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Abstract: For a class of T-S fuzzy systems with disturbances in the inputs and outputs, the generalized steady and

dynamic performance indices of nonlinear systems are defined in the linear matrix inequality region, and the sufficient

conditions for the existence of a reliable output feedback controllers are derived in terms of the LMIs, so that the closed-

loop systems can maintain steady and dynamic performances even when the sensors or the actuators are failed, and the

mixed L-two/L-infinity robust performance can always be held. Under the proposed sufficient conditions, an extra matrix

is introduced by the projection lemma, and the variables between the Lyapunov function and the controllers are decoupled

for increasing the degrees of the freedom in the design process. The simulation of the longitude control for the F–16 fighter

indicates the effectiveness of the proposed method.
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. ,

.

: Θ(h)
q∑

i=1

hi(z(t))Θi , ⊗
Kronecker ; , *

.

2 (Problem statement)
T-S :

Rulei : IFz1(t) isF i
1AND · · · zv(t) isF i

v THEN

ẋ(t) = Aix(t) + Biu(t) + Eiw(t),

y(t)=Ci(x(t)+v(t)), i=1, 2,· · ·, q. (1)

: q , z(t) = [z1(t) · · · zv(t)]T ∈
R

v , F i
j . x(t) ∈ R

n,

y(t) ∈ R
r ; u(t) ∈ R

p

, u(t) ∈ {uo(t),uf(t),us(t)};

w(t),v(t) ∈ R
n .

Ai, Bi, Ci Ei , Bi

Ci .

, (1)

, (PDC) ,

uo(t) =
q∑

i=1

hi(z(t))Kiy(t) =

q∑
i=1

q∑
j=1

hi(z(t))hj(z(t))[KiCjx(t)+KiCjv(t)]. (2)

Ki .

hi(z(t)) = ωi(z(t))/
q∑

i=1

ωi(z(t)),

ωi(z(t)) =
v∏

j=1

F i
j (zj(t)).

F i
j (zj(t)) zj(t) F i

j ,

ωi(z(t)) i .

ωi(z(t)) � 0,
q∑

i=1

ωi(z(t)) > 0, i = 1, 2, · · · , q,

hi(z(t)) � 0,
q∑

i=1

hi(z(t)) = 1, i = 1, 2, · · · , q.

⎧⎪⎨
⎪⎩

uf(t) =
q∑

i=1

hi(z(t))MfKiy(t),

us(t) =
q∑

i=1

hi(z(t))KiMsy(t).
(3)

Mf Ms .

Mf = diag{mf1,mf2, · · · ,mfp},
Ms = diag{ms1,ms2, · · · ,msr},
0 � mfj � mfj � m̄fj, 0 � msl � msl � m̄sl,

j = 1, 2, · · · , p, l = 1, 2, · · · , r.

, mfj = 0( msl = 0) , (

) j( l) ; mfj = 1( msl =
1) , ( ) j( l)

; mfj � mfj � m̄fj( msl � msl � m̄sl) ,

( ) j( l) .
[6].

Mf0 = diag{mf01, mf02, · · · , mf0p},
Jf = diag{jf1, jf2, · · · , jfp},
Lf = diag{lf1, lf2, · · · , lfp},
|Lf | = diag{|lf1|, |lf2|, · · · , |lfp|},
Ms0 = diag{ms01, ms02, · · · , ms0r},
Js = diag{js1, js2, · · · , jsr},
Ls = diag{ls1, ls2, · · · , lsr},
|Ls| = diag{|ls1|, |ls2|, · · · , |lsr|},

:

mf0j = (m̄fj + mfj)/2,

jfj = (m̄fj − mfj)/(m̄fj + mfj),

l0j = (mfj − mf0j)/mf0j,

ms0j = (m̄sj + msj)/2,

jsj = (m̄sj − msj)/(m̄sj + msj),

lsj = (msj − ms0j)/ms0j,

| · | ,{
Mf = Mf0(I + Lf), |Lf | � Jf � I,

Ms = Ms0(I + Ls), |Ls| � Js � I.
(4)

u(t) ∈ {uo(t),uf(t),us(t)} (1)

ẋ(t) = {A(h) + B(h)K̄(h)C(h)}x(t) +

[B(h)K̄(h)C(h) E(h)]d(t). (5)

:

d(t) = [vT(t) wT(t)]T,

K̄j ∈ {Kj,MfKj,KjMs}.
1 [7] , L

M , D = {s∈C : fD(s) =L+sM+s̄MT <0},

fD(s) , D .

2 (5), d(t) =
0 , z1(t) = ‖P 1

2
1 x(t)‖2, P1 ,
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ż1(t) < −γz1(t), α > 0,

γ , ‖ · ‖ .

3 (5), d(t) = 0 , z2(t) =
‖P 1

2
2 ẋ(t)‖, P2 ,

ζ
� tf

0
z2(t)dt � β, tf , ζ β

, ζ .

4 (5),

‖x(t)‖∞ � μ‖x(0)‖+ρ‖d(t)‖∞,∀ d(t) ∈ L∞, (6)

L2/L∞ ,

‖x(t)‖∞ � sup
t

‖x(t)‖, t ∈ [0,∞).

1 [8] 1 (−q, 0),

r D , P

L ⊗ P + M ⊗ (PA(h) + PB(h)K̄(h)C(h)) +

MT ⊗ (PA(h) + PB(h)K̄(h)C(h))T < 0, (7)

(5) .

2 [9]( ) H ,

NT
P HNP < 0, NT

QHNQ < 0 , X ,

H + PTXTQ + QTXP < 0, P Q

, NP NQ ker P ker Q

.

ker P ker Q ,

.

3 (Analysis of the performance)
1 (−q, 0), r D ,

q > r, P K̄(h)
(7) , (5) , γ ∈

(2q − 2r, 2q + 2r), ζ =
√

q2 − r2/q.

Lyapunov V (x(t)) = xT(t)Px(t),

P > 0, w(t) = 0, v(t) = 0 ,

V̇ (x(t)) = xT(t){P [A(h) + B(h)K̄(h)C(h)] +

[A(h) + B(h)K̄(h)C(h)]TP}x(t). (8)

1

[I ⊗ xT(t)][L ⊗ P + M ⊗ (P (A(h) +

B(h)K̄(h)C(h))) + MT ⊗ (P (A(h) +

B(h)K̄(h)C(h)))T][I ⊗ xT(t)] < 0. (9)

x(t) �= 0 ,

L⊗1+M⊗1
2

V̇ (x(t))
V (x(t))

+MT⊗1
2

V̇ (x(t))
V (x(t))

< 0. (10)

(−q, 0), r LMI D ,

L M , Kronecker ,⎡
⎢⎢⎣

−r q +
1
2

V̇ (x(t))
V (x(t))

q +
1
2

V̇ (x(t))
V (x(t))

−r

⎤
⎥⎥⎦ < 0. (11)

(11) Schur

−r2 + (q +
1
2

V̇ (x(t))
V (x(t))

)2 < 0. (12)

2 ż1(t) < −γz1(t), γ ∈ (2q −
2r, 2q + 2r). q > r , .

, (7)[
−rP qP + (A(h) + B(h)K̄(h)C(h))TP

∗ −rP

]
< 0.

(13)

Schur

(q2 − r2)P + q{P (A(h) + B(h)K̄(h)C(h)) +

(A(h) + B(h)K̄(h)C(h))TP} + (A(h) +

B(h)K̄(h)C(h))TP (A(h) +

B(h)K̄(h)C(h)) < 0. (14)

(14) xT(t) x(t)

qV̇ (x(t)) < −ẋT(t)P ẋ(t)−(q2−r2)V (x(t)). (15)

V̇ (x(t)) � −2ζ
√

ẋT(t)P ẋ(t)
√

V (x(t)). (16)

ζ =
√

q2 − r2/q.

1√
V (x(t))

dV (x(t)) � −2ζ
√

ẋT(t)P ẋ(t)dt. (17)

√
V (x(tf)) � 0,

ζ
� tf

0

√
ẋT(t)P ẋ(t)dt �

√
V (x(0)). (18)

3 ζ
� tf

0
z2(t)dt �

√
V (x(0)) = β,

, ζ =
√

q2 − r2/q. .

(2) (5) ,

(6) .

2 α β,

P M Nj(i = 1, 2,· · · ,

q), :

Ωijl =

⎡
⎢⎣Δ̄1 BiNjCl PEi

∗ −βI 0
∗ ∗ −βI

⎤
⎥⎦ < 0,

i, j, l = 1, 2, · · · , q. (19)

: Δ̄1 = AT
i P +PAi+BiNjCl+CT

l NT
j Bi+αP ,
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BiM = PBi, K̄j = M−1Nj ,

(5) , (6).

Lyapunov V (x(t)) = xT(t)Px(t),

w(t), v(t) ,

V̇ (x(t)) =

x̃T(t)Ωx̃(t) − αxT(t)Px(t) + βdT(t)d(t),

Ω =

⎡
⎢⎣Δ1 PB(h)K(h)C(h) PE(h)

∗ −βI 0
∗ ∗ −βI

⎤
⎥⎦ , (20)

x̃T(t) = [xT(t) dT(t)]T,

Δ1 = (A(h) + B(h)K(h)C(h))TP + P (A(h) +

B(h)K(h)C(h)) + αP,

Ω < 0 ,

V̇ (x(t)) � −αxT(t)Px(t) + βdT(t)d(t). (21)

[1]

‖P 1
2 x(t)‖2 �

e−αt‖P 1
2 x(0)‖2+β

� t

0
e−ατ‖d(t−τ)‖2dτ. (22)

(21)(22) L∞

sup
t∈[0,∞)

{λmin(P )‖x(t)‖2} �

sup
t∈[0,∞)

{ sup
τ∈[0,t)

[e−αt‖P 1
2 x(0)‖2 +

β

α
‖d(t − τ)‖2(1 − e−αt)]}. (23)

‖x(t)‖∞ �
√

λ−1
min(P )λmax(P )‖x(0)‖ +√

λ−1
min(P )α−1β‖d(t)‖∞. (24)

λmax(P ) λmin(P ) P

.

μ1 =
√

λ−1
min(P )λmax(P ),

ρ1 =
√

λ−1
min(P )α−1β.

Bi , M

BiM = PBi
[10], K̄j = M−1Nj ,

(20) (19). .

2 , .

3 α β,

X = P−1, M Nj(i =
1, 2, · · · , q), :

Ω̄ijl =

⎡
⎢⎣Δ̄2 BiNjCl EiX

∗ −βI 0
∗ ∗ −βI

⎤
⎥⎦ < 0,

i, j, l = 1, 2, · · · , q. (25)

:

Δ̄2 = XAT
i + AiX + BiNjCl + CT

l NT
j BT

i ,

ClX = MCl,

K̄j = NjM
−1

(5) , L2/L∞
(6), :

μ2 =
√

λ−1
min(P )λmax(P ),

ρ2 =
√

λ−1
min(P )λmax(P 2)α−1β.

4 (Design of robust re-

liable controller)
, .

4 α β,

P M , Nj(j = 1, 2, · · · ,

q) εi(i = 1, 2, 3) (26)∼(31) :

Θ1 =

⎡
⎢⎣−rP + ε3C

T
i Ci qGT + AT

i GT + CT
i NT

i BT
i BiNi

∗ −r(GT + G − P ) 0
∗ ∗ −ε3J

−1
s

⎤
⎥⎦ < 0, i = 1, 2, · · · , q, (26)

Θ2 =

⎡
⎢⎣−3rP +ε3(2CT

i Ci+CT
j Cj) S̄12 S̄13

∗ −3r(GT+G−P ) 0
∗ ∗ −3ε3J

−1
s

⎤
⎥⎦<0, i, j =1, 2,· · ·, q, j �= i, (27)

Θ3 =

⎡
⎢⎣−6rP + 2ε3(CT

i Ci + CT
j Cj + CT

l Cl) S̃12 S̃13

∗ −6r(GT + G − P ) 0
∗ ∗ −6ε3J

−1
s

⎤
⎥⎦ < 0,

i = 1, · · · , q − 2, j = i + 1, · · · , q − 1, l = j + 1, · · · , q, (28)
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Γ1 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

−GT−G Q̄12 BiNiCi GTEi BiNi BiNi

∗ −2τP +ε1C
T
i Ci 0 0 0 0

∗ ∗ −βI+ε2C
T
i Ci 0 0 0

∗ ∗ ∗ −βI 0 0
∗ ∗ ∗ ∗ −ε1J

−1
s 0

∗ ∗ ∗ ∗ ∗ −ε2J
−1
s

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
<0, i=1, 2,· · ·, q, (29)

Γ2 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

−3GT − 3G Q̃12 Q̃13 Q̃14 Q̃15 Q̃16

∗ Q̃22 0 0 0 0
∗ ∗ Q̃33 0 0 0
∗ ∗ ∗ −3βI 0 0
∗ ∗ ∗ ∗ −3ε1J

−1
s 0

∗ ∗ ∗ ∗ ∗ −3ε2J
−1
s

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

< 0, i, j = 1, 2, · · · , q, j �= i, (30)

Γ3 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

−6GT−6G Q̂12 Q̂13 Q̂14 Q̂15 Q̂16

∗ Q̂22 0 0 0 0
∗ ∗ Q̂33 0 0 0
∗ ∗ ∗ −6βI 0 0
∗ ∗ ∗ ∗ −6ε1J

−1
s 0

∗ ∗ ∗ ∗ ∗ −6ε2J
−1
s

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

<0,

i=1, · · · , q−2, j = i+1,· · ·, q−1, l=j+1,· · ·, q. (31)

:

S̄12 = 3qGT + 2AT
i GT + AT

j GT + CT
j NT

i BT
i +

CT
i NT

j BT
i + CT

i NT
i BT

j ,

S̄13 = BiNi + BiNj + BjNi,

S̃12 =6qGT+2(AT
i +AT

j +AT
l )GT+CT

l NT
j BT

i +

CT
j NT

l BT
i + CT

l NT
i BT

j + CT
i NT

l BT
j +

CT
j NT

i BT
l + CT

i NT
j BT

l ,

S̃13 =BiNj+BiNl+BjNi+BjNl+BlNj+BlNi;

Q̄12 = GTAi + BiNiCi + Ps1 + (0.5α + τ)GT,

Q̃12 = 2GTAi + GTAj + BiNiCj + BiNjCi +

BjNiCi + 3P + 3(0.5α + τ)GT,

Q̃13 = BiNiCj + BiNjCi + BjNiCi,

Q̃14 = 2GTEi + GTEj ,

Q̃15 = Q̃16 = BiNi + BiNj + BjNi,

Q̃22 = −6τP + ε1(2CT
i Ci + CT

j Cj),

Q̃33 = −3βI + ε2(2CT
i Ci + CT

j Cj);

Q̂12 = 2GT(Ai + Aj + Al) + BiNjCl +

BiNlCj+BjNlCi+BjNiCl+BlNiCj+

BlNjCi + 6P + (3α + 6τ)GT,

Q̂13 =BiNjCl+BiNlCj+BjNlCi+BjNiCl+

BlNiCj + BlNjCi,

Q̂14 = 2GT(Ei + Ej + El),

Q̂15 = Q̂16 = BiNj + BiNl + BjNl + BjNi +

BlNi + BlNj ,

Q̂22 = −6τP + 2ε1(CT
i Ci + CT

j Cj + CT
l Cl),

Q̂33 = −3βI + 2ε2(CT
i Ci + CT

j Cj + CT
l Cl);

GBi = BiM, q > r,

τ , (−q, 0), r

D , Kj =
M−1NjM

−1
s0 (5)

, γ ∈
(2q − 2r, 2q + 2r), ζ =

√
q2 − r2/q,

L2/L∞ :

μ1 =
√

λ−1
min(P )λmax(P ),

ρ1 =
√

λ−1
min(P )α−1β.

1

−r3P + r((A(h) + B(h)K(h)C(h)) + qI)T ×
P ((A(h) + B(h)K(h)C(h)) + qI) < 0 (32)
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,

[rI (A(h)+B(h)K(h)C(h))T+qI]

[
−rP 0

0 rP

]
×

[
rI

(A(h) + B(h)K(h)C(h)) + qI

]
< 0.

[((A(h) + B(h)K(h)C(h)) + qI) −rI] ×[
rI

(A(h) + B(h)K(h)C(h)) + qI

]
= 0. (33)

2( )[
−rP 0

0 rP

]
+

[
0
I

]
G[(A(h) + B(h)K(h)C(h)) + qI −rI] +

[
(A(h) + B(h)K(h)C(h))T + qI

−rI

]
GT[0 I] < 0.

(34)

(34), ,

K̄(h) = K(h)Ms = K(h)Ms0(I + Ls)
(34), GBi = BiM Kj = M−1NjM

−1
s0 ,

, LMI ,

(26)∼(28) .

, 2 (25)

, θ(h) · Φ(h) = 0, :

θ(h) =

[−I (A(h) + 0.5α + τI) B(h)K(h)C(h) E(h)],

Φ(h) =⎡
⎢⎢⎢⎣

A(h) + 0.5α + τI B(h)K(h)C(h) E(h)
I 0 0
0 I 0
0 0 I

⎤
⎥⎥⎥⎦ ,

ΦT(h)

⎡
⎢⎢⎢⎣

0 P 0 0
P −2τP 0 0
0 0 −βI 0
0 0 0 −βI

⎤
⎥⎥⎥⎦ Φ(h) =

⎡
⎢⎣Ξ1(h) PB(h)K(h)C(h) PE(h)

∗ −βI 0
∗ ∗ −βI

⎤
⎥⎦ < 0.

(35)

Ξ1(h) = (A(h) + B(h)K(h)C(h))TP +

P (A(h) + B(h)K(h)C(h)) + αP,

⎡
⎢⎢⎢⎣

0 P 0 0
P −2τP 0 0
0 0 −βI 0
0 0 0 −βI

⎤
⎥⎥⎥⎦ +

⎡
⎢⎢⎢⎣

I

0
0
0

⎤
⎥⎥⎥⎦ Gθ(h) +

θT(h)GT[I 0 0 0] < 0. (36)

(36), (26)∼(28) ,

(29)∼(31) . .

.

4 , Bi

.

[11] , GBi = BiM

(BiM −GBi)T(BiM −GBi) <

δ1Hi, δ1 , Hi HT
i Hi

< I ,[
δ1Hi ∗

BiM − GBi I

]
> 0,

[
I Hi

Hi I

]
> 0. (37)

(37) 4 (26)∼(31)

G M , .

4 ,

μ1 =
√

λ−1
min(P )λmax(P ),

ρ1 =
√

λ−1
min(P )α−1β,

μ∗
1 > 1, ρ1 =

√
λ−1

min(P )α−1β < ρ∗1.

μ∗
1 ρ∗1 ,

α−1βI < (ρ∗1)2λmin(P )I < (ρ∗1)2P , Schur

[
−(ρ∗1)2P ∗

I −α−1βI

]
< 0. (38)

(38) 4 (26)∼(31),

, .

5 (Simulation results)
F–16 ,

, ,

, [12]:
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⎢⎣ θ̇f(t)

α̇f(t)
q̇f(t)

⎤
⎥⎦ =

⎡
⎢⎣0 0 1

0 Za(t) 1
0 Ma(t) Mq(t)

⎤
⎥⎦

⎡
⎢⎣ θf(t)

αf(t)
qf(t)

⎤
⎥⎦ +

⎡
⎢⎣ 0

Zδe(t)
Mδe(t)

⎤
⎥⎦ δe(t). (39)

: θf(t) (pitch angle), qf(t)
(pitching angular velocity), αf(t) (angle

of attack), δe(t) (elevator),

(δel(t), δer(t)) , .

Za(t), Ma(t), Mq(t), Zδe(t), Mδe(t) .

, .

15000 ,

, 0.4 0.8

(1) , :

A1 =

⎡
⎢⎣0 0 1

0 −0.5172 1
0 −0.5210 −0.6785

⎤
⎥⎦ , E1 =

⎡
⎢⎣0.2

0.4
0.5

⎤
⎥⎦ ,

A2 =

⎡
⎢⎣0 0 1

0 −1.2481 1
0 −2.0690 −1.2349

⎤
⎥⎦ , E2 =

⎡
⎢⎣0.3

0.3
0.4

⎤
⎥⎦ ,

B1 =

⎡
⎢⎣ 0 0
−0.0441 −0.0451
−2.3905 −2.4002

⎤
⎥⎦ , C1 =C2 =

[
1 0 0
0 0 1

]
,

B2 =

⎡
⎢⎣ 0 0

−0.0882 −0.0872
−12.0785 −12.0885

⎤
⎥⎦ ,

q = 2, r = 1, γ ∈ (2, 6),
ζ = 0.866. ,

2 70%, 4

Ks1 Ks2, L2/L∞ ρ1 = 0.926 <

ρ∗ = 0.95, μ1 = 1.334, ρ∗ .

Ks1 =

[
2.1061 1.5012
2.1061 1.5012

]
,Ks2 =

[
2.4570 1.7765
2.4570 1.7765

]
.

4 2 , G

, Ksi(i =
1, 2) P ,

4

, [5].

, xT(0) = [−5 10 15]T, w(t)
0.8 , v(t) 0 .

1(a) (b)

.

.

, L2/L∞
, F-16

,

.

(a)

(b)

1

Fig. 1 Responses of the closed-loop system when

the sensor failures occur

6 (Conclusion)
T-S

,

,

. .

(References):

[1] TSENG C S, HWANG C K. Fuzzy observer-based fuzzy control de-

sign for nonlinear systems with persistent bounded disturbances[J].

Fuzzy Sets and Systems, 2007, 158(2): 164 – 179.

[2] ASSAWINCHAICHOTE W, NGUANG S K, SHI P, et al. H∞ fuzzy

state-feedback control design for nonlinear systems with D-stability



596 27

constraints: An LMI approach[J]. Mathematics and Computers in
Simulation, 2008,78(4): 514 – 531.

[3] WU H N, ZHANG H Y. Reliable mixed L2/H∞ fuzzy static output

feedback control for nonlinear systems with sensor faults[J]. Auto-
matica, 2005, 41(11): 1925 – 1932.

[4] WU H N, ZHANG H Y. Reliable H∞ fuzzy control for continuous-

time nonlinear systems with actuator failures[J]. IEEE Transactions
on Fuzzy Systems, 2006, 14(5): 609 – 618.

[5] OLIVEIRA M C, BERNUSSOU J, GEROMEL J C. A new discrete-

time robust stability condition[J]. Systems & Control Letters, 1999,

37(4): 261 – 265.

[6] , , . [J].

, 2004, 21(5): 835 – 839.

(WANG Fuzhong, YAO Bo, ZHANG Siying. Reliable control of re-

gional stabilizability for linear systems[J]. Control Theory & Appli-
cations, 2004, 21(5): 835 – 839.)

[7] . – [M]. :

, 2002.

(YU Li. Robust Control-Linear Matrix Inequality Method[M]. Bei-

jing: Tsinghua University Press, 2002.)

[8] CHILALI M, GAHINET. H∞ design with pole-placement con-

straints: an LMI approach[J]. IEEE Transactions on Automatic Con-
trol, 1996, 41(3): 358 – 367.

[9] BOYED S P, GHAOUI L E, FERON E, et al. Linear Matrix Inequal-
ity in System and Control Theory[M]. Philadelphia: SIAM, 1994.

[10] CESAR A R, ALEXANDRE T. Sufficient LMI conditions for out-

put feedback control problems[J]. IEEE Transactions on Automatic
Control, 1999, 44(5): 1053 – 1057.

[11] CHANG W, PARK J B, JOO Y H, et al. Static output-feedback fuzzy

controller for Chen’s chaotic system with uncertainties[J]. Informa-
tion Sciences, 2003, 151: 227 – 244.

[12] BLAKELOCK J H. Automatic Control of Aircraft and Missiles[M].

New York: John Wiley and Sons, 1991.

:

(1979—), , , ,

, E-mail: floodpeaker@sina.com;

(1937—), , , ,

, E-mail: hushousong@nuaa.edu.cn.


