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Output-redefinition-based iterative learning control for
nonlinear non-minimum phase systems

CHEN Bing-yu, SUN Ming-xuan, ZHU Sheng

(College of Information Engineering, Zhejiang University of Technology, Hangzhou Zhejiang 310023, China)

Abstract: An iterative learning control is presented for nonlinear non-minimum phase systems. The systems undertaken

are assumed to perform the same tasks repeatedly. Output redefinition is carried out and the zero-dynamics with respect

to the redefined output exhibit a stable behavior. Both methodologies of partially saturated and fully saturated learning are

adopted in designing the learning controllers. Stability and convergence of the learning systems are established, ensuring

the zero-convergence of the tracking error and the boundedness of all variables in the closed-loop. Numerical results are

presented for demonstrating the effectiveness of the proposed two learning control methods.
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2 (Problem formulation)
SISO :

ẋ = f(x) + g(x)(u + w(x, t)), (1)

y = h(x). (2)

: 2008−08−18; : 2009−09−06.

: (60474005, 60774021, 60874041).
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: x ∈ R
n , u y

, f(x), g(x), h(x) x , w(x, t)
x t .

0 < ρ < n, [5]:

z = T (x) =

⎡
⎢⎣

φη∗(x)
...

φξ∗(x)

⎤
⎥⎦ =

⎡
⎢⎣

η∗

...

ξ∗

⎤
⎥⎦ , (3)

:

φξ∗(x) = [ξ∗
1 := h(x) ξ∗

2 := Lfh(x) · · ·
ξ∗

ρ := Lρ−1
f h(x)]T,

φη∗(x) = [η∗
1(x) · · · η∗

n−ρ(x)]T

∂η∗
i

∂x
g(x) = 0, i = 1, 2, · · · , n − ρ.

,

η̇∗ = q(ξ∗, η∗), (4)

ξ̇∗ = A1ξ
∗ + B1[α(x) + β(x)(u + w(x, t))], (5)

y = C1ξ
∗. (6)

:

α(x) = Lρ
f h(x), β(x) = LgL

ρ−1
f h(x),

q(z) =
∂η∗

∂x
f(x)

∣∣∣∣
x=T−1(z)

.

, η̇∗ =
q(0, η∗) . A1, B1, C1 ρ

:

A1 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

0 1 0 · · · 0
0 0 1 · · · 0
...

. . .
...

... 0 1
0 · · · · · · 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

ρ×ρ

, B1 =

⎡
⎢⎢⎢⎢⎢⎢⎣

0
0
...

0
1

⎤
⎥⎥⎥⎥⎥⎥⎦

ρ×1

,

C1 = [1 0 · · · 0 0]1×ρ,

c1, · · · , cρ−1 cρ−1+· · ·+
c1s

ρ−2 + sρ−1 Hurwitz . ξ

ξ = yρ−1 + c1y
ρ−2 + · · · + cρ−1y, (7)

ηT = [ξ∗
1 ξ∗

2 · · · ξ∗
ρ−1 η∗T]. ,

:

η̇ = q′(ξ, η), (8)

ξ̇ = α′(x) + β(x)(u + w(x, t)). (9)

: α′(x) = Lρ
f h(x) + c1L

ρ−1
f h(x) + · · · +

cρ−1Lfh(x). , (8)

η̇ = Aη + Bξ + q1(ξ, η). (10)

, A .

, [7]. K

BK + A .

ym = ξm,

ξm = ξ − Kη, (11)

η̇ = Bξm + (BK + A)η + q1(ξm + Kη, η), (12)

ξ̇m = αm(ξm, η) + β(ξm, η)(u + w(ξm, η, t)). (13)

, .

:

1 (12)(13)

.

2 w(ξm, η, t) , ,

w(ξm, η, t) = p(t)Tψ(ξm, η). : ψ(ξm, η)
, p(t) .

yd(t), t ∈ [0, T ],
u(t), t ∈ [0, T ],

[0, T ] ,

. ξ ξd, yd

(7) y ξd.

ξ̃ = ξd − ξ, e = yd − y,

ξ̃ = e(ρ−1) + c1e(ρ−2) + · · · + cρ−1e. (14)

(14) Hurwitz , ξ̃ , e .

ξ ξd , η( ηd)

η̇d = Aηd + Bξd + q1(ξd, ηd). (15)

(11) ξm , ξmd = ξd − Kηd.

3 (Iterative learning control)
,

,

. k . k

(12),(13) :

ξ̇mk = αm,k + βk(uk + pTψk), (16)

η̇k = Bξmk + (BK + A)ηk + q1k. (17)

: αm,k = αm(ξmk, ηk), βk = β(ξmk, ηk), ψk =
ψ(ξmk, ηk), q1k = q1(ξmk + Kηk, ηk).
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uk = β−1
k [ξ̇md + cξ̃mk − αm,k − βkp̂

T
k ψk], (18)

p̂k = satp̄(p̂k−1) + γβkψ
T
k ξ̃mk. (19)

: c > 0, γ > 0, ξ̃mk = ξmd − ξmk, p̂k(t) p(t)
, p̂−1(t) = 0. sat(·) , a,

satā(a) =

⎧⎪⎨
⎪⎩

ā1, a < ā1,

a, ā1 � a � ā2,

ā2, a > ā2.

(20)

: ā = {ā1, ā2}
ā1 < ā2 ā1 �= ā2. a ∈ R

m, satā(a) =
[satā1(a1) satā2(a2) · · · satām(am)]T, ā =
{ā1 ā2 · · · ām}. (19) , p̄ = [p̄1 p̄2]

. , p(t) p(t) = satp̄(p(t)).

[13] , .

1 a, b ∈ R
m, b̄1

i � a � b̄2
i , i =

1, 2, · · · ,m , [(γ + 1)a − (γb + satb̄(b))]TΛ[b −
satb̄(b)] � 0, : γ � 0 , Λ > 0

.

1 1 2 (16)(17),

(18) (19),

, ξmk(0) = ξmd(0), ηk(0) = ηd(0).

k → ∞ , yk(t) [0, T ] yd(t), ,

lim
k→∞

yk(t) = yd(t), t ∈ [0, T ].

Lk(t)

Lk(t) =
1
2
ξ̃2
mk(t) +

1
2γ

� t

0
p̃T

k (τ)p̃k(τ)dτ,

p̃k(t) = p(t) − p̂k(t).

ΔLk = Lk − Lk−1,

ΔLk =
1
2
ξ̃2
mk(t) +

1
2γ

� t

0
(p̃T

k p̃k − p̃T
k−1p̃k−1)dτ −

1
2
ξ̃2

mk−1. (21)

, ξ̃mk(0) = 0. (21)

1 ,

1
2
ξ̃2
mk =

� t

0
(−cξ̃2

mk − βkp̃
T
k ψkξ̃mk)dτ. (22)

1, (21) 2

1
2γ

� t

0
(p̃T

k p̃k − p̃T
k−1p̃k−1)dτ �

� t

0
(βkp̃

Tψkξ̃mk − γ

2
β2

kψ
T
k ψkξ̃

2
mk)dτ. (23)

(22) (23) (21),

ΔLk �−1
2
ξ̃2

mk−1. (24)

, Lk k . , Lk

, L0 . Lk , L0

L̇0 = ξ̃m0
˙̃
ξm0 +

1
2γ

p̃T
0 p̃0.

(22)

ξ̃m0
˙̃
ξm0 =−cξ̃2

m0 − β0p̃
T
0 ψ0ξ̃m0.

(23)

1
2γ

p̃T
0 p̃0 =

β0p̃
T
0 ψ0ξ̃m0 − γ

2
β2

0ψ
T
0 ψ0ξ̃

2
m0 +

1
2γ

pTp,

L̇0 � 1
2γ

pTp. (25)

p(t) [0, T ] , L0(0) , L0(t)
[0, T ] , , Lk(t) [0, T ] .

, ξmk, ηk p̂k .

(24) 1 k :

Lk � L0 +
k∑

j=1

ΔLj,

lim
k→∞

Lk � L0 − lim
k→∞

1
2

k∑
j=1

ξ̃2
m(j−1).

L0(t) Lk(t)
∞∑

j=1

ξ̃2
mj−1(t)

.

lim
k→∞

ξ̃mk(t) = 0, t ∈ [0, T ].

, ξmd ξmk ,

lim
i→∞

ξk = lim
k→∞

ξd − Kη̃k, (26)

η̃k = ηd − ηk. η̃k

lim
k→∞

˙̃ηk = lim
k→∞

(BK + A)η̃k + q3,k,

q3,k = q1(ξmd + Kη̃k, η̃k + ηd) − q1(ξmd, ηd).

, q1 η̃k Lipschitz . η̃k(0) = 0,

(BK + A)

lim
k→∞

η̃k(t) = 0, t ∈ [0, T ]. (27)
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, (26) , lim
k→∞

ξk(t) = ξd(t), t ∈ [0, T ].

, ξk , lim
k→∞

yk(t) = yd(t), t ∈
[0, T ]. .

4 (Fully-saturated learning)

. ,

.

p̂k = satp̄∗(p̂∗
k), (28)

p̂∗
k = p̂k−1 + γβkψ

T
k ξ̃mk, (29)

p̄∗ p̂∗
k(t) . Lk

Lk =
1
2
ξ̃2
mk +

1
2γ

� t

0
p̃T

k p̃kdτ.

Lk Lk−1 ,

ΔLk =
1
2
ξ̃2
mk +

1
2γ

� t

0
p̃T

k p̃k − p̃T
k−1p̃k−1dτ −

1
2
ξ̃2

mk−1. (30)

(18) 1 ,

1
2
ξ̃2
mk =

� t

0
(−cξ̃2

mk − βkp̃
T
k ψkξ̃mk)dτ. (31)

(28)(29),

p̃T
k p̃k − p̃T

k−1p̃k−1 �
2[p − satp̄∗(p̂∗

k)]
T[p − satp̄∗(p̂∗

k)] −
[p̂k − p̂k−1]T[p̂k − p̂k−1] + 2γβkp̃

T
k ψkξ̃mk. (32)

1,

[p − satp̄∗(p̂∗
k)]

T[p − satp̄∗(p̂∗
k)] � 0,

p̃T
k p̃k − p̃T

k−1p̃k−1 �
−[p̂k − p̂k−1]T[p̂k − p̂k−1] + 2γβkp̃

T
k (t)ψkξ̃mk.

(33)

(31)(33) (30),

ΔLk � −1
2
ξ̃2

mk−1. (34)

, Lk . , Lk

L0 . L0 ,

.

, :

2 1 2 (16)(17),

, ξ̃mk(0) = 0 η̃k(0) = 0.

(18) (28)(29) ,

k → ∞ , yk(t) [0, T ] yd(t),

.

5 (Numerical results)
[7] :

ξ̇∗
1 = ξ∗

2 ,

ξ̇∗
2 = u + w,

η̇∗ = η∗ + ξ∗
1 + ξ∗2

2,

y = ξ∗
1 .

:

ξ = ξ∗
1 + ξ∗

2 ,

η = [ξ∗
1 η∗]T.

ξ̇ = ξ − η1 + (u + w),

η̇ =

[
1
0

]
ξ +

[
−1 0

1 1

]
η +

[
0

(ξ − η1)2

]
.

.

ξm = ξ − Kη,

K = [K1 K2]. K1 = −7, K2 = −20,

−3,−4,

.

w(ξm, η) = sin t sin(ξm + η1 + η2).

yd(t) = t(1 − t)e−t, t ∈ [0, 1].

yd ξd,

(15) ηd, 1 . ξmk(0) =
ξmd(0), ηk(0) = ηd(0). ,

c = 2, γ = 5. ( k = 100),

2 3. , ,

.

1 ηd

Fig. 1 Desired internal dynamics ηd
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2

Fig. 2 Tracking error by partially-saturated learning law

3

Fig. 3 Tracking error by the fully-saturated learning law

6 (Conclusion)
, SISO

, 1 ,

.

,

,

.

, .
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