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Adjustable-settling-time finite-time stabilization of a class of uncertain
nonlinear systems with zero dynamics
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Abstract: The problem of finite-time stabilization is investigated for a class of uncertain nonlinear systems with zero dy-
namics, and the method is proposed to design the more applicable adjustable-settling-time finite-time stabilizing controller.
Using the Lyapunov theory of finite-time stability and the backstepping methodology, the design procedure is presented
for the adjustable-settling-time finite-time stabilizingcontroller. With the designed state-feedback controller in loop, the
system is globally finite-time stable and the settling-timecan be adjusted. Specially, when the initial conditions areknown,
the settling-time can be arbitrarily adjusted. Simulationresults are given to illustrate the correctness of the main results.
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1 ÚÚÚóóó(Introduction)
C�õc5, k��m­½��¯KÉ�
�

��'5, ��
¿©uÐ, /¤
k��m­½
�LyapunovnØÚ�«�Ok��m­½��ì�
�{[1∼14].

¯¤±�,²;�`��nØïÄ
�
k��
m­½�~f. Ù¥��´V­È©ìXÚ�Bang-
Bang�m�`�"��[15] . ù´���ëY��m
�`��,¿�¦�4�XÚ�)3k��mS�
��:(=k��m­½), Ï
��ê­½äk�
¯�Âñ�Ý.k��m­½��XÚ�äk�p
��l°ÝÚ�r�|Z65�A5[1,2]. �
�
Ñ�ëY5�U���ËÄy�, ©[3]�Ñ
ëY

��C�k��m­½��ì. �´�CXÚ�­
½5©Û'g£XÚE,!(J�õ, ¤±���
ïÄ8¥3�ég£XÚ��ØCëYk��m

­½��¯K[1,4∼14] . äN/,©[1](á
k��m
­½�Ä:nØ,�Ñ
©ÛÚ�½k��m­½
�Lyapunov½n. ©[4]?�Ú�t[1]�^�, �Ñ

ÛÜk��m­½�¿©^�.©[5]Ú[6]Äuà
g5nØ,©O�Ñ
V­È©ìXÚ�G��"
ÚÄ�ÑÑ�"�k��m­½��ì��O�

{. ©[7∼14]|^�E5���O�{)û
Aa
��5XÚ��Ûk��m­½���O¯K, A
O´�C[7]ïÄ
ÑÑ�"k��m­½���
O, [8] ïÄ
g·Ak��m­½���O. k7
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��Ñ�´, 3[4∼14]¥¤�O�k��m­½�
�ì,ÙÊE�mÑØ�N�. UÄ�O��ì, ¦
�k��m­½�ÊE�m�±�â¢SI�?¿

N�,ò�äknØÚ¢S¿Â,ùò´�©ïÄ�
8I.

�©ïÄ
�a�k"Ä�Ø(½��5XÚ

�ÊE�m�N���Ûk��m­½��¯K.
Äk, �©¤ïÄ���5XÚ�[9∼12]¥ïÄ�
XÚ����: (1)XÚäkØ�þÿ"Ä�; (2)X
Ú���XêäkØ(½5. Ùg, éuk��m
­½�ÊE�m�N�¯K, ©[3] ïÄ
äk?¿
ÊE�m��CëYk��m­½, �´duÙ�
C5��5U©ÛL§�©E,. �©ÏL(¹$
^k��m­½�LyapunovnØÚ�íEâ, �{
'!²
/�Ñ
�ØCëYk��m­½��ì

�S��OÚ½,��
��ì���wªL�.,
	,ØÓuyk©z[1,5∼14],�©���k��m
­½���ÊE�m�N�, AO´�XÚÐ©�
®��,k��m­½���ÊE�m�±?¿N
!,¤±�©¤�O���ìäk�r�¢^5. �
�,�©�ÏL�ý�~�y
¤��nØ(J�
�(5.

2 ýýý������£££��� ¯̄̄KKK£££ããã(Preliminaries and
problem formulation)

2.1 ýýý������£££(Preliminaries)

�©Ï�æ^Xe�
ÎÒ: Rn L« n �

îª�m; é?¿�þ½Ý
 A, AT L« A �

=�, ‖A‖ L«�þ A �î¼�ê½�A��

Ñ�ê(� A ´Ý
�); é?¿ x ∈ Rn, x[i] =

[x1, . . . , xi]
T, i ≤ n.

�ÄXe n�g£XÚ:

ẋ(t) = f(x(t)), (1)

Ù¥ f : Rn → Rn ´ëY¼ê,� f(0) = 0; XÚ
Ð©^�� x(0) = x0.

Xek��m­½�½Âë�©z[1,5,10,12],
¿�y8®²��
2�«@ÚA^.

½½½ÂÂÂ 1 3�¹�: 0�� DS�ÄXÚ(1).
XJ�3�:���m�� U Ú(ÊE�m)¼
ê T : U \ {0} → (0, ∞),¦�

(1) (k��mÂñ) é?¿ x0 ∈ U \ {0},
x(t)3 [0, T (x0))k½Â,� x(t) ∈ U \ {0}, ∀t ∈

[0, T (x0))±9 limt→T (x0) x(t) = 0,

(2) (Lyapunov­½) é?¿�¹�:�m
8 Uε ⊂ U,�3,�m8 Uδ ¦� 0 ∈ Uδ ⊂ U,�
é?¿ x0 ∈ Uδ \ {0}, x(t) ∈ Uε, ∀t ∈ [0, T (x0)),

KXÚ(1)�")´k��m­½�. ?�Ú,

e D = U = Rn,KXÚ(1)�")´�Ûk��m
­½�.

Xe½n�Ñ
�½XÚ(1)��Ûk��
m­½�¿©^�. T½n±9y²�3©
z[1,5,6,10]¥é�.

½½½nnn 1 e�3�½Ú»�Ã.�ëY��

¼ê V : Rn → R+, ÷XÚ(1)�)÷v V̇ (x) +

c0V
α0(x) ≤ 0, ∀x ∈ Rn,Ù¥ c0 > 0, 0 < α0 < 1,

KXÚ(1)�")´�Ûk��m­½�, �ÊE�
m T (x0) ≤

1
c0(1−α0)

V (x0)
1−α0 .

e¡Ún�Ñn�3�©���O¥ª�¦^

�Ø�ª,Ùy²ë�[7,13,16].

ÚÚÚnnn 1 é?¿ x, y ∈ R+,kXe'X¤á:

(1)e 0 < p ≤ 2,K xp ≤ 1 + x2;

(2)e 0 < p ≤ 1,K (x + y)p ≤ xp + yp;

(3) éu÷v 1
p

+ 1
q

= 1 ��ê p Ú q,
e w > 0,K¤á:

xy ≤
wp

p
xp +

w−q

q
yq.

2.2 XXXÚÚÚ���...���������888III(System model and con-

trol objective)

�ÄXe�a�k"Ä�Ø(½��5XÚ�

�Ûk��m­½���O¯K


































ξ̇ = f0(ξ, x1),

ẋ1 = d1(t, x1)x2 + f1(ξ, x1),
...

ẋn−1 = dn−1(t, x[n−1])xn + fn−1(ξ, x[n−1]),

ẋn = dn(t, x)u + fn(ξ, x),

(2)

Ù¥ x = [x1, . . . , xn]T ∈ Rn Ú ξ ∈ Rl ©O

´XÚ��þÿÚØ�þÿG�, ÙÐ�©O
� x(0) = x0 Ú ξ(0) = ξ0; u ∈ R �XÚ��Ñ

\; di : R+ × Ri → R \ {0}, i = 1, . . . , n ´Î

Ò®��Ø(½�ëY¼ê, ¡����Xê; f0 :

Rl × R → RÚ fi : Rl × Ri → R, i = 1, . . . , n´

Ø(½�ëY¼ê,AO/, f0(0, 0) = 0.

�©�§(2)́ �8®²��2�ïÄ�Aa�
�5��XÚ���L�ª. � f0(·) ≡ 0�,=Í
¶�äken�(��î��"��5XÚ, Ta
XÚ3L��õcm��
�¡ïÄ[10,12,16]. �C,
[8,12,13]ïÄ
XÚ(2)�k��m­½���O¯
K,Ù¥[13]�Ä
Ø(½5��Xêäk®�~ê
þe.��¹, [8]ïÄ
��Xê�1!�´XÚ�
��5�þ.äk��ëê��¹, �Ñ
�Og
·Ak��m­½��ì�#�{. �´þã©z
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¤�O�k��m­½���ÊE�mØ�N�,
Ïd,�Oäk�r¢^5�ÊE�m�N��k
��m­½��ìäk­��nØÚ¢S¿Â.

�©�Ì�(Jïá3Xeb�^��þ:

bbb��� 1 �3�gëY���!�½�!»�

Ã.�Lyapunov¼ê U0(ξ),¦�
{

κ(‖ξ‖) ≤ U0(ξ) ≤ κ̄(‖ξ‖),
∂U0

∂ξ
f0(ξ, x1) ≤ −Uα

0 (ξ) + β(x1),

Ù¥ κ(·), κ̄(·)´ K∞ a¼ê, 0 < α < 1, β(·)´�

gëY����K¼ê¿� β(0) = 0.

bbb��� 2 éu i = 1, . . . , n ,�3�ê ai, biÚ

ëY¼ê λi(x[i]) > 0, µi(x[i]) > 0,¦�

0 < aiλi(x[i]) ≤ |di(t, x[i])| ≤ biµi(x[i]).

bbb��� 3 éu i = 1, . . . , n,�3

|fi(ξ, x[i])| ≤

φ(U0(ξ)) + (|x1| + · · · + |xi|)γi(x[i]), (3)

Ù¥ γi �ëY!�K¼ê, φ� K a¼ê, ¿�
3��ê m ≥ n ÷v 4m+1

−1
4m+1 ≥ α, ±9ëY

� φ̄ : R+ → R+,¦�

φ(θ)≤ φ̄(θ)θ
4m+1

−1

2·4m+1 , ∀θ ∈ R+. (4)

b�1´éIO�, Ú©z[13,14,17]¥�k'b
��q. Tb�L²XÚ(2)�Ø�ÿþ"Ä�´Ñ
\ (x1)�G� (ξ)­½�.AO´� x1 = 0�,d½
n1� ξ fXÚ´k��m­½�. b�2�[13,16,
17]¥�k'b�f,Ï
�©¤ïÄ�XÚ(2)�\
��. dTb�ÚëY5, ��Ø(½��Xê¼
êð��½öð�K, �Ø�", l
XÚ(2)Ø

"Ä��	´���. L²þw, b�3Ú[14,17]¥
�k'b��q, �´��k���ØÓ, Ï�
�¢yk��m­½��ÚÊE�m�N�,
ª(3)¥�¼ê φ(·) ÷v�r���, =(4). d	,
du φ(·)´ Ka¼ê,¤± φ(0) = 0,?
d(3)�
�,� ξ = 0, x = 0�, fi(0, 0) = 0, i = 1, . . . , n.
dd9 f0(0, 0) = 0 ��XÚ(2)�²ï:��
: (ξT, xT)T = 0.

�©8I´�OëY�G��"��ì u(x)¦

�XÚ(2)�G� (ξ, x) �Ûk��mÂñ�²ï

:(=�:),¿�ÊE�m T �±·�N�,AO´
3XÚÐ©�®���¹e,ÊE�m T �?¿N

�. T8Iò3e!¥ÏL�E5���O�{¢
y.

3 kkk������mmm­­­½½½������ììì���OOO(Design of
finite-time stabilizing controller)
�!Äuk��m­½�LyapunovnØÚ�í

Eâ,�ÑXÚ(2)�ÊE�m�Nk��m­½�
�ì��OÚ½,¿y²¤�O�G��"��ì
¦�4�XÚ�Ûk��m­½, �ÊE�m�N
�,AO´�XÚÐ©�®��,ÊE�m�±?¿
N!.

3.1 ÐÐÐ©©©������(Initial setting)

ÄkéuXÚ(2)�Ø�þÿ�"Ä� ξ,½ÂX
e¼ê:

V0(ξ) =

∫ cU0(ξ)

0

η(s)ds, (5)

Ù¥ U0(·) ´db�1�Ñ�¼ê; c ����

½�Oëê; η(·) ´ëY!�~��½¼ê�÷

v η(0) = 0; η(s) > 0, ∀s > 0;
∫

∞

0
η(s)ds = ∞.

ØJy² V0(ξ) ´�gëY���!�½�!»

�Ã.�, ��±�����OÚ­½5©Û
�Lyapunov¼ê.

d(5)Úb�1,��,

V̇0(ξ) =
∂V0

∂ξ
f0(ξ, x1) ≤

cη(cU0(ξ))β(x1) − cη(cU0(ξ))U
α
0 (ξ).

@o,e Uα
0 (ξ) ≤ 2β(x1),= U0(ξ) ≤ (2β(x1))

1/α,
Kk,

∂V0

∂ξ
f0(ξ, x1) ≤

cη
(

c(2β(x1))
1/α

)

β(x1) − 0.5cη(cU0(ξ))U
α
0 (ξ).

,��¡,e Uα
0 (ξ) ≥ 2β(x1),Kk,

∂V0

∂ξ
f0(ξ, x1) ≤

cη(cU0(ξ))β(x1) − cη(cU0(ξ))U
α
0 (ξ) ≤

cη
(

c(2β(x1))
1/α

)

β(x1) − 0.5cη(cU0(ξ))U
α
0 (ξ).

À�ëY!�½¼ê β̂(x1) = cη
(

c(2β(x1) +

1)1/α
)

β(x1) .w,,db�2´� β̂(0) = 0, β̂(x1) =

x2
1β̃(x1) , Ù¥ β̃ ´ëY!�½�. Xd, ¼
ê V0(ξ)÷v

∂V0

∂ξ
f0(ξ, x1)≤ β̂(x1) − 0.5cη(cU0(ξ))U

α
0 (ξ).(6)

3.2 ������ììì���ííí���OOO(Backstepping design of con-
troller)

É�©z[10,12∼16]�éu,��!|^�í�
{�OXÚ(2)�ÊE�m�N��k��m­½
��ì. �Qã�Bå�,3S��OÊE�m�N
�k��m­½��ì u = u(x)c,kÚ\Xe/
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ª� n�LyapunovÿÀ¼ê Vk, k = 1, . . . , n:
{

Wk(x[k]) =
∫ xk

x̂k

(

s1/αk − x̂
1/αk

k

)

ds,

Vk(ξ, x[k]) = Vk−1(ξ, x[k−1]) + Wk(x[k])
(7)

Ù¥ x[0] = 0; αk = 4m−k+2
−1

4m−k+2+1
, k = 1, . . . , n, m�

Ø�u n��ê;














x̂1 = 0,

zk = x
1/αk

k − x̂
1/αk

k , k = 1, . . . , n,

x̂k = −z
2αk−1−1
k−1 ωk−1(x[k−1]), k = 2, 3, . . . , n

(8)

ωk−1(·)´e©¥�(½�ëY�!�K�¼ê.

éN´y²þ¡½Â� Wk, k = 1, . . . , näk

±e5�[13,14,16]:






















∂Wk

∂xk

= x
1

αk

k − x̂
1

αk

k = zk,

∂Wk

∂xi

= (xk − x̂k)
∂(−x̂

1/αk

k )

∂xi

,

i = 1, . . . , k − 1.

(9)

e¡Ò�±?1k��m­½��ì�S��

O(�k nÚ).

1111ÚÚÚ.�d(7)½Â�V1���Ú�Lyapunovÿ
À¼ê.Ø���5,b� di(t, x[i]), (1 ≤ i ≤ k)ð

��.w,

V1(ξ, x1) = V0(ξ) +
(

α1/(1 + α1)
)

z1+α1

1 ≤

V0(ξ) + 2z1+α1

1 .

Xd,d(6),b�2!3,Ún1ÚØ�ª: ab ≤ a2/4 +

b2, ∀(a, b) ∈ R × R,k

V̇1 = V̇0(ξ) + x
1/α1

1 ẋ1 ≤

z2α1

1 β̃(x1) − 0.5cη(cU0)U
α
0 + z1d1(x2 − x̂2)+

z1d1x̂2 + z1φ(U0) + z1|x1|γ1(x1) ≤

z2α1

1 β̃(x1) − 0.5cη(cU0)U
α
0 + z1d1(x2 − x̂2)+

z1d1x̂2 + z2
1/4 + φ2(U0) + z1+α1

1 γ1(x1) ≤

z2α1

1

(

(1 + z2
1)γ1(x1) + (1 + z2

1)/4 + β̃(x1)
)

+

φ2(U0) − 0.5cη(cU0)U
α
0 + d1z1x̂2+

b1µ1(x1)|z1(x2 − x̂2)|. (10)

ù�,ÀJXeJ[��:

x̂2 = −
z
2α1−1
1

a1λ1(x1)

(

n − 1 + c1 + c1z
2
1 + β̃(x1)+

(1 + z2
1)γ1(x1) + (1 + z2

1)/4
)

=:

−z2α1−1
1 ω1(x1), (11)

Ù¥ c1 > 0 ´�½�Oëê(e��!¥òy
² c1 Ú c �·�À��±N�ÊE�m T ),
ω1(·)´ëY��K¼ê.

ò(11)�\(10),l
k

V̇1 ≤−(n − 1 + c1)z
2α1

1 − c1z
2+2α1

1 + φ2(U0)+

b1µ1(x1)|z1(x2 − x̂2)| − 0.5cη(cU0)U
α
0 .

�d,Ú½1�O�..

111k(k = 2, 3, . . . , n)ÚÚÚ. b�c k − 1 Ú®

²�O�., �1 k − 1 Ú�LyapunovÿÀ¼
ê Vk−1(ξ, x[k−1]) ´�gëY���!�½�!»

�Ã.�,�÷v

Vk−1 ≤ V0(ξ) + 2
k−1
∑

i=1

z1+αi

i ,

V̇k−1 ≤−(n − k + 1 + c1)
k−1
∑

i=1

z2αi

i −

c1

k−1
∑

i=1

z2+2αi

i + bk−1µk−1(x[k−1])·

|zk−1(xk − x̂k)| − 0.5cη(cU0)U
α
0 +

(k − 1)φ2(U0). (12)

e¡òy²31 kÚ¥kaq(12)�'X¤á.

ÀJd(7)½Â� Vk ��Ú�LyapunovÿÀ¼
ê,?
d(12)9Wk(x[k])�5�´y² Vk ´�g

ëY���!�½�!»�Ã.�,¿�÷v

Vk ≤ V0(ξ) + 2
k
∑

i=1

z1+αi

i ,

V̇k ≤−(n − k + 1 + c1)
k−1
∑

i=1

z2αi

i − c1

k−1
∑

i=1

z2+2αi

i −

0.5cη(cU0)U
α
0 + (k − 1)φ2(U0)+

bk−1µk−1(x[k−1])|zk−1(xk − x̂k)|+

zkẋk +
k−1
∑

i=1

∂Wk

∂xi
ẋi. (13)

XeÅg©ÛØ�ª(13)m>���n�.

1)ÄkdÚn1Ú(8)́ �: |xk − x̂k| ≤ 2|zαk

k |,?

dØ�ª: 2ab ≤ a2/4 + 4b2, ∀(a, b) ∈ R×R,�
�

bk−1µk−1(x[k−1])|zk−1(xk − x̂k)| ≤

2bk−1µk−1(x[k−1])|zk−1|
αk−1 |zk−1|

1−αk−1 |zk|
αk ≤

z
2αk−1

k−1 /4 + 4b2
k−1µ

2
k−1(x[k−1])z

2αk

k z
2−2αk−1

k−1 ≤

z
2αk−1

k−1 /4 + 4b2
k−1µ

2
k−1(x[k−1])z

2αk

k (1 + z2
k−1). (14)

2)�
©Û(13)1�Ø�ªm>��ü�, Ú\
±eü�·K,Ùy²ë�[12,13,16].

···KKK1. é?¿ k = 2, 3, . . . , n,�3ëY��
K¼ê γ̄k : Rk → R+,¦� fk(·)÷vXeØ�ª:

|fk(ξ, x[k])| ≤φ(U0(ξ)) + γ̄k(x[k])
k
∑

i=1

|zi|
2αi−1,

∀(ξ, x[k]) ∈ Rl × Rk.

···KKK2. é?¿ k = 2, 3, . . . , n,�3ëY��
K¼ê Qk : Rk−1 → R+ Ú Pk,i : Rk → R+, i =
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1, . . . , k − 1,¦�é ∀(ξ, x[k]) ∈ Rl × Rk,

|
∂(−x̂

1/αk
k

)

∂xi
ẋi| ≤

Qk(x[k−1])φ(U0) + Pk,i(x[k])
k

∑

j=1

|zj |
αj .

Ù¥ φ(·)�b�3.

Xd, d·K1±9Ún2��, é?¿ k =

2, 3, . . . , n,k

|zkfk(ξ, x[k])| ≤

|zk|
(

φ(U0) + γ̄k(x[k])
k
∑

i=1

|zi|
2αi−1

)

≤

φ2(U0)/2 + z2
k/2 + z2α1

1 /4 + τ1z
2α1

k γ̄2α1

k +

· · · + z
2αk−1

k−1 /4 + τk−1z
2αk−1

k γ̄
2αk−1

k + z2αk

k γ̄k =

φ2(U0)/2 + (1/4)
k−1
∑

i=1

z2αi

i + z2αk

k ζk(x[k]),

Ù¥τi = 22αi−2(2αi − 1)2αi−1α−2αi

i , i = 1, . . . k −

1´�~ê,
ζk(x[k]) = z2−2αk

k /2 +
k−1
∑

i=1

τiz
2(αi−αk)
k ·

γ̄2αi

k + γ̄k ´ëY¼ê. |^þª,��

zkẋk ≤

zkdkxk+1 + |zkfk(ξ, x[k])| ≤

zkdk(xk+1 − x̂k+1) + zkdkx̂k+1 + φ2(U0)/2+

(1/4)
k−1
∑

i=1

z2αi

i + z2αk

k ζk(x[k]). (15)

3) ��, - Pk(x[k]) =
k−1
∑

i=1

Pk,i(x[k]) > 0, K

d(9)Ú·K2��

|
k−1
∑

i=1

∂Wk

∂xi
xi| ≤

k−1
∑

i=1

|xk − x̂k| · |
∂(−x̂

1/αk
k

)

∂xi
ẋi| ≤

2|zk|
αk(Pk

k
∑

i=1

|zi|
αi + (k − 1)Qkφ(U0)) ≤

z2α1

1 /4 + 4z2αk

k P 2
k + · · · + z

2αk−1

k−1 /4 + 4z2αk

k P 2
k +

2z2αk

k Pk + 2(k − 1)|zk|
αkQkφ(U0) ≤

(1/4)
k−1
∑

i=1

z2αi

i + z2αk

k ζ̄k(x[k]) + φ2(U0)/2, (16)

Ù¥ ζ̄k(x[k]) = 4(k−1)P 2
k (x[k])+2Pk(x[k])+2(k−

1)2Q2
k(x[k−1]) ≥ 0´ëY¼ê.

ò±þ(J(14)!(15)!(16)�\(13)¿²·�
�n,�ª��

V̇k ≤−(n − k + c1)
k−1
∑

i=1

z2αi

i − c1

k−1
∑

i=1

z2+2αi

i +

z2αk

k (4b2
k−1µ

2
k−1 + 4b2

k−1µ
2
k−1z

2
k−1 + ζk(x[k])+

ζ̄k(x[k])) − 0.5cη(cU0)U
α
0 + kφ2(U0(ξ))+

zkdk(xk+1 − x̂k+1) + zkdkx̂k+1. (17)

ÀJJ[��

x̂k+1 =−
z
2αk−1

k

akλk(x[k])
(n − k + c1 + c1z

2
k + ζk+

ζ̄k + 4b2
k−1µ

2
k−1(1 + z2

k−1)) =:

−z2αk−1
k ωk(x[k]). (18)

ò(18)�\(17)¥��

V̇k ≤−(n − k + c1)
k
∑

i=1

z2αi

i − c1

k
∑

i=1

z2+2αi

i +

bkµk(x[k])|zk(xk+1 − x̂k+1)|−

0.5cη(cU0)U
α
0 + kφ2(U0). (19)

�d,1 kÚ�O�..

111nÚÚÚ. w,,1 k Ú�(Ø� k = n�E,¤

á. Ïd�â1 k Ú��OL§, ´�EëY�¼
ê x 7→ ωn(x),?
�Ñ¢S��:

u = x̂n+1 = −z2αn−1
n ωn(x). (20)

d	,ëì(13)Ú(19),��






















Vn ≤ V0(ξ) + 2
n
∑

i=1

z1+αi

i ,

V̇n ≤ −c1

n
∑

i=1

(z2αi

i + z2+2αi

i )−

0.5cη(cU0)U
α
0 + nφ2(U0).

(21)

3.3 ÌÌÌ���(((JJJ(Main results)

��!òÀJ�½�~ê c, c1 Ú¼ê η(θ) =

η′(θ)θ
4m+1

−1
4m+1 − α, ∀ θ ∈ R+(=ÀJ η′(·)), �ª

�¤þ�!���ì�O, ¿y²þ�!�E
�Lyapunov¼ê Vn ÷v�Ûk��m­½�^

�(=½n1), =4�XÚ´�Ûk��m­½�;
d	, �½ëê c, c1 �T�À��¢yÊE�m

�·�N�,l
���©�Ì�(J(=e¡�½
n2).

w,,d'Xª(21),´�






















W =: Vn − V0 ≤ 2
n
∑

i=1

z1+αi

i ,

V̇0 + Ẇ ≤ −c1

n
∑

i=1

(z2αi

i + z2+2αi

i )−

0.5cη(cU0)U
α
0 + nφ2(U0).

(22)

?
db�3��(22)1�Ø�ª��ü�÷v

−0.5cη(cU0)U
α
0 + nφ2(U0) ≤

−0.5cη(cU0)U
α
0 + nφ̄2(U0)U

4m+1
−1

4m+1

0 =

−0.5cη′(cU0)(cU0)
4m+1

−1

4m+1 −αUα
0 +

nφ̄2(U0)U
4m+1

−1

4m+1

0 .

À�ëY�!�ü� η′ : R+ → R+¦�

η′(θ) ≥

max
{

θ(4m+1
−1)( 4m+1

−1

4m+1 −α), φ̄2(θ)
}

≥



6 � � n Ø � A ^ 1 xxò

η′

0 > 0, ∀θ ∈ R+, (23)

Ù¥ η′

0´~ê.

555 1 I�Ñ�´, ¦�(23)¤á�ëY!�ü¼

ê η′(·) o´�3�. �±y² η′(θ) , η′0 + φ̄′(θ) +

θ
(4m+1

−1)( 4m+1
−1

4m+1 −α)
, θ ∈ R+ Ò´��Ün�ÀJ, Ù

¥ φ̄′(θ) , sups∈[0, θ] φ̄
2(s), θ ≥ 0. ¢Sþ, du φ̄′(θ) ≥

φ̄2(θ), ∀θ ≥ 0, �Xþ½Â� η′(·) ÷v(23). d φ̄′(·) �

½Â, Ù�ü5´w
´��, e¡y²§�ëY5. ù

�I�yé?¿�½� θ1 > 0, � θ2 > θ1 � θ2 →

θ1 �, k φ̄′(θ2) → φ̄′(θ1). (1)e3 θ̄1 ∈ [0, θ1) ?, ¼

ê φ̄2(·) 3«m [0, θ1] þ��4��� φ̄2(θ1) < φ̄2(θ̄1),

Kd φ̄2(·) �ëY5(db�3(�)��3 ε > 0 ¦

� φ̄2(θ1 + δ) ≤ φ̄2(θ̄1), ∀ δ ∈ (0, ε], ?
- θ2 =

θ1 + δ, δ ∈ (0, ε],K sups∈[0, θ2] φ̄
2(s) = sups∈[0, θ1] φ̄

2(s),

l
éù«�¹, � θ2 → θ1 �, φ̄′(θ2) = φ̄′(θ1);

(2)e φ̄2(θ1) = sups∈[0, θ1] φ̄
2(s), K sups∈[0, θ2] φ̄

2(s) =

sups∈[θ1, θ2] φ̄
2(s), �� θ2 → θ1 �, sups∈[0, θ2] φ̄

2(s) →

φ̄2(θ1) = sups∈[0, θ1] φ̄
2(s),=φ̄′(θ2) → φ̄′(θ1).

éuXþÀ½�¼ê η′(·),k

η′(cU0) ≥
(

η′(cU0) · (cU0)
4m+1

−1
4m+1 − α)

4m+1
−1

4m+1 =

(η(cU0))
2α1

1+α1 .

?�Ú, du 2α1

1+α1
< 1, 2αk < 2α1(1+αk)

1+α1
< 2 +

2αk ÚÚn1,¤±

W
2α1

1+α1 ≤ 2(
n
∑

i=1

z1+αi

i )
2α1

1+α1 ≤ 2
n
∑

i=1

(z2αi

i + z2+2αi

i ).

dd±9(22),k

V̇0 + Ẇ + (c1/4)W
2α1

1+α1 ≤

−0.5c1

n
∑

i=1

(z2αi

i + z2+2αi

i ) − (c1−α/2)η′(cU0)·

(cU0)
4m+1

−1

4m+1 −α · (cU0)
α + nφ̄2(U0)U

4m+1
−1

4m+1

0 .

Xd, ÀJ�Oëê c > 0 ¦� c1−α > 4n, ?

d(23)Ú c1 > 0,��

V̇0 + Ẇ + (c1/4)W
2α1

1+α1 ≤

−(c1−α/4)η′(cU0) · (cU0)
4m+1

−1
4m+1 − α · (cU0)

α ≤

−(c1−α/4)(η(cU0))
2α1

1+α1 (cU0)
2α1

1+α1 ≤

−(c1−α/4)(
∫ cU0

0
η(s)ds)

2α1

1+α1 =

−(c1−α/4)V
2α1

1+α1

0 ,

dd¿-

α̃ = 2α1

1+α1
∈ (0, 1), k = min

{

c1

4
, c1−α

4

}

,

��

V̇0 + Ẇ ≤ − c1W α̃

4
− c1−αV α̃

0

4
≤ −k(W + V0)

α̃.

d½n1,ù¿�X4�XÚ´�Ûk��m­½
�,�ÊE�m T ÷v:

T ≤ 1
k(1−α̃)

(W (x0) + V0(ξ0))
1−α̃

?�Ú, d k �½Â´�, � c1 Ú c v
�, @
o k òC�¿©�, ?
dþª�ÊE�m T �

¢y·�N�. eXÚ�Ð©�®�, @oÏLÀ
J c1 Ú c, ?
ÏL k ¢yÊE�m T �?¿N

�. Ïd,¦ÊE�m T C�?¿�, ´�1�. �
´ c, c1 ´~ê, Ø�U��Ã¡�, ÏdÊE�
m T Ø¬�0.

�©�Ì�(J�±V)¤Xe½n,Ùy²´
w
´��.

½½½nnn 2 �Ä÷vb�1∼b�3��a�k"
Ä��Ø(½��5XÚ(2).�¼ê η′(·)÷v(23),
c > (4n)1/(1−α), c1 > 0, @od(20)�Ñ�ëY�
G��"��ì u(x) ¦�4�XÚ�Ûk��m

­½, ¿�T�À� c Ú c1 �¢yÊE�m T �

·�N�. ?�Ú,eXÚ�Ð©�®�, KÊE�
m T �±?¿N�.

555 2 �±wÑ, �O��5XÚ(2)��NÊE�

mk��m­½��ì�J:��´XÛk�/?n

XÚ�Ø�ÿþ"Ä�, AO´�O¼ê η(·) ��E�

©'�. ,
, �XÚ(2)Ã"Ä�, = f0(·) ≡ 0 �, �I

- V0(·) ≡ 0Ú η(·) ≡ 0,l
���OL§C��©{ü.

4 ���ýýý���~~~(Simulation example)
�ÄXe�kØ�ÿ"Ä�ξ�{üØ(½��

5XÚ:
{

ξ̇ = −3ξ1/3 + x,

ẋ =
(

1.5 + 0.5 cos(θx)
)

u + ξx.
(24)

Ù¥ θ L«XÚ���ëê,§��3����X
ê¼ê d1(x) = 1.5 + 0.5 cos(θx)��,�´TXÚ
÷v 1 ≤ d1(x) ≤ 2.3Xe�ý¥,b� θ = 1.

w,, e U0(ξ) = ξ2/2, KTXÚ÷vb�1,
� α = 2/3, κ(s) = κ(s) = s2/2, s ∈ R+,
β(x) = x4/4. TXÚ÷vb�2,� a1 = 1, b1 =

2, λ1 = µ1 = a2 = b2 = λ2 = µ2 = 1. ,��¡,
TXÚ�÷vb�3,� m = 1, φ(s) = s, s ∈ R+,
φ̄(s) = s17/32, s ∈ R+, γ1(x) = |x|/2.

ÀJ η′(s) = 1 + s17/16 + s195/48, s ∈ R+,
K η(s) = η′(s)s13/48, s ∈ R+. �ëì12!¤�
Ñ��OÚ½, �����ì: u = −z13/17

(

c1 +

c1z
2 + (1 + z2)γ1(x) + (1 + z2)/4 + β̃(x)

)

, Ù



1 xÏ ~_�:�aäk"Ä�Ø(½��5XÚ�ÊE�m�N�k��m	½ 7

¥ z = x17/15, β̃(x) = c
4
η
(

c(1 + 2β(x))3/2
)

x2.

�XÚ(24)�Ð©�� ξ(0) = 1.2, x(0) =

−1. Xeã1Úã2©O£ã
� c = 70, c1 =

0.01 Ú c = 100, c1 = 8�4�XÚ��G��k

��mÂñ1�.äN/,� c = 70, c1 = 0.01 �,
4�XÚ�ÊE�m T ≈ 6.2s; 
 c = 100, c1 =

8�,4�XÚ�ÊE�m T ≈ 0.6s. ù�,ÏLU
C cÚ c1 ���,ÊE�m T ��
N�, l
�
y
�©�{�k�5Ú(Ø��(5.
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Fig. 1 Zero dynamicsξ and statex whenc = 70, c1 = 0.01
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ξ

x

ã 2 � c = 100, c1 = 8�"Ä� ξÚG� x

Fig. 2 Zero dynamicsξ and statex whenc = 100, c1 = 8

5 (((ØØØ(Conclusion)
�©ïÄ
�a�k"Ä�Ø(½��5XÚ

��NÊE�m�Ûk��m	½¯K. ÏL(¹
$^k��m­½�LyapunovnØÚ��ì��í
�OEâ,�Ñ
äk�r¢^5�ÊE�m�N
�k��m­½��ì�S��OÚ½, ¿ÏL�

ý~f�y
nØ(J��(5. I�?�ÚïÄ
�¯K´,�XÚ��Xê���Ãþe.&E�,
XÛ�O�NÊE�m�Ûk��m­½��ì.
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