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New identification approach for nonlinear systems based on
the combination network model of

least squares and support vector machines
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Beijing Institute of Technology, Beijing 100081, China)

Abstract: A novel combination network model of least squares and support vector machines(MLS-SVMs) and the as-

sociate learning algorithm for identifying nonlinear systems based on the input-output data are proposed. In the model, the

identification task is dynamically decomposed into several subtasks according to the physical or statistical natures of the

problem. The SVMs are applied as learning machines to every subtask. After analyzing the statistical characteristics of

the model in the formal characterization, we give an algorithm for training the MLS-SVMs, based on the frame optimiz-

ing principle. The expectation conditional maximization(ECM) algorithm is applied to solve the dependence problem of

parameters. Regularization theory and least squares method assure the identification principle of minimal construction risk

for expert modules. Experiment illustrates good performance of the proposed method by high approximation accuracy and

generalization levels.
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2 LS-SVMs (MLS-SVMs

model)
1 LS–SVMs

:

y(x) =
M∑

j=1

gj(x, β)yj(x, ϑ). (1)

: y(x) , x = {yt−1, yt−2, · · · ,

yt−p, vt−1, vt−2, · · · , vt−q}T ∈ R
n , v

, q, p , M .

yj(x, ϑ), j = 1, 2, · · · , M

, ϑ ,

, (2) :

yj = ϕj(x)wj + bj, j = 1, 2, · · · , M. (2)

gj(x, β), j = 1, 2, · · · , M ,

β . x

1 ,

, .

gj(x, β) � 0, j = 1, · · · , M ,
M∑

j=1

gj(x, β) = 1.

, (3) :

gj(x, β) =
γjp(x, υj)

M∑
l=1

γlp(x, υl)
. (3)

: Σjγj = 1, γj � 0, j = 1, 2, · · · , M . pj(x, υj)
, (4) :

pj(x, υj) = (2π)−n/2|Σj|−1/2 ·

exp[−1
2
(x − νj)TΣ−1

j (x − νj)]. (4)

: n x , νj , Σj

.

, gj(x, β)(j = 1, 2, · · · , M )

gj(x, γ, ν, Σ), j = 1, 2, · · · , M . γ, ν, Σ

.

3 LS–SVMs
(Statistic analysis of MLS–SVMs net-

work)
3.1 (Statistic characteristic de-

scription)
:

, ,

x y . LS–SVMs ,

, gj

, gj , ,

.

, , yj , σ2
j

πj(y|x, ϑ) x y.

:

f(y|x, θ) =
M∑

j=1

gj(x, β)πj(y|x, ϑ). (5)

: θ , πj j

, (6) :

πj(y|x, ϑ) =

(2π)−1/2(σ2
j )

2 exp{−(y−yj)T(y−yj)
σ2

j

}. (6)

yj (2) . (5)

, .

2 {xk, yk}N
k=1,

:

L(θ, x, y) =
N∏

k=1

f(yk|xk, θ) =

N∏
k=1

M∑
j=1

gj(xk, β)πj(yk|xk, ϑ). (7)

3.2 (Likelihood func-

tion based on complete data)
Dempster EM ,

,

. EM

, zj , yk j

zk
j 1, 0. z

zj .
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3 z

{xk, yk}N
k=1, :

L(θ, x, y, z) =
N∏

k=1

f(yk|xk, θ) =

N∏
k=1

M∑
j=1

zj(gj(xk, β)πj(yk|xk, ϑ)). (8)

, :

l(θ, x, y, z) = log(L(θ, x, y, z)) =
N∑

k=1

log(f(yk|xk, θ)). (9)

zj

f(yk|xk, θ) = (gj(xk, β)πj(yk|xk, ϑ))zj . (10)

4

l(θ, x, y, z) =
N∑

k=1

M∑
j=1

zj log(gj(xk, β)πj(yk|xk, ϑ)). (11)

4 ECM (Parameters estima-

tion based on ECM)
4.1 EM (Parameters estimation

based on EM)
2.2 ,

EM E M

, .

E l(θ, x, y, z) Q(θ, θ(t)):

Q(θ, θ(t)) = E(l(θ, x, y, z)|yk, xk) =
N∑

k=1

M∑
j=1

E[zj|yk, xk] log(gj(xk, β)πj(yk|xk, ϑ)) =

N∑
k=1

M∑
j=1

E[zj|yk, xk][log gj(xk, β) +

log(πj(yk|xk, ϑ))] = Qβ + Qϑ. (12)

zj

,

zj
[4]. (12) zj

(

) ,

E[zj|yk, xk]=hk
j (t) =

gj(xk, β)πj(yk|xk, ϑ)
M∑
l=1

gl(xk, β)πl(yk|xk, ϑ)
.

(13)

M θ(t + 1).

θ β ϑ

, (12) , β Qβ ,

ϑ Qϑ, M 2

.

1) β, :

β(t+1) = arg max(
N∑

k=1

M∑
j=1

hk
j (t) log(gj(xk, β)).

(14)

(14)

, [6]:

γj(t + 1) =
1
N

N∑
k=1

hk
j (t), (15)

νj(t + 1) =
1

N∑
k=1

hk
j (t)

N∑
k=1

hk
j (t)x

k, (16)

∑
j

(t + 1) =

N∑
k=1

hk
j (t)[x

k − νj(t)][xk − νj(t)]T

N∑
k=1

hk
j (t)

. (17)

2) ϑ, ,

ϑj ,

:

ϑj(t + 1) =

arg max(
N∑

k=1

hk
j (t) log(πj(yk|xk, ϑ)). (18)

(6) (18)

ϑj(t + 1) = arg max[−
N∑

k=1

hk
j (t)
2σ2

j

(yk − yk
j )2 −

(
1
2

log 2π − log σj)
N∑

k=1

hk
j (t)]. (19)

4.2 ECM (Associated pa-

rameters estimation based on ECM)
(19) σ2

j yj

, , , ECM

, (19) :

CME– 1 σ2
j σ2

j (t) , yj

, :

yj(t + 1) = arg max[−
N∑

k=1

hk
j (t)

2σ2
j (t)

(yk − yk
j )2 −

(
1
2

log 2π − log σj(t))
N∑

k=1

hk
j (t)]. (20)

(20) −(
1
2

log 2π − log σj(t))
N∑

k=1

hk
j (t)

, (20) :

ϑj(t + 1) = arg max[−
N∑

k=1

hk
j (t)
2σ2

j

(yk − yk
j )2].

(21)
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: yj (2) , wj bj ,

(22) wi b ,

, Tikhonov[12] . (22)

:

min
μj∈H

E[μj] ≡

min
μj∈H

C
N∑

t=1

(φk
j (y

k − yk
j )2) +

1
2
Ω(yj). (22)

: φk
j =

hk
j (t)
σ2

j

,

( ) . C > 0
, .

ek = yk − yk
j , (21)

:

min
μj∈H

E[μj]≡ min
μj∈H

C
N∑

t=1

(φk
j (e

k)2)+
1
2
wTw,

(23)

s.t. yk = yk
j + ek = wjϕj(xk) + bj + ek. (24)

, Lag-

range :

L(wj, bj, ej; αj) =

C
N∑

t=1

(φk
j (e

k
j )

2) +
1
2
wT

j wj +

N∑
t=1

αk(yk − wjϕj(xk) − bk
j − ek

j ). (25)

, :[
0 1T

1 Mj + Φj

][
bj

αj

]
=

[
0
y

]
. (26)

:

y = [y1, y2, · · · , yN ], αj = [αj1, αj2, · · · , αjN ],

Φj = diag{(Cφ1
j)

−1, (Cφ2
j)

−1, · · · , (CφN
j )−1},

φk
j = hk

j (t)/σ2
j (t), 1T = [1, 1, · · · , 1]T;

Mj , r s

Mj(r, s) = K(r, s) = ϕj(xr)Tϕj(xs),

s, t = 1, 2, · · · , N,

K(r, s) Mercer .

3 : K(xr, xs) = xT
r xs,

(RBF)

K(xr, xs) = exp (−(xr − xs)T(xr − xs)/σ2)

(ERBF)

K(xr, xs) = exp (−|xr − xs|/2σ2).

ϑj ,

, ,

LS–SVM

,

, LS–SVM ,

Cφk
j ,

[10,11].

CME- 2 yj ,

σ2
j .

σ2
j (t + 1) =

N∑
k=1

hk
j (t)(y

k − yi(t + 1))2

N∑
k=1

hk
j (t)

. (27)

M

.

4.3 (Identification steps)
Step 1 .

, .

Step 2 . K–means

M , M ; j

m ( (25)), φk
j =

1, j = 1, 2, · · · , M .

Step 3 (12) Q(θ, θ(t)), θ

.

Step 4 Q(θ, θ(t))
( 0.001) (

100 ), , ;

E (xk, yk), ,

zk
j ; φk

j =
zk

j

σ2
j

;

MG- (17)∼(19) ;

CME- 1 j, σ2
j σ2

j (t) ,

(25);

CME- 2 j, yj

, (26) σ2
j ;

Step 5 t = t + 1, Step 3.

5 (Example)

,

[14] ,

,

. 3 ,

1 , 1 , 1

. 10 ,

. 3 : 1)

; 2) 10 ; 3)
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.

5.1 (Validated conditions)
1) LS–SVMs

.

.

,

BIC . 2.

2) SVM σ2 .

LS–SVM LS–SVMs

, LS–SVM LS–SVMs

SVM C = 104, RBF ERBF

σ2 = 1.

3) . [13] early

stopping ,

,

.

5.2 1(Example 1)
2 [14], y(t)

u(t)

y(t + 1) =
y(t)y(t − 1)[y(t) + 2.5]
1 + y2(t) + y2(t − 1)

+ u(t). (28)

y(t), y(t − 1), u(t) ,

y(t + 1), u(t) [−2, 2]
. 1000 , 500

, 500 .

u1t = sin(2πt/25), 100 u2t =
1.5 × sin(2πt/30), 120 ,

.

1 ERBF

.

1 1

Fig. 1 Error of example 1

, , LS–SVMs

ME , 1

. 1 , 2

500 ,

500 (10

), 3 u1t

, 4 u2t

.

1 1

Table 1 MSD versus of example 1

1( u1t) 2( u2t)

ME-AR 0.032871 0.037945 0.030092

LS-SVM-RBF 0.013366 0.012895 0.010562

LS-SVM-ERBF 0.010763 0.010321 0.010503

ME-MLP 0.008032 0.009124 0.008882

MLS-SVMs-linear 0.004516 0.004769 0.004656

MLS-SVMs-RBF 0.003285 0.003152 0.003321

MLS-SVMs-ERBF 0.003331 0.003721 0.003509

1 , ,

, LS–SVMs

LS–SVMs MEs .

LS–SVMs , LS–

SVMs 3 ,

,

.

5.3 2 (Example 2)
[14], y(t)

u(t) :

y(t + 1) =
y(t)

1 + y2(t)
+ u3(t). (29)
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y(t), u(t) ,

y(t + 1). u(t) (−1, 1)
. 1000 , 500

, 500 . (31)

. 2

RBF LS–SVMs .

u(t) =

{
sin(2πt/250), 0 � t � 500,

0.8 · sin(2πt/250) + 0.8 · sin(2πt/25), t > 500.
(30)

2 2

Fig. 2 Error of example 2

2 2

Table 2 MSD versus of example 2

ME-AR 0.042369 0.041061

LS-SVM-RBF 0.014695 0.028963

LS-SVM-ERBF 0.020983 0.030690

ME-MLP 0.026542 0.015982

MLS-SVMs-linear 0.020210 0.01003

MLS-SVMs-RBF 0.012353 0.00669

MLS-SVMs-ERBF 0.010366 0.00313

2 , LS–SVMs

LS–SVM ,

LS–SVM

,

,

. , LS-

SVMs

SVM , LS–

SVMs . ,

SVM RBF/ERBF

, . δ2 C

, [15].

5.4 3(Example 3)
,

,

, :

I , T1, T2, T1

, T2 . 100

, 3

.

, .

3

Fig. 3 Estimation error

, LS–SVMs

,

,

.

.

6 (Conclusion)
,

ME

,

, ,

ECM ,

,

.

, LS–SVMs

,

, .
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