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A method for solving the linear-nonquadratic optimal control problem

PAN Li-ping, ZHOU Yuan
(College of Mathematical Science, Fudan University, Shanghai 200433, China)

Abstract: The quasi-Riccati equation method is discussed for solving the linear-nonquadratic optimal control problems
without terminal state-constrains; and accordingly propose an efficient method for obtaining numerical solutions to the
linear-nonquadratic problems without constraints. By combining this method with the penalty method which approximately
converts a problem with constraints to one without constraints, we develop an algorithm for approximately computing the

solutions to linear-nonquadratic optimal control problems with terminal state-constrains.
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1 5|3 (Introduction)

A B R DX 2 M- ok g A s ol il R — 2R A £
HRGEH IR AE AR EESERIG A
N AT T G, L hR ME 8 7T 2 L 3C(1]. 2k
] 8 — A R SR bR iz o ke i A R A AR
5. T B2 18 ) de L A ) 1] A B AR 2 2 g
Y, AT LLas B AE S 5 v i AR S TN R K I 18
i IR Py 3t 5 A7 29 3R ) BCLNQPIT ALl 3t £k g TE £
) BI(LNQP),,, fRE(LNQP), 3 2 J5 i 1 (1) — AL %
U 30 AL e A 45 I GPF L AR SCEBSTY). BORAS K om &Y
WA R A e AN A R 4 PR 1, U S5
[FJ(LNQP)., T AN A2 2 Pt —— Ik i) L, 1y 2 T i 1) 2%
Mk IR OC S FERA SO E & 2 — % 03 5k
Je b 2t —HE R R E L IEIT, WL SC[2~4], SC[414E
L3 59 B R AL T AH N IR A 15 i 2
T, B T R M- R ] R e v S ) e MR
TR EARHES ). N R RS & 2 AR
1) T AR = SR TOE PARAS H bR TE L, U R4 5E 2 he
PRI, BAR AT RS H bR B AR = EOE — AT
SR S MARIRAS 8 i 24 TR A kg 12 B 5T g I 45 1) i) gt A

WeRR H 3H: 2006—03—07; W ts ik H 3H: 2007—01—18.

SRAFHEAE RGOS LB ik 2 B 7% (R 42 1 vk £, 1H
2 J PR A 2 i 24 ARCAR AN 2 R R N IR e R
TEAT AL A4S Tn) 50 1) A0 V8 1 o 808 5 DROR i/ AT
S IR R e 0 (B R B iz B A s DI 42 o) e B
= Jo Sl NG 5 SR/ G 5/ o L L1 e S = A
FC IUIR 25 S 158 R 5 A 0 S VR (I 3L [5)); 1Tk 2k
1 S Y/ @ 515/ (RO 11 B N UR 7 o = M 5 2 ok o S E
e R, AR SO T H I A X T TR R A
(R 28 G T THD ) Al B M 28 68 e D 428 11 o) R ) —
T3 N A RN T3 1R AT A S0 AR OGR HIB TG 72
ARV INEL R TV AR Bl A0 5 2, A 4 DN
AT, 2 WL 2680 L (7).
2 R AR 25 M @(Basic hypotheses and

problem)

e :

B 1 to,t; € RYty < ty, 20 € R

B2 A() € C([to, ], R™"), B(:) € C([to,
t1]7Rnxm)7 f() € C([thtl]vR");

B&3 gc C(to,th] x R" x R™,RY), Vt €

FE4I0H : E K BREFEIES % I H (10571030); L BHE 22 % B H (04dz14003).
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[to,t1],g(t,,-) € C?*R" x R™RY), G() € H¥RFRZ iR

1 n 1\.
C'(R",R"); I(u(-)) =

ﬁ:& 4 EILO € Rl'fEV(t,CL',U) - [to,tl] X Rn X
Rm: mln(g(t,x,u),G(w)) Z Lo;
ﬁ& 5 350 > 05M > O'fIV(t, x, U) € [to, tl] X
2
R"™ x R™, 81, < (gg)(t,x,u) < MI,,;
u
ﬁ& 6 Q € C([to,tl] X Rn)Rl)? Vite [to,
tl]vQ(t7 ) S Cz(anRl);
ﬁ:& 7 R € C([to,tl] X Rm,Rl)’ Vite [to,
t], R(t,-) € C2(R™,RY), 36>05M >0V (t,u)
2

€ [tO;tl] X Rm, (Solm < (%)(f,u) < MIm,

8 S() € C([to, ta], R™");
B#9 E() e C*(RR)HE, : R" — R
rl_'-l,j:l’... ’l'
ZB LN R Z RS
W) Attt u() + Blyu(e)+
f(t), a.e.t e [to,tl],
x(to, u(+)) = o

ey

[} gtt.at.u() u)dt + Glafts, u()))
Vu(-) €U = L*(to, t1;R™)

@)
Foy J PR e A=A — e DL 3 i) L (LNQP): 3Kau(-) e
UBERHI(a()) = inf) T(u(-)).

3 U Riccati 7 12 5 & R & Kk B B
¥ (Quasi-Riccati equation and optimal state
feedback mapping)

Gy BB R T g BGE B IR BES LY (t, @)
€ [to,t1] X R, (gg)(t,m, TR BR™ER™ L ) ]
W L 330 B2 (1, )T T

Py 09 e s

[(5,2) [ )(E,) ]S W3 @ i)

H3.1). 5130 R flRiccati 1L i o 77 7

oK oK 0
%) t,2) + (o) ) (A + BOU ) 1, (- BOTE (1,2))+
FOY + AWK () + (00 (4 ()6, (BT K (1) T =0, ®
(t,2) € [to,11] x R, K(t1,2) = (Zi)(x)T, Ve R
SR Sy R e PR HLNQP R L% Wk fifid
il 55 7 FE3) ) B AR 22 AR AT AE I O8 T X &(t) = =x(t,a()), Vt € [to, ta]. ®)

R A AEME— VS T T, TR 7 B 3) 2 fif
7RIS B LN QP S A7 il PR A R 45 7.
EE 1 e BBI~5Or. B a(-) ALNQP

*ET}E:PontryaginBEij(ﬁE B(Z DL [8181 3L [7)),
FAHTY(-) € AC([to, t1], R™) i3

X 0 . _ .
(I AR 5, K (€ OV([to, 1] x R™,RM))EE Iy at) = [<5§)<t,x(t), VBT (1),
FE(3) R RE AR e gL figt. T Vit € [to, t1],
(F:[to,tl]XRnHRm, dAt . )
Plt,z) Y0 a0 +(2) (100500,
. 4
()0 CBOTR ), teliot],
7 _ - T
|V (t,2) € [to, t1] x R” vltr) = —(5 ) @(t)
JELNQPH AR A S A5t LR id
82g(t,m1,--- y Lpy UL,y " " 7um) . 329(75,:131,--' sy Ly ULy 7um)
82g(t T u) 8x18u1 6x16um
DA S Rt At P ... . . 7 (7
dxdu 82g(t,x1,-~ y L, ULy " " ,Um) . 829(t7$17”' y Tp, UL,y " " ,Um)
O0xpOuy 0Ly, Oy,
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I (75}
V(t,:c,u):(t, () s ()) € [to,tl] x R™ x R™.

KO F1Z () e XE(5) ALk
d[(t) + K(t,2(t)]  dd(t) 0K oK da(t)

dt =—q T(G)GEM) + ()¢ at)— =

dg

—A(t)Tlﬁ(t)Jr(%)(t, a(t),a(t)" + (%I:)(t (1)) + (%];)(t, 2(@)[A®)2(H) + B(t)a(t) + f(1)] =

AW +R (O + AT 20) + ()10, [0, 20), ) BT 0) " +
N0 #(0) + (St 2 AW + BOI L) 0,20, VT (BOTH0) + F(1)}, ¥ € lt0,11].
3)

O(t) = —(Z ) (@) = =K (t, &(t1)) ©)

— 2
A (t) + K (t,2(t))] N
A~ dt A~

(agf)(t’i’(t)) + (?Qf)(tfff(t)){x‘l(t)f(t) + B(t)[(gi)(t, (1), )T BT + £(1)) +
AWTR(2(00) + (52 (0,2(0), [5D)(0,2(0), )] (B H(0) " =

(%)(t,fﬁ(t)) + (%)(tai(t)){A(t)i(t) - B(t)[(%)(t,fc(t), VY =BMTK (L, 2(1)) + f(1)} +
AWTR(42(0) + (50 (120, (G020, (BOTR (1 20) " +
%)(f,f<t>>B<t>{[<§*Z><t,i<t>, VIHBEOTH) = (5, 2(0), )T =BOTE(E2(2)} +

(t,2(0), (5t 2(1), ) T H(=BO Kt 2(1) ", V€ [to, 1] (10)

5
() + K (t1, (1)) = 0. (11)

Zo(10)(11) X 234

thHgft 2O A Bhe)+ ke 1. 0))] - {(%f)(t,:e(w)B(t) +

2 ) .
LG 0,20, 192 0,20, T (- BOTR (1, 20) + 0G5 (0, (B TH(0) -

O:
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[(%)(t,:ﬁ(t% VN =B®)TK(, (1)} =
d[(t) + K (¢, 2(t))] oK

(8,2 (1), )] (=B K (¢, &(1))) g [(

29 (1, 2(1), )] (BUT() -

+{A®T = {(G)E20)B(E) +

dt
2 A ~

LG (0, (21 200), )T} - BOTR (1, 20) + 0421, 8(0), )T (B (1) -

() (1,20, 17 (- BO K (1,2 0) D0} [ 1590, 2(0)

(98,20, 7)™ (=B TLR (1, 2(1) — 91(1) +

K(t.2())})] 0} BO) (1) + K(t,&(1))], Vit € [to, 1] (12)

5, B () + ( (1)) R UK B TR
2 ~

WU a0y a0+ [ 20,50, (D) 10,7 (B >TK<t B (0))+

Jg

(5. 2(0), ) (=B T{K(E 2(1)

Vte [to,tﬂ, gb(tl) =0

I, TR = BB S 2R
{V(t z,y) € [to,t1] x R" x R,
829 dg Ti1—1 -1 1
H(W)(ta:n [(%)(tal‘?) ] ( | S (50
(14)
& N FH Gronwall 5 | BRI 401
O(t) + K(t,2(t) =0,V t € [to,t1],  (15)
NI EEE RO AR
at) =
0 R _ A
() 2(0), )T (= BOTR (t,2(0) =
F(t,&(t)), Yt € [to, t1]. (16)
SEFE .
Bk, I
Ult,s):=
LA R X () e I 55 YRR 5 A 03 e
{ dXE) _ 4yx(1), t € lto, 1],

X)X (s)™ L, Vi, seto, t1], (17)

dt
X (to) = I

(18)

Z‘-ﬁg‘, v E"JTU AC([tO tl] Rn)EF"EE = EX/TE’LL()

{5, )t 2(1),) '] (B ()T¢(t))—[(((gfb)(tw(t),-)T]_l( B(t) K(t, (
= O[() + K (8, &())]1)] o} B(1) }e(t) =

de}{f

13)

(), XS R" (u(-)), B, I, Q" (x(-) Wl F:

~ 2
RIu)) U=, o) (G ) u()ol ),

V() el;
B:U — X = L%(t, t1; R"),
o() = BO)(), Y ul) € Us
I:x—2Xx,
y() = [, UCm(r)an v y() € x;
In: X —R",
vy [ Uy () € s

0%Q

Q"(x(-) : X=X, y(-) = (5202 ()y0),

Vy()eX.

19)

X TLNQPZ s A il Fl 4Pl Riceati 77 #2(3) Z fi#
(1) 47 5 M — P DL K 7 FEQ)Z MR R T (A(), B(-),
FONINESLARBNE, 5B T AN EE 2 —
SEAVAE SCIATHR PR AE IO N 018, r] uEAS T ph &5
B

T2 fBoEEixnl,2,6,7F1
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&% 10 It
G() € C*(R™,RY) Viefto,t1], Q) : R” — R! 22)
ML B

{g(t,x,u) = Q(t,z) + R(t, u), 0)
v (t,él?, U) S [to,tl] x R™ x R™

35 > off

YV (u(), z(), z1) €U x AC([to, t1], R") x R™,
B(u(-),x(-), 1) =
R'(u(-)) + B* Q" (x(-)) [+ @D

0*q
I7 (6 ) (@) )B > 61y,

MLNQPI) s YL da il £7 AE e — H 5 FE(3) A i — 4
INZY NS

T3 E R 1,2,6,7, 1081 20) 5% 57,

11m
||AA(')||C([tO,t1]’RnXn)HovnAB(')Hc([to,tl]’n@nXm)HO:”(Af)(')HC([to,tl],lR”)HO

B b By R (3) 2 il 3% B MUK T R Ge(D I 2 4L
PRAL.
HT M 23 AT R A N
PR ABUE BT,
0*Q

Y (t,x) € [to, t1] xR", (W)(t’ z) >0,

%G
Vo R, (5 2)(@) >0,

CAEMBTPRTQEGH

(24)
PRI T b B (P v T BB e 7)
{v (u(-),z(-),z1) € U x AC([to, t1],R™) x R™,
D(u(-), (), 1) = R (u()) (= dolu).

o B2, 345 40 HAAE R

it 1 DB B 1,2,6,7,1008 07, I 522X
(20)5 3X(22) 18 7. WILNQPIK) fe A1t 428 ) 47 A s —
Hr Q) ME—IE S T S5k 5 (A(), B(Y),
FO)) EEAR LS LR

HR, ik

B 11 R(:) € C([to, ta],R™™), 36 > 0
iV t € [to, t1], R(t)T = R(t) = ol IC

V(t,s):=Y()Y(s)™", Vi s € [to,ta], (26)

FeA Y () R R U B 13 23 T e

(25)

ML G R — RURN RS B(AA)() €
C([t07t1]7Rnxn)7 (AB)() € C([t07t1]7Rnxm)’
(AF)() € C([to, t1], R™), LI Riccati J5 72

0K oK

() 2+ (G (o)A + (AA) ()] +
[B(t) + (AB)(t )][(?)f)(t, V=B +
(AB)O)TK(t,2)) + f(t) + (Af) (D)} +
[A(t) + (AA)(t )} (t ) + (8—Q)(t )",
(t, ) € [to, t1] x
K(tl,m):(gj)(x) ,VzeR”

A K () + (AK)(-). U]

I Ak(')”c‘([to,tlLRnxn) =0. (23)

dﬂf) = [A(t) — BOR(t)'S®IY (1),
t € [to, t], @7
Y(t()) = In

2R, AR EUEZ () € AC([to, t1],R™), X T
A, AR (2()):

A XX, y(- Hf )y(r)dr,
Vy() € X;
Ay X—>R”,y(~)»—>f;1 V(t1, 7)y(r)dr,
Vy() € X (28)
W (x()) :
X =20 = (29l
SETRETISOY(), Yy() € X,

YV (t,z,u) € [to,t1] x R" x R™,
2uTS(t)x + ut R(t)u =

— ST R() IS () + (29)
[u+ R(t)71S(t)x] T x

| R(t)[u+ R(t)~"S(t)a]

SEHIRT 0 BE2IE A H AL
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it 2  Eeise1,2,6,8,10,11%47, Fik G(z) = 2 Wz — 1> —r?), h(-)IEHR,
{g(t,x,u) = Q(t, ) + 2uTS(t)x + uTR(t)u, 21 € R, 1y € [0, +00), VIR AIIER,
YV (t,xz,u) € [to,t1] x R" x R™ 1
o 0 ﬂme=§HC®w—(mT(ﬂ
136 > 0ffi [C(t)a —p(t)] +u” R(t)u},
(W (u(-), 2(-), x1) €U x AC([to, t1], R") xR", C) & O(fto, ul,R™™), p() € C(fto, 1], R,
W(u(-), z(-), 21) == Q() € C(lto, 1], R”"), Q)" = Q("),
RN// + B*[A*W”(IL‘())A‘F Q(t)}(), Vte [to,tl], R( )EC([to,tl] Rmxm)’
. G 5 R()T=R("), 360>0, R(t) =001, Y tE[to, 1]
A3 (7)) Ar)B > 0l ' " s
31
) OO e, i R R R R AR
HAMR 51 JRFESE Re B S IR ARIZ BT (u () P IG5 gtB I 7
R :U—U,v() — R()v(), Y o(-) €U. ol e i (35) B s SCHRVURT IR eR 5, BN U7 FR(3) Ak
(32) 7
¢ 0K 0K
MILNQPAT M — I (1 sl -) LM Riccati 77 () t2) + (G 2) A=
oL oL 4 B(t)R(t)"'B(t) K (t,x)+
(E)(tvx) =+ (%)(t, :C){[ (t)_ f(t)] + A(t)TK(t, .CU)—I—
B(t)R(t) ' S(t)]z— Ct)TQM)[C(t)z — p(t)] = 0, (36)
%B(t)R(t)_lB( JTL(t, )+ F(D)} +]A (t,) € [to, 1] X R,
oG
BRSO L(t, )+ K(t,z) = (5-)(@)",
(B2 (1,225 R(1)S(D)a =0, SEELE
(t x) [to,h] % R *E?Ellz)l ?J»QD% ﬁ:ﬂﬁﬁ ﬁﬁf‘eéﬂﬁ’]ﬂﬁﬁ
00 F3L9])
L(ty,z) = (5 -)(@ z)t, Vo eR" 0K 0K

(33)

A7 M — SRR SR L, AT P b o B A B () AT
RS R BRI
a(t) =
R B0 L2l () +
S(t)x(t,a(-))], Yt € [to,t1]. (34)
4 fWRiccatiy 12 1) K 1E & i 5 5 &
2 Wl (Characteristic line method of solving
quasi-Riccati equation and opitmal control)
i B 1 25 %) F L Riceati J7 72 (3) &K HX
LNQPZ s L 45 il K R BE T 5. TTREQ3) 2 — i JE
AL R TR, ABAESE BRI ] o, e oD 2

() (t2) + (5 )t o)A
Bt)R) Bt K (t, z)+

FO)+ AW TK (1, 2)+ (37)
CTQMC(t)x —p(t)] =0,

L (t,x) € [to, t1] x R"

FRO L 3 T 52 I FROE G 7 R4

(dx(t)
dt

— A(t)a(t)—
B(t)R(t)"'B(t)
) _ )Ryt

dt
CTRW[C(1)z(t) —p(t)]},
S [to, tl]

Th(t) + f(D),

(38)
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ZAETT AR LA (8, (1), k(2) |t € [to, a]}2N Bh S BR2AA B BEHE B Sr, JT LAXS A 5 B4 A

JR Y, F(38) A — 7 de ik %1& > 5 FE 4L IR 1 AR
Sy 3R, T T RDRE 25 0 e BEER B w R O R
Y1(38) 1) it T A 3 3 14 1) AR 2 P B K il 3L, i 2
SR J 2 ) ) A RS B B s .
EI 4 KL G() € C*R™,RY),
3Ly e RYL, G(z) > Lo,V z € R (39)

i

O QM)[C ()2
<>1+uTR<> L,

C([to, ta], R”™),

[to, t1], RY),

[to. 1], R, Q()T=Q(), (V)

tmu {

C(
(
0, Vt € [to, t1],
C([to, 1], R™™),
VY= R(+), 36 > 0,
dodm, Vte[tg,tl];

=
WV

(41)

(e, 2)) T T R R M R )
xo) {ZGRn‘x(to, ) :L‘o}'fffgf
()Tk(v ))_
inf I(=R()"'B()Tk(,2) 42
z€Z(x0)
i, 47 2 ANLPPI— M, A —R(-)
2) ELNQP ) ME— e o2 .

ZMENR (x(,2)
(NLPP)=Kz € Z(

I(=R(-)™

ik il .
Q(t, x) :=5[C(t)w—p(t)]TQ(t)[C(t)ﬂf—p(t)],
R(t,u) == %UTR(t)u, (43)

“IB()Tk(,

FILNQPHL At thil A7 e ME— HLy F2(36)F Mt — 4%
PRz diLfi, 4k i B AL dla ), mPURE
PR () R Riccati 17 5 (36) 2 fif K i 2 % 2 X

a(t)=—R(t) BT K (t, (1)),
Yt € [to, 1], “H
ANI]
P _ A -BORO ™ BOK (4 3(0) +
F(t), V't € [to, 1], “5)
ity
dE(t, (1) _
dt
(%I:)(t,fc(t)) + (%—K)(t x(t>)dz(tt) =

OO0 + Ot a0)A)e
BOR®) ™ BOTE (1,()+1(0)] =
(AT #0) + O

]}, Vit € [to, ta]. (46)
id ) )
k(t) == K(t,&(t), Yt € [to, t1], (47)
(45)(46)5
K(ty,z) = (%)(@T, VreR"  (48)

AR (2(), k()T R TR @)Y S R
Hy = x(t1)HTZﬁ$ MITH

I(=R()7'B(-)"k(-,2)) < I(=R(-)""B(-)"k());
(49)
H
W(t)=—R(t)"B#)Tk(t), Vteto, t1]  (50)
RS TER,
I(=R()7'B(-)"k(-)) STR() T B() k(- 2)).
(51)
i A
I(=R(-)"'B()k(-, 2)) =I(=R(-)"'B()Tk(-)),
(52)
B AS 52 BRI 45 10 L. 8 PHATIEHE,

5 A RES %L mZ4 KIKLNQP(LNQP with
terminal state constraint attached)

AT ] BRI ] R A 5 2 1 SR ARGE

sy “CIET 7 RS Ao 52 PR Ze - — kA
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EC I U T A

06 %5

FL IR AN 52 PR Al U)K R AT i 32 B T
TR B (I A2 T (100G 5 2 5R) T L.
B R R G FRARIZ PRI Q)R 3 2 i
4PN
Ej(x(ty,u() <0, 5 =1,---,1 (53)

a8 1) 8 t—AE = Ik S A0 5 ) in) JE(CLNQP):
Ka() € Una = {u(-) € U | Ej(z(t1,u()) <

I(a() == inf I(u(-)), (54)
u(-)EUaa
W52, EoRa() e ufifd
{ RS G, O (55)
Ej(z(ty,a(-)) <0, j=1,---,1.

BT L 3 B AR 2 % i 240 TR i A 1 i) e
FIAFE I KEE Yy (B 251 1), ad

T2+a

—, Vrelo, ,
h(r):{2+a r € [0, 400)

0, Vre (—o0,0).

HA o BUE (0, 1) FIEL, w8 X

L(u()) = I(u() + 7 ilh(Ej@:(tl,u(‘)))),
z

Vu(-) eU.

5 MR R () R ARz BRGST
R KBRS 20 3 S 3 I A Y B A 45 1 )
(LNQP),: Kil, (-) € UMEE

I (4 ()) = U(H)l;fu Iy (u(’)).

(56)

(57)

(58)

FEREHU C U, RGO B4, 550 Fan, ()N
(LNQP)., e gz i, W

( I(av()) < I’Y<ﬁ7(')) =

inf I,(u(-)) < inf I,(u(")) =

u(-)eU u(-)EUaq
inf  I(u("), ¥ 7 € (0, +00),
u(')euad

Ej(z(t1, 0y(+))) <
(24‘04)[“(.1)2{{&(1I(U('))—Lo(tl—to+1)]}Qia_)
Y

(59)

EX 1 TEE E ARV e, FRU T 2
I(Ua()) <eg+ inf  I(u()),
u(-)EUaa (60)
E](x(tl?ﬂa())) < €0, ] = 17 e 7l

() (-) I CLNQP— AN /L e o F B 2R I ALL i
Pz,
B eq /N, g () EABLIHG A2
I(u(-)) < inf I(u()),
{ (u(-)) ot (u(-)) o

(1) FE JE /& Fi(eo = O, @, (-)KE A b i 2 b 5K,
S CLNQPI?) RS i fse DL 42 1), B & R 2 il 4
H R R L7 5 BRI R PSR Ga () LT

WRE WL B — D u() € Upq, W H(GE

WLV oy > 2+ a)[I(u(-)) ;+I;¢0(tl —to+ 1)],
0

Ty () ZCLNQPH Wi Leokh B 22 3K 1) i 1B
e AU i B O SR4 PR AR Oy vk Y
(3% )0 + 100)) — Lolts ~ 1o+ D] gy

53“" 7
T (LNQP),, )= ep near-optimal¥%iilao (1) (ZFH
3[10]), Frifdo(-) A (LNQP)., e near-optimalf%
i, BRI E WAL

Loliio()) <0+ inf, Ly (u(?).

Y0 =

(62)

MR 5 St () BV 2 CLN QP — /Mt A 2o b 5 2R
(P B pI  Hl.

AT AT I LA _EHe A 7E E 4 2 AR W 4k
PEFMBCB A I HT 2 N v Sk CLNQP.Z 15 B fi
R ITERAIL T 78 2 I B

Hik1 )
W1k E[(2+a)[€o+f(u£-2)l;Lo(t1—t0+1)]
0

+00) FHUE — A IEHv0;
F2b  MRAMEEEY RN

dz(t)
dk(t
Sdt
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’T%L{(x%(’a z)’ k”{o('v Z))T‘Z € Rn};
FBILHR) WAL R 0 E (NLPP).,:
Kz € Zyy () = {z € Rz (b0, 2) = o M
Ly(=R() ' B() T hy (-, 2) =
inf Ly (—=R() ' B() k(- 2), (64)

2€ 724 (z0)
13(NLPP), i —AMi#2;
Hab
Qo (t):=—E () 'B(t) Tk, (L, 2), YVt € [to, t1]

(65)

Bk 2 58 A2 T A M ¥ 2% A RV L9 #E 1 Sz N
CLNQP#) — /™l Aeo b B 2 3K A 3 4Bk £ 10 47 61
FHINT SRS R B W E IR SR A AL

Bl 1 FE
to :=0, xg :=10, t; :=1, 1 :=0, r1 =2,
Alt)=B(t) =1, f(t) =0,

66
g(t,z,u) = %(12 + u2), (66)
Y (z,u) € RL,G(-) =0
Pl
Yo 1= 10%, o :=0.5. 67)
CLNQPH %13 R4t
dz(t)
el x(t) + u(t), a.e. t € [0,1], 9
2(0) = 10,
RS AKIRLA R
| x(1) <2 (69)
FHEFREZ bR
1)) = 3 [ a0 + u(elar,
Yu(-) € L?(0,1;RY) (70)

R RS A SR AT e — A 3 Ak e A 45 i (O
K1 R).
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t
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The approximate optimal control

Fig. 1

g (t) =

—24.4819, —24.1290, —23.7719, —23.4232,
—23.1249, —22.7984, —22.4563, —22.1643,
—21.8038, —21.5208, —21.2465, —20.9052,
—20.6255, —20.3401, —20.0536, —19.7720,
—19.4650, —19.2403, —18.9435, —18.7022,
—18.4137, —18.1537, —17.8851, —17.6324,
—17.4291, —17.1796, —16.9280, —16.6763,
—16.4656, —16.2090, —15.9671, —15.7532,
—15.5494, —15.3272, —15.1263, —14.9188,
—14.6827, —14.4572, —14.3019, —14.0947,
—13.8700, —13.7015, —13.5182, —13.2958,
—13.0852, —12.9020, —12.7820, —12.5694,
—12.3823, —12.2200, —12.0450, —11.8790,
—11.7303, —11.5589, —11.4006, —11.2423,
—11.1003, —10.9525, —10.7832, —10.6061,
—10.5123, —10.3086, —10.1543, —10.0550,
—9.8736, —9.7723, —9.6048, —9.4906,
—9.3774, —9.2482, —9.1256, —8.9799,
—8.8227, —8.6919, —8.6126, —8.5220,
—8.3743, —8.2654, —8.1987, —8.0178,
—7.9696, —7.7815, —7.7279, —7.6345,
—7.5242, —7.3714, —7.2257, —7.2098,
—7.0105, —7.0755, —6.9099, —6.8272,
—6.7063, —6.5987, —6.4647, —6.2566,

—6.2069, —6.1603, —6.1300, —7.1962, —7.1044,

I 7 1] B 10.01;
IR NN RO
Ta(t) =
10.0000, 9.8552,9.7124,9.5718,9.4333,

9.2964,9.1614,9.0285, 8.8971, 8.7680, 8.6405,
8.5144, 8.3905, 8.2682, 8.1475, 8.0284, 7.9110),
7.7954,7.6810, 7.5683, 7.4570, 7.3474, 7.2394,
7.1329,7.0279,6.9239, 6.8214, 6.7203, 6.6207,
6.5223,6.4254, 6.3300, 6.2358, 6.1426, 6.0508,
5.9600, 5.8704, 5.7823, 5.6956, 5.6095, 5.5247,
5.4412,5.3586,5.2770, 5.1968, 5.1179, 5.0401,
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4.9627, 4.8866,4.8117, 4.7376, 4.6645, 4.5924,
4.5210, 4.4506, 4.3811, 4.3125, 4.2446, 4.1775,
4.1115,4.0465, 3.9819, 3.9186, 3.8562, 3.7943,
3.7335,3.6731,3.6138, 3.5550, 3.4968, 3.4392,
3.3824, 3.3264, 3.2714, 3.2172, 3.1633, 3.1097,
3.0571, 3.0050, 2.9530, 2.9024, 2.8517, 2.8024,
2.7532,2.7043, 2.6561, 2.6090, 2.5628, 2.5164,
2.4714, 2.4254, 2.3805, 2.3361, 2.2924, 2.2493,
2.2071,2.1667, 2.1262, 2.0859, 2.0455, 1.9940,

HA

NN

Za(1) = 1.9940, (71)

ARSI 2] | 2 < 202 0h, SEBLT Ak
ARAS R, AT IR AR A L LRI 5.

10 T T T T

8_ =

6_ =

%0

0 1 1 1 1
0 0.2 0.4 0.6 0.8 1

t
2 IERICIRASL

Fig. 2 The approximate optimal state trajectory

6 )5 915 (Final remark)
X TABGE gk a2 e 3T A7 AR B AR 1K 10,

(CE RV

36 >0, Vu() €U, (V2I)(u(-)) = 6Ly (72)
Z — 1 B WRiccati J7 F5 1 ## ) A7 75 ik — 44 0
SRLNQP 1) S L2 i A7 AR A A5 A Ay T ik

DTSR B IR AR, AS SO LA o 30T
IRATER L.
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