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Abstract: The optimal output tracking control(OOTC) problem is considered for discrete-time nonlinear systems. By

introducing a sensitivity parameter in the nonlinear two-point boundary value(TPBV) problem which is obtained from the

optimal control problems and expanding Maclaurin series around it, the original nonlinear OOTC problem is transformed

into a series of nonhomogeneous linear TPBV problems. The OOTC law consists of analytic feedback and feedforward

terms and a compensation term in an infinite series form. The analytic terms can be obtained by solving a Riccati difference

equation and a matrix difference equation. The series compensation term can be approximately obtained by an iterative

algorithm of adjoint vector equations. A simulation example from continuously stirred tank reactor(CSTR) is employed to

test the validity of the presented algorithm.
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2 (Problem statement)

⎧⎪⎨
⎪⎩

x(k + 1) = f̄(x(k)) + Bu(k),
x(0) = x0,

y(k) = Cx(k),
(1)

: x ∈ R
n, u ∈ R

r y ∈ R
m ,

; f̄(x) ∈ R
n

, f̄(0) ≡ 0; B C

.

x = 0 f̄(x) Maclaurin

f̄(x(k)) =
∂f̄

∂xT

∣∣∣∣
x=0

x(k) + f(x(k)), (2)

f(x(k)) . A =
∂f̄

∂xT

∣∣∣∣
x=0

,

:⎧⎪⎨
⎪⎩

x(k + 1) = Ax(k) + Bu(k) + f(x(k)),
x(0) = x0,

y(k) = Cx(k),
(3)

(3) y ỹ

: ⎧⎪⎨
⎪⎩

z(k + 1) = Fz(k),
z(0) = z0,

ỹ(k) = Hz(k),
(4)

: z ∈ R
n, ỹ ∈ R

m; F H

, (F, H) .

:

J =
1
2
{eT(N)Qfe(N) +

N−1∑
k=0

[eT(k)Qe(k) + uT(k)Ru(k)]}. (5)

e(k) ,

e(k) = ỹ(k) − y(k). (6)

Qf , Q ∈ R
m×m , R ∈ R

r×r

. u∗(k)

(5) .

(3) (5)

u(k) = −R−1BTλ(k + 1). (7)

λ(k + 1) :⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

x(k + 1) = Ax(k) − BR−1BTλ(k + 1)+

f(x(k)),

λ(k) = CTQCx(k) − CTQHz(k)+

ATλ(k + 1) + fT
x (x(k))λ(k + 1),

x(0) = x0,

λ(N) = CTQfCx(N) − CTQfHz(N).

(8)

f(x)
fT

x (x), (8)

.

(8)

.

3 (Main results)
3.1 (Simplification of the

original TPBV problem)
,

ε, 0 � ε � 1, ε

:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

x(k + 1, ε) =

Ax(k, ε)−BR−1BTλ(k+1, ε)+εf(x(k, ε)),

λ(k, ε) =

CTQCx(k, ε) − CTQHz(k)+

ATλ(k + 1, ε) + εfT
x (x(k, ε))λ(k + 1, ε),

x(0, ε) = x0,

λ(N, ε) = CTQfCx(N, ε) − CTQfHz(N)

(9)

ε

u(k, ε) = −R−1BTλ(k + 1, ε). (10)

ε (9) .

ε , ε = 1 ,

(9) (10)

(8) u∗(k). x(k, ε), λ(k, ε),

u(k, ε), f(x(k, ε)) fT
x (x(k, ε)) ε = 0 ε

, u∗(k) Maclaurin

:

u∗(k) = u(k, 1) =
∞∑

i=0

1
i!

u(i)(k), (11)
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(·)(i) =
∂i(·)
∂εi

∣∣∣∣
ε=0

. ε = 0 (9) (10)

ε Maclaurin , ε

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

x(i)(k + 1) =

Ax(i)(k) − BR−1BTλ(i)(k + 1) + ai(k),

λ(i)(k) =

CTQCx(i)(k) − (1 − sgn i)CTQHz(k)+

ATλ(i)(k + 1) + bi(k),

x(i)(0) = (1 − sgn i)x0,

λ(i)(N) =

CTQfCx(i)(N) − (1 − sgn i)CTQfHz(N)

(12)

u(i)(k) = −R−1BTλ(i)(k + 1), (13)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

sgn i =

{
0, i = 0,

1, i = 1, 2, · · · ,

ai(k) =

{
0, i = 0,

if (i−1)(x(k)), i = 1, 2, · · · ,

bi(k) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

0, i = 0,

i
i−1∑
j=0

[
Cj

i−1 fT (i−1−j)
x (x(k))×

λ(j)(k + 1)
]
, i = 1, 2, · · · .

(14)

, (9)

(12). (14) , (12)

i ai(k), bi(k)
i , 0 a0(k) = b0(k) =

0 ,

(12)

.

3.2 (Approximation pro-

cess of OOTC law)

λ(i)(k) = P (k)x(i)(k) + (1 − sgn i)P1(k)z(k) +

sgn ig(i)(k), (15)

g(0)(k) ≡ 0. (15) (12) (13),

Ru(i)(k) = −BTλ(i)(k + 1) =

−BT{P (k + 1)[Ax(i)(k) + Bu(i)(k) +

a(i)(k)] + (1 − sgn i)P1(k + 1)Fz(k) +

sgn ig(i)(k + 1)}.

i

u(i)(k) =−S−1(k)BT{P (k + 1)[Ax(i)(k) +

a(i)(k)] + (1 − sgn i)P1(k + 1)Fz(k) +

sgn ig(i)(k + 1)} (16)

i

x(i)(k + 1) =

(I − T (k)P (k + 1))Ax(i)(k) +

(I − T (k)P (k + 1))a(i)(k) −
(1−sgn i)×T (k)P1(k+1)Fz(k)−
sgn iT (k)g(i)(k + 1), (17)

{
S(k) = R + BTP (k + 1)B,

T (k) = BS−1(k)BT.
(18)

P (k) Riccati⎧⎪⎨
⎪⎩

P (k) = CTQC + ATP (k + 1)A−
ATP (k + 1)T (k)P (k + 1)A,

P (N) = CTQfC;

(19)

P1 :⎧⎪⎨
⎪⎩

P1(k) = −CTQH − ATP (k + 1)T (k)×
P1(k + 1)F + ATP1(k + 1)F,

P1(N) = −CTQfH.

(20)

g(i)(k) :⎧⎪⎨
⎪⎩

g(i)(k) = AT(I − P (k + 1)T (k))×
g(i)(k + 1) + ci(k),

g(i)(N) = 0,

(21)

ci(k) = AT(I − P (k + 1)T (k)) ×
P (k + 1)ai(k) + bi(k). (22)

(16) (11)

u∗(k) =

−S−1(k)BT [P (k + 1)Ax(k)+

P (k + 1)f(x(k)) + P1(k + 1)Fz(k)] −
S−1(k)BT

∞∑
i=1

1
i!

g(i)(k + 1). (23)

1 (23)

z(k), . ,

.

2 g(i)(k)
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f (i−1)(x(k)) f
T (i−1)
x (x(k)).

f(x(k)) =

0
BBBB@

f1(x(k))

f2(x(k))
...

fn(x(k))

1
CCCCA , (24)

f (i)(x(k)) =
∂if(x(k, ε))

∂εi

˛̨̨
˛̨
ε=0

=

0
BBBBBBBBBBBBBBB@

∂if1(x(k, ε))

∂εi

˛̨̨
˛̨
ε=0

∂if2(x(k, ε))

∂εi

˛̨̨
˛̨
ε=0

...

∂ifn(x(k, ε))

∂εi

˛̨̨
˛̨
ε=0

1
CCCCCCCCCCCCCCCA

=

0
BBBBBBB@

f
(i)
1

f
(i)
2

...

f
(i)
n

1
CCCCCCCA

Δ
=
“
f

(i)
p

”
n×1

(25)

f
T (i)
x (x(k)) =

∂ifT
x (x(k, ε))

∂εi

˛̨̨
˛̨
ε=0

=

∂i

∂εi

2
66666666664

∂f1

∂x1

∂f2

∂x1
· · · ∂fn

∂x1

∂f1

∂x2

∂f2

∂x2
· · · ∂fn

∂x2

...
... · · ·

...

∂f1

∂xn

∂f2

∂xn
· · · ∂fn

∂xn

3
77777777775

˛̨̨
˛̨̨
˛̨̨
˛̨̨
˛̨̨
˛
ε=0

Δ
=

"
∂ifpq(x(k, ε))

∂εi

˛̨̨
˛̨
ε=0

#
=
h
f

(i)
pq

i
n×n

, (26)

fp (p = 1, 2, · · · , n) fpq (p, q = 1, 2, · · · , n)

. (Bruno) [12] f∗ ε

i

f
(i)
∗ =

iP
k=1

∂kf∗
∂xk

Bi,k(x(1), x(2), · · · , x(i)), (27)

Bi,k(x(1), x(2), · · · , x(i)) (Bell) :

Bi,k(x(1), x(2), · · · , x(i)) =

P
d1+2d2+···+ndi=i
d1+d2+···+di=k

i!

d1!d2! · · · di!

 
x(1)

1!

!d1

×

· · · ×
 

x(i)

i!

!di

. (28)

f
(i)
∗ (25) (26) f

ε, fT
x i .

3 (23)
∞P

i=1

1

i!
g(i)(k + 1) .

, M ∞,

(M )

uM (k) =

−S−1(k)BT[P (k + 1)Ax(k) +

P (k + 1)f(x(k)) + P1(k + 1)Fz(k)] −

S−1(k)BT
MP
i=1

1

i!
g(i)(k + 1). (29)

(29) M :8>>>>>><
>>>>>>:

u0(k) = −S−1(k)BT[P (k + 1)Ax(k)+

P (k + 1)f(x(k)) + P1(k + 1)Fz(k)],

ui(k) = ui−1(k) − 1

i!
S−1(k)BTg(i)(k + 1),

i = 1, 2, · · · ,

(30)

Ji = eT(N)Qfe(N) +

N−1P
k=0

[eT(k)Qe(k) + uT
i (k)Rui(k)]. (31)

, |(Ji − Ji−1)/Ji|
M .

4 (A simulation example)
[13,14] (CSTR)

.

2A � B, ka kb B

,

:[
ẋ1

ẋ2

]
=

⎡
⎣ −2kax

2
1−c1x1+2kbx2

kax
2
1+c2x1−(

F

V
+kb)x2

⎤
⎦+

⎡
⎣ F

V
0

⎤
⎦ u,

(32)

: x1 = CA − C̄A; x2 = CB − C̄B; u =
CAin − C̄Ain , A

B , A

; c1 = 4kaC̄A + F/V, c2 = 2kaC̄A, V

, F . :

C̄B =
ka

F/V + kb

C̄2
A =

1
2
(C̄Ain − C̄A). (33)

: ka = 0.05, kb = 0.01, F/V = 0.02,

CAin = 10 ( SI ), C̄A = 1.59,

C̄B = 4.21, (32)[
ẋ1

ẋ2

]
=

[
−0.1x2

1−0.338x1+0.02x2

0.05x2
1+0.159x1−0.03x2

]
+

[
0.02
0

]
u.

(34)

0.1 s, x1,

(3) 2 ,

:
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⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

A =

[
0.9668 0.002
0.0156 0.997

]
,

B =

[
0.002
0

]
,

f(x) =

[
−0.01x2

1(k)
0.005x2

1(k)

]
,

C = [1 0], x(0) = [0 0]T.

(35)

(4) , :

F =

[
0.95 0.1

−0.2 0.8

]
,H =[1 0], z(0)=[1 0]T.

(36)

J =
1
2
10000e2(60) +

59∑
k=0

(10000e2(k) + u2(k))]. (37)

δ = 0.001, |(Ji − Ji−1)/Ji| < δ

.

1, 2 1 . 1, 2

u(k) e(k)
, Ji ; 1

, Ji

|(Ji − Ji−1)/Ji|, i = 5 ,

. u5(t)
.

1 i = 0, 3, 5 u(k)

Fig. 1 Simulation curves of the control vector u(k)

when i = 0, 3, 5

2 i = 0, 3, 5 e(k)

Fig. 2 Simulation curves of the tracking error e(k)

when i = 0, 3, 5

1

Table 1 Performance indexes and control precisions at each order

i 0 1 2 3 4 5

Ji 28207 26090 25551 25428 25322 25301

|(Ji − Ji−1)/Ji| — 0.0811 0.0211 0.0048 0.0042 0.0008

[13] [14]

. [13]

Riccati , [14]

HJB . [13]

, ; [14]

5 .

[13] [14]

,

,

[13] [14] .

[11]

,

, .

.

5 (Conclusion)

, .

,

.

, .
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