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Abstract: This work explores how the uncertain Gaussian mixture model(UGMM) can be translated to an additive
type-2 TSK(Takagi-Sugeno-Kang) fuzzy logic system. The mathematical equivalence between the conditional mean of
a UGMM and the defuzzified output of a type-2 TSK fuzzy model(T2-TSK-FM) is proved. The relationship between a
UGMM and a T2-TSK-FM, and the conditions for UGMM to T2-TSK- FM translation is made explicit in the form of a
theorem. The proposed results provide a new method for constructing a T2-TSK-FM by interpreting a fuzzy system from
a probabilistic viewpoint. Instead of estimating the parameters of the fuzzy rules directly, the parameters of a UGMM are
estimated using any popular density estimation algorithm, such as expectation maximization. The proposed approach is
also applied to Mackey-Glass chaotic time series. After comparing the simulation results with those obtained with other
system modeling tools, it can be claimed that successful results are achieved.

Key words: type-2 TSK fuzzy model; Gaussian mixture model; fuzzy system; EM(expectation maximization) algorithm

1 5|E (Introduction)

CRIBOH RSV B RS B & AL
P QA AR R P M R B G 1 T R b L (R
RUBH R G AT BBe, I RS S5ARLrrf e @, 2
BT VR LI B O T R R X S ) O, A SR
T AN R P TR S TR A A TR RN LA T i ey R A
ARG 58 RES: AT — NN S 1 1 0 kA
TR — 3 W 3 — AN HA R A — R TS KA 5
3, ANHH A i TR AR (1 4 R A (RN R TS KA
IR G4 AN Y. TR, A Al Y AN 2

R H 3H: 2007 —08—10; W& ek H 3H: 2008—06—02.

(1 1o 0T VR A A R Ok i o R TSKABSE M R 4. IX BT
(K3 II 5 — RITS KRS R 1) T AT 3 M s B —,
AR D ff 3 REOR 2 8 1) & A RN, S LA 1) R
JUPRY S AL A T 5, T AR 1 SRS B8, A
TS EUR T ) AL, BT RO & Al v 2
WA T H R AL T — BTSKEH R 1S4, AHF
BT 20 R AN L B AR BRI C S (B 7 VAR (FCM) 2 5
=, AT S HOE O BATRE, BEITVEE Bodla 1y Al AT
AR 22 ). A7 ST 8 SRR WY AN 2 e i v 1
TR Z 4 R TS KA 2R 48 L — A A — 7

FEETH: B K BRElEIE S % BT H (60225015); 20044 5 [E K 2 A S B2 0t 75 A A4 11 L1551 H (NCET-040496).



%23 FREALSE:

— #YTakagi-Sugeno-Kang k] TR AN 2 o 3T VR S AR TR ) 25 1 187

RO 2R e IRDR P85 T vy, PO 1 T .
2 W] jnfE Type-2 TSK 8 £ & (Additive
type-2 TSK fuzzy model)

Type-2 TSKA A7 (type-2 TSK fuzzy model, fi]
' T2-TSK-FM) HHMendelZE A 2 1 B8], H— B =L
A

R W R F - e p e FL
Yi=Ci+Clxy+- -+ Chap.
Horpe RO SR, BB MA N, & = (24,

- xp) TN TR AR F;j:ltype—ﬂ‘%*ﬂﬁ 1k, B (x;)
S FREERREG O lytype- LHEBISE, J

S FRICT Y X 1B S 9, T2-TSK-FMAE %
[X [H T2-TSK-FM, H 4t A

%wwz

Y =50 . (1)
> Wi
=1

E*wn:TgW@@@Tﬁ?ﬁﬁﬁ¥.

3 ZHm O ¥ X A T2-TSK-FM Al
Z 4 UGMM HJ 5% HR(From a multi-
dimensional UGMM to a multiple-input-
single-output intrval T2-TSK-FM)

T RG] RS 2 N S R S8 R
PO L RGO E BRI, N2 RS
CIEEEEPSPIROE 2 NUEE Tl e

HA T &R CAS AT i i A A A I
R 5 5

c

G(7) = ;R:NJ(SE s Haiy i) 2
M ETJP/J/EH:\%%Z FEoR TR B LY 1 S 3 B,
HZP =1;% = (z1,--,2y).

17§H”it (), LU AT =R A
(UGMM):

A:

c .
G(%) = ZPZSiNJ(f; fzis Xzi). (3)

W i = (flry - fis) s Zsi = (Gimn)axs Si,
ulﬁﬂamn%‘ﬁml: [ type- 145 B £, Bl 23 il LA SR
FEVAE T X181 [Sr, Sir]s [ists fiter P [Cimnts Timnr) -

At Ay, WA CANAE T + 14EUGMM Ny

c 2 7. -
= Z PiSiNJ+1( N ) /fm 7E§c‘yi)-
i=1 ) Hyi

“4)

G(&,y)

/H\:EF'Z ﬂyi U\iﬁglﬁX{ﬂ?g [‘Iﬂ [Myila ,uyiT]a

ZN’fyi =
{&imn}JxJ {&im(J+1)}J><1 ) (5)
{Gigrintixs T+
IR A
E’i’ylz =
{6™Y yy  {emUHDY 6
{5.i(J+1)n}1XJ 5.i(J+1)(J+1) . ( )
I 2 (4)~(6) W] SR ATy T TR S AT 252 ST B
Ygp =
yG(Z,y)dy
ppis = 22O

hG@wMy
C N s B N
(zgzzsgAg(x;uf“{ohnn}J%ﬂ(uyi—

(a_c' - ﬁﬁ)T{&im(J+1)}JX1

Fi(J+D)(J+1) )/
c N -
(Z ‘F)ZSLNJ(f7 ﬁfiv {&imn}JxJ))-
i=1
,,,,, AR, A EORA W RESEM . Rk, Rk
iﬂu)\miﬂf = (x1,- -, 2y) W5 ] 2 AH T
S, ﬁ**éﬁiffﬁiﬁ%ﬁ@%. T, W T ZE AR
H
Y. — diag{Gimm }sx s {5im(J+1)}Jx1
Ty, — ~ ~
{Ui(J+1)n}1><J Oi(J+1)(J+1)
mn=1---,J.
A, A
Yg =

Ly@@wﬂy
[yl] = oo
ﬁ (Z,y)dy
J
H Ny (255 flig, Gizg) (flys —

Jj=
_‘) { zm(J-i—l)}J 1
i(J+1)(J+1)

@Q

1

<.
Il

—
&l
“211

(xj7/’l‘lj70—l]])) (7)

.MQ
t’)l QI
W:~

(
EEPNl(:Uj;ﬂij,62-]-]-)%7*71:*/%‘/&E%§§3\7Fﬁ8"]1‘%$%
JE PR L.

T = (21, x0) My KGR 5 73 A
i, BB ()M E(T), WA G T E P
EE 1 A FAGAAL, WM (TSN

1



188 oW s N M 26
1) X [R)T2-TSK-FM/H] it 1) %7 %5 - FUGMM) 41 FEuler /7 7265 3X(8) 25 HiL:
s, MM = , ; o= 22T ). @)
2) UGMMIRHPILTHL 1P, = 2 14 s1%(n —7)

3) WA AR, P = J;
5) ﬁl(l#’l)*ua-zmn%’lf%’i&, EI]/J’yzl = lyir; Oimnl =
Oimnrs

6) Ci(j =1, J) W EH s

J
7 W= -1:[1 Ny (253 fuij, 5j; )5

J

8)

J
> ﬁija-ij(J+1)

i~ j=1

CO - /"Ly’b + a—i(J+1)(J+1) ’

_ Fil(T+1)

T __

G = Zigmem

_ G+ '

Cr = sigmosy (=1, M(C));

9) T2-TSK-FM:XH 3feid: T-y N Tz & Bt
AL .

W HRATATT — AN AT TANAH F AR i N AR 1R 2
N FRLA 2R 8 1R N N B R IR AN K (@) T R )
WriR A oA, W)€ 23 A0 — A E— 1 K X [R] T2-
TSK-EM Y5 2 0 . £ — 52 41, UGMMIH) 4 F
WA RN DX ) T2-TSK-FM )4 HZ S50 1. IX A, 38
ATRAE LA AR RN — BB R [ S T — M
e, T DL 1) S BE RO R 48, [ 2 IR,

4 Mackey-Glass J& ¥ B [0 & %] T
W (Mackey-Glass chaotic time series predic-
tion)

FIH & BLAT LA — bl 251X JR] - B TSKASE
MRS (0 07 7 k.l SR R AT e R R A T T
%, WEMS LS, #i e UGMM) 24 485 AL H &
AT A 1) DX E) T2-TSK-FM, BJ e i 8 A5 A 74
(1T 2L A 00 BRI 2R 8 1 R U8, o 3T A A 8 (1 201
SR BRI R G AR I 1) SR R eR B, o TR A AR 4%
2 5 i T e P R B0 20 Dk ORI U )
.

N 1 A FHUGMMAf & 1 X [ T2-TSKA K 452
B (UGMM-T2-TSK-FM) X} Mackey-Glass i i ief [7] 7
FUHEAT TN, 5 5 SCHR 14170 45 FEAT LU

Mackey-Glassii i I [7] 37 51) 2 I8 (] 55 51 75 7]
R benchmark [7] @2 —17), J5 R R

ds(t)  0.2s(t—rT)
dt 1480t —1)

—0.1s(t). (8)

TiEs(n+1) =s(n)+ hf(s,n).

Horbr > 17, BT > 17, iR BLH TRV
FRAE. A T g5 SCERI4IM TAEST L, Ak = 1,
7 = 30,s(n)(n < 30)MHIMEFEHLEN, n(k)RIT5])
SAATIIIEE R X2 (k) = s(k) + n(k) 47 8UE

L BUETS004N A H Tk, 55004 A H 0K, R
FHY 7 MR 22, 38473000k BU~F-34), 3847 I 18]t B~ F
B, P B4 5 SCHR[413E T X T, skl

% 1 Mackey-GlassB i8] 571 Fm 48 R pb iz
Table 1 Comparison of the forecasting results of

Mackey-Glass chaotic time series

BT AR 3R 42 FrgitiEls RZE
Type-1 SFLS™! 10.7490  0.1272
Type-1 NSFLS!* 14.6560  0.1230
Type-2 SFLSH! 239110  0.1129
Type-2 NSFLS-114 253510  0.1121
Type-2 NSFLS-2[4 34.1720  0.1115
UGMM-T2-TSK-FM 202970  0.1031

LL_F6Fh & 48K FH 15 35 2 W SR 8 JE R 4L
i £ 17] L HUGMM-T2-TSK-FM[#) K & & T 3
TSl R 45, 3 He T Al 3Rl BRI R 4, AL ER2
Tl —RUBER R G018

SEFINN, 5 OCHRI41 45 FEAR L, A SO IS
WLk A A R AR T AT R A AL e
SR DX TR) - BU TS KA AR R 0 g ik af Mo T &R
£SO 100 1 O o B e B0 1) L0 O L = e
BERE AR S 800 S AN R T 00 2 B REAS I 4
R 2, T L A PR M A T % S B “ 4
P T R, 22 TRk RE R sh s, Pk g o,

5 #5i8(Conclusion)

A SCHIF IR A e 87 B 1) 1 — 3 (AN . A
SCHE T T AN A v BT TR A R TR (1 4% 30 B i R
T RITSKBOW R SE 1 HH AN O R IXRE, fE
ZIHERL T — PR, W] 78 RAENE A IR S 5
5 HES SR AR A 1R L 1 R MR A B R A
P RN g, AR R, R T, — AR A
W R GE I 7 R e, B e AN S e TR
BRI T RUBOR R L. 7 B S 45 R R WA
FHUGMM ¥t R 28 2 o 1k 5if 3 Bk,

(FH#%1927)



192 oW s N M

06 %5

£ % ik (References):

(1] BRREEER, VLI, PRAk. LI ol 22 90 2% () 4l 415 BB PR ],
FHI LS 5 v, 2005, 22(5): 799 - 801.
(ZHAO Birong, JIANG Minghui, SHENG Yi. Globally exponential
stability of stochastic neural networks with delay[J]. Control Theory
& Applications, 2005, 22(5): 799 — 801.)

[2] LIAO X X, WANG J. Algebraic criteria for global exponential sta-
bility of cellular neural networks with multiple time delays[J]. IEEE
Transactions on Circuits and Systems, 2003, 50(2): 268 — 275.

[3] A, £, Xk £, 5. B HIHopfield b 28 9 2% i A2 2 P 43
M) FHIBR 5 R, 1999, 16(3): 345 — 348.
(FENG Zhaoshu, WANG Jian, LIU Hongwei, et al. Stability Analysis
of Random Hopfield Neural Networks[J]. Control Theory & Applica-
tions, 1999, 16(3): 345 — 348.)

[4] CAO J, WANG J. Global asymptotic and robust stability of recurrent
neural networks with time delays[J]. IEEE Transactions on Circuits
and Systems 1, 2005, 52(2): 417 — 426.

[S] PECORA L M, THOMAS L C. Synchronization in chaotic sys-
tems[J]. Physical Review Letters, 1990, 64(8): 821 — 824.

[6] SUN Y H, CAO J D, WANG Z D. Exponential synchronization of
stochastic perturbed chaotic delayed neural networks[J]. Neurocom-
puting, 2007, 70(13): 2477 — 2485.

[71 CHEN W H, GUAN Z H, LU X M. Delay-dependent exponential sta-
bility of uncertain stochastic systems with multiple delays: an LMI
approach[J]. Systems & Control Letters, 2005, 54(13): 547 — 555.

Y F A~

ik OB (1979—), L, [RGERAEIRIN, HATHFFLIT [ 4 9 25 5
HFRGE . %M %, E-mail: zhang_hao @mail.tongji.edu.cn;

PR (1977—), 55, Al SO LR, Bty
W28 4256 R L I %24, E-mail: hcyan @ee.cuhk.edu.hk;

BRIBZE  (1966—), 33, I EF K202, H sy i A HLas A
24 15 % B 427, E-mail: gjchen @mail.tongji.edu.cn.

(L% 188)

£ % ik (References):

[1] MENDEL J M. Uncertain Rule-based Fuzzy Logic System: Introduc-
tion and New Direction|[M]. New York: Prentice Hall, 2000.

[2] MENDEL J M, JOHN R [, LIU F L. Interval type-2 fuzzy logic sys-
tems made simple[J]. IEEE Transactions on Fuzzy Systems, 2006,
4(6): 808 — 821.

[3] LIANG Q L, MENDEL J M. An introduction to type-2 TSK fuzzy
logic systems[C]//Proceedings of IEEE International Fuzzy Systems
Conference. South Korea, Seoul: IEEE Press, 1999, 3: 1534 — 1539.

[4] LIANG Q L, MENDEL J M. Interval type-2 fuzzy logic systems: the-
ory and design[J]. IEEE Transactions on Fuzzy Systems, 2000, 8(5):
535 - 550.

[5]1 EVERITT B S, HAND D J. Finite Mixture Distributions[M]. London,
UK: Chapman and Hall, 1981.

[6] GAN M T, HANMANDLU M, TAN A H. From a Gaussian mixture
model to additive fuzzy systems[J]. IEEE Transactions on Fuzzy Sys-
tems, 2005, 13(3): 303 - 316.

[71 >, T B T BOM Sigmoid A% 1 3 FF 1) F AL IR @ AL, 4511
it 5N, 2006, 23(2): 204 - 208.
(LIU Han, LIU Ding. Support vector regression based on fuzzy sig-
moid kernel[J]. Control Theory & Applications, 2006, 23(2): 204 —
208.)

Y A~

AL (1972—), B, WL, BIEER, RGO R
I HLAS 2 S) R0 /N 2 Hi4%, E-mail: zhangql1972@yahoo.com.cn;

FER  (1964—), T, #¥%, A4 S, FEF AR A
TR PR g BERCU RO R 4055

WA (1981—), L, W Aoy e, 3 TR 5 A0 (0 45 i 22
4 B P RIRIBTR R 4025,



