tf

Φ(t, r)A1g
(k−1)(r+τ)dr,

t0 � t � tf ,

g(k)(tf ) = φ(tf ), k = 1, 2, · · ·

(16)

, Φ [SP (t) − A]T

, φ(tf ) .

(16) . (16)

g(1)(t) − g(0)(t) =� t

tf

Φ(t, r)A1g
(0)(r + τ)dr, t0 � t � tf , (17)

[SP (t) − A]T [t0 tf ] ,

sup
r∈[t, tf ]

‖Φ(t, r)‖ = M, (18)

: M , ‖ · ‖
. ‖A1‖ = V , ‖φ(tf )‖ = E.

(18) ∥∥g(1)(t) − g(0)(t)
∥∥ �

� tf

t
M 2V Edr �

M 2V E(tf − t0), t0 � t � tf . (19)

∥∥g(2)(t) − g(1)(t)
∥∥ �

MV
� tf

t

∥∥g(1)(r) − g(0)(r)
∥∥dr �

M3V 2E
� tf

t
rdr �

M 3V 2E
1
2!

(tf − t0)2, t0 � t � tf . (20)

∥∥g(k)(t) − g(k−1)(t)
∥∥ � Mk+1V kE

(tf − t0)k

k!
,

t0 � t � tf , k = 1, 2, · · · , (21)

, j k,∥∥g(k+j)(t) − g(k)(t)
∥∥ �

E
k+j−1∑

i=k

M i+2V i+1(tf − t0)i+1

(i + 1)!
�

EMk+2V k+1(tf − t0)k+1

(k + 1)!
exp[MV (tf − t0)],

t0 � t � tf . (22)

(22)

lim
k→∞

∥∥g(k+j)(t) − g(k)(t)
∥∥ = 0, t0 � t � tf , (23){

g(k)(t)
}

, .

k , (15) x(k−1)(t)
g(k−1)(t + τ) , (15)

, g(k)(t)
. g(k)(t) (14), (14)

, x(k)(t) .{
x(k)(t)

} {
g(k)(t)

}
, (13){

u(k)(t)
} {

x(k)(t)
} {

g(k)(t)
}

,

. k → ∞ ,{
x(k)(t)

}
x∗(t) ,{

u(k)(t)
}

u∗(t)
(7), .

,{
g(k)(t)

}
g(∞)(t)

. k

, k

:

uk(t) = −R−1BT[P (t)x(t) + P1(t)z(t) + g(k)(t)].

(24)

1 (24) 1 x(t)

, (24) uk(t)

(13) k .

, k

, k

.
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1
(2) ȳ(t); (8) (9)

P (t) P1(t); k := 1; σ > 0
J0.

(15) g(k)(t); (24) uk(t),

(1) , (4) e(t).

Jk

Jk =
1
2
eT(tf )Qfe(tf ) +

1
2

� tf

0
[eT(t)Qe(t) + uT

k (t)Ruk(t)]dt. (25)

|(Jk − Jk−1)/Jk| < σ, uk(t), .

, g(k)(t) (14) x(k)(t).

k := k + 1, .

4 (Construction of

reference input observers)
(7)

(2) z(t) . (2) ,

z(t) ,

. ,

.

, (2) H ,

L ∈ R
(p−m)×p [HT LT]T ∈

R
p×p .

T =

[
H

L

]−1

=[T1 T2 ], T−1FT =

[
F1 F12

F21 F2

]
. (26)

: T1 ∈ R
p×m, T2 ∈ R

p×(p−m), F1 ∈
R

m×m, F2 ∈ R
(p−m)×(p−m) , F12 F21

. z = T z̄, z̄T = [z̄T
1 z̄T

2 ],
z̄1 ∈ R

m, z̄2 ∈ R
p−m. (2)

⎧⎪⎨
⎪⎩

˙̄z1(t) = F1z̄1(t) + F12z̄2(t),
˙̄z2(t) = F21z̄1(t) + F2z̄2(t),
ȳ(t) = z̄1(t),

(27)

(27) , z̄1(t) ȳ(t),

z̄2(t) . HT = [Im 0]
(F, H) , (F2, F12)

. :{
ẇ(t) = F̂w(t) + Ĥȳ(t),
ẑ2(t) = w(t) + Kȳ(t),

(28)

: w ∈ R
p−m ; ẑ2(t) z̄2(t)

; F̂ = F2 − KF12, Ĥ = F2K − KF12K +
F21 − KF1; K . (2)(26) (28)

z(t)

ẑ(t) = T2w(t) + (T1 + T2K)ȳ(t), (29)

z(t) ,

⎧⎨
⎩

ẇ(t) = F̂w(t) + Ĥȳ(t),
u(t)=−R−1BT[P (t)x(t)+P1(t)T2w(t)+

P1(t)(T1 + T2K)ȳ(t) + g(t)].
(30)

5 (Simulation examples)

[13]. ,

.

,

.

(1)∼(3) , x u

, z . :⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

A=
[

0 1
−1 1

]
, A1 =

[−1 0
0.8 −1.5

]
, B=

[
0
4

]
,

C = [2 0], φ(t) = [2 0]T, F =
[

0 0.1
−0.2−0.1

]
,

H = [1 0], Qf = 8, Q = 4, R = 1.

(31)

z(0) = [0.3 0]T. σ = 0.05.

|(Jk − Jk−1)/Jk| < σ ,

.

1 τ = 1 , e(t)
u(t) 1 2 .

1 . 1 J1 > J2 >

J3 > J4, ,

J∗. 1

,

. k = 4 , .

u4(t) .

2 ,

k J∗ 2 .

1

Fig. 1 Simulation curves of the tracking error
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2

Fig. 2 Simulation curves of the control input

1

Table 1 Performance index values and precision

k 1 2 3 4

Jk 21.623 12.446 10.098 9.7625

|(Jk−Jk−1)/Jk| — 0.7373 0.2325 0.0344

2

Table 2 Performance index values at

different time-delays

τ 1 5 10 15 30 50

k 4 5 7 8 10 10

J∗ 9.763 12.478 15.596 18.703 27.902 30.306

2 , ,

, .

, .

6 (Conclusion)

, .

,

,

.

, ,

, .
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