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The analytical general solutions to
the higher-order Sylvester matrices equation
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Abstract: Three completely analytical parametric solutions to the matrices equation Am1V Jm1+· · ·+A1V J+A0V =

Bm2WJm2 + · · · + B1WJ + B0W are presented. These solutions are expressed in terms of parameter vectors, which

provide the design degrees of freedom. These approaches do not require the eigenvalues of J to be distinct or to be

different from the roots of A(s). Moreover, the obtained solutions contain only numerical matrix calculations, which

provide convenience for the computation of these solutions in applications. A numerical example validates the proposed

approaches.
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1 (Introduction)
, [1,2],

[3] , Sylvester

Am1V Jm1 + · · · + A1V J + A0V =

Bm2WJm2 + · · · + B1WJ + B0W, (1)

: V ∈ C
n×m, W ∈ C

r×m , J ∈
C

m×m Jordan , Ai ∈ R
n×n, i = 0, 1, 2, · · · ,

m1, Bi ∈ R
n×r, i = 0, 1, 2, · · · ,m2, ,

1 rank[A(s) B(s)] = n, ∀s ∈ C,

A(s) = sm1Am1 + · · · + sA1 + A0,

B(s) = sm2Bm2 + · · · + sB1 + B0.

, m2 = 0, m1 = 2 1 , Sylvester

(1) Sylvester .

, Sylvester

, ,
[4∼13].

, Sylvester

, [14∼17].

,

, Sylvester

. [18]

F -- , m2 = 0 Sylvester

, J Jordan

, . [19]

m2 = 0, J Jordan ,

Sylvester .

m2 , J Jordan

, (1) 3 .

: 2007−08−30; : 2010−06−25.

: (69925308).
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.

2 (Solutions)
, J .

J

J = diag{J1, J2, · · · , Jq} ∈ C
m×m,

Ji =

⎡
⎢⎢⎢⎢⎣

si 1

si
. . .

. . . 1
si

⎤
⎥⎥⎥⎥⎦ ∈ C

pi×pi ,

i = 1, 2, · · · , q.

V = [ V1 V2 · · · Vq ],

W = [W1 W2 · · · Wq ],

Vi = [vi1 vi2 · · · vipi
] ∈ C

n×pi ,

Wi = [wi1 wi2 · · · wipi
] ∈ C

r×pi .

(1) ,

(1) .

1 (1)

:⎧⎪⎨
⎪⎩

k−1∑
h=0

1
h!

Θ
(h)
ihk(si) = 0,

k = 1, 2, · · · , pi, i = 1, 2, · · · , q,

(2)

Θihk(s) = A(s)vi(k−h) − B(s)wi(k−h),

Θ
(h)
ihk(s) Θihk(s) h .

2.1 (Case of undeter-

mined si)
2.1.1 1(Analytical solution 1)

1 , P (s) ∈ C
n×n[s],

Q(s) ∈ C
(n+r)×(n+r)[s], :

P (s)[A(s) −B(s)]Q(s) = [0 In ]. (3)

1 (1) ,

:

1 1 , Sylvester

(1) :[
vik

wik

]
= Q(si)

⎡
⎣ fik

−P (si)
k−1∑
h=1

1
h!

Θ
(h)
ihk(si)

⎤
⎦ , (4)

P (s), Q(s) (3), fik ∈ C
r, k = 1, 2, · · · ,

pi, i = 1, 2, · · · , q, .

,

.

1 m2 = 0, Sylvester

(1) [19]:[
vik

wik

]
= Q(si)

⎡
⎢⎣ fik

−P (si)
k−1∑
h=1

1
h!

A(h)(si)vi(k−h)

⎤
⎥⎦ ,

P (s), Q(s) (3) , fik ∈ C
r, k = 1, 2, · · · ,

pi, i = 1, 2, · · · , q, .

2 J Jordan , J =
diag{s1, s2, · · · , sm}, Sylvester (1)

:

V = [v1 v2 · · · vm ],

W = [w1 w2 · · · wm ],[
vi

wi

]
= Q(si)

[
fi

0

]
,

Q(s) (3) , fi ∈ C
r, i = 1, 2, · · · ,m,

.

2.1.2 2(Analytical solution 2)

Q(s) =

[
N(s) ∗
D(s) ∗

]
,

N(s) ∈ C
n×r[s], D(s) ∈ C

r×r[s],

A(s)N(s) − B(s)D(s) = 0. (5)

1, :

2 1 , Sylvester

(1) :[
vik

wik

]
=

k−1∑
l=0

1
l!

[
N (l)(si)
D(l)(si)

]
fi(k−l), (6)

k = 1, 2, · · · , pi, i = 1, 2, · · · , q,

N(s), D(s) (5) , fik ∈ C
r

.

1 , 2

.

3 J Jordan ,

Sylvester (1) :

V = [v1 v2 · · · vm ],

W = [w1 w2 · · · wm ],[
vi

wi

]
=

[
N(si)
D(si)

]
fi, i = 1, 2, · · · ,m,

N(s), D(s) (5), fi ∈ C
r

.
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2.2 (Case of prescribed

si)
1 , si,

i = 1, 2, · · · , q,

rank[A(si) B(si)] = n,

si , [A(si) B(si)] ,

P̄i ∈ C
n×n,

Q̄i ∈ C
(n+r)×(n+r),

P̄i[A(si)−B(si)]Q̄i = [0 Σi ]. (7)

1, .

3 1 , Sylvester

(1) :[
vik

wik

]
= Q̄i

⎡
⎢⎣ fik

−Σ−1
i P̄i

k−1∑
h=1

1
h!

Θ
(h)
ihk(si)

⎤
⎥⎦ , (8)

P̄i, Q̄i (7), fik ∈ C
r, k = 1, 2, · · · , pi, i =

1, 2, · · · , q, .

3 1( B),

.

3 .

4 m2 =0, Sylvester (1)

:[
vik

wik

]
= Q̄i

⎡
⎢⎣ fik

−P̄i

k−1∑
h=1

1
h!

A(h)(si)vi(k−h)

⎤
⎥⎦ ,

P̄i, Q̄i (7), fik ∈ C
r, k = 1, 2, · · · , pi, i =

1, 2, · · · , q, .

5 J Jordan , J =
diag{s1, s2, · · · , sm}, Sylvester (1)

:

V = [v1 v2 · · · vm ],

W = [w1 w2 · · · wm ],[
vi

wi

]
=

[
Ni

Di

]
fi,

, fi ∈ C
r, i = 1, 2, · · · ,m,

, Ni ∈ C
n×r, Di ∈ C

r×r

Q̄i =

[
Ni ∗
Di ∗

]
.

3 (Example)

A3V J3+A2V J2+A1V J + A0V =B1WJ+B0W,

:

A3 =

⎡
⎢⎣1 0 0

0 2 0
0 2 0

⎤
⎥⎦ , A2 =

⎡
⎢⎣0 1 0

2 0 0
4 0 −1

⎤
⎥⎦ ,

A1 =

⎡
⎢⎣0 0 0

0 3 0
4 6 2

⎤
⎥⎦ , A0 =

⎡
⎢⎣1 0 2

0 0 1
0 0 1

⎤
⎥⎦ ,

B1 =

⎡
⎢⎣1 0

0 0
0 1

⎤
⎥⎦ , B0 =

⎡
⎢⎣0 1

1 0
2 0

⎤
⎥⎦ ,

J = diag{J1, J2, J3} ∈ C
6×6, J1 = −1,

J2 =

[
−2 1
0 −2

]
, J3 =

⎡
⎢⎣−4 1 0

0 −4 1
0 0 −4

⎤
⎥⎦ .

(3) P (s) Q(s)

P (s) =

⎡
⎢⎣ 1 0 0

0 1 0
−s s2 − 2 1

⎤
⎥⎦ ,

Q(s) =

⎡
⎢⎢⎢⎢⎢⎣

1 0 0 0 0
0 1 0 0 0

s4 + 3s 2s5 0 0 −1
s4+2s

2+3s 2s5+2s
3+3s 0 −1 −1

q1(s) q1(s) −1 s s − 2

⎤
⎥⎥⎥⎥⎥⎦ ,

q1(s) = −s5 + 2s4 − s3 − 3s2 + 6s + 1,

q2(s) = −2s6 + 4s5 − 2s4 − 2s2.

fik =

[
α1

ik

α2
ik

]
, 1,

[
vi1

wi1

]
= Q(si)

[
fi1

03×1

]
, i = 1, 2, 3,

[
vi2

wi2

]
= Q(si)

[
fi2

P (si)Ω1(si)vi1

]
, i = 2, 3,

[
v33

w33

]
= Q(s3)

[
f32

P (s3) (Ω1(s3)v32 + Ω2(s3)v31)

]
,

Ω1(s) = A1 + 2sA2 + 3s2A3,

Ω2(s) = A2 + 3sA3.

,

f11 =

[
1
0

]
, f21 =

[
0
1

]
, f22 =

[
0
0

]
,
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f31 =

[
1
1

]
, f32 =

[
0
1

]
, f33 =

[
1
1

]
.

:

V =

⎡
⎢⎣ 1 0 0 1 0 1

0 1 0 1 1 1
−2 − 64 160 − 1804 259 − 428

⎤
⎥⎦ ,

W =

[
0 −86 187 −1912 202 −459
−4 − 296 776 − 11303 3294 − 2960

]
.
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A 1 (Appendix A Proof of
Lemma 1)

J , (1)

m1P
l=0

AlViJ
l
i =

m2P
l=0

BlWiJ
l
i . (9)

AlViJ
l
i = [

0P
h=0

l!

h!(l − h)!
sl−h
i Alvi(1−h) · · ·

pi−1P
h=0

l!

h!(l − h)!
sl−h
i Alvi(pi−h)],

BlWiJ
l
i = [

0P
h=0

l!

h!(l − h)!
sl−h
i Blwi(1−h) · · ·

pi−1P
h=0

l!

h!(l − h)!
sl−h
i Blwi(pi−h)].

, (9) ,

m1P
l=0

k−1P
h=0

l!

h!(l − h)!
sl−h
i Alvi(k−h) −

m2P
l=0

k−1P
h=0

l!

h!(l − h)!
sl−h
i Blwi(k−h) = 0

k = 1, 2, · · · , pi, i = 1, 2, · · · , q.

k−1P
h=0

1

h!
Θihk

(h)(si) =

k−1P
h=0

1

h!
A(h)(s)vi(k−h)−

k−1P
h=0

1

h!
B(h)(s)wi(k−h) =

k−1P
h=0

1

h!

„
m1P
l=0

l!

(l − h)!
sl−h
i Al

«
vi(k−h)−

k−1P
h=0

1

h!

„
m2P
l=0

l!

(l − h)!
sl−h
i Bl

«
wi(k−h) =
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m1P
l=0

k−1P
h=0

l!

h!(l − h)!
sl−h
i Alvi(k−h)−

m2P
l=0

k−1P
h=0

l!

h!(l − h)!
sl−h
i Blwi(k−h) = 0.

1 .

B 1 (Appendix B Proof of
Theorem 1)

(4) (1) . (2) , (4)

,

k−1P
h=0

1

h!
Θ

(h)
ihk(si) =

k−1P
h=1

1

h!
Θ

(h)
ihk(si) + A(si)vik − B(si)wik =

k−1P
h=1

1

h!
Θ

(h)
ihk(si) + [A(si) − B(si) ]

"
vik

wik

#
=

k−1P
h=1

1

h!
Θ

(h)
ihk(si)+[A(si) − B(si) ]×

Q(si)

2
64 fik

−P (si)
k−1P
h=1

1

h!
Θ

(h)
ihk(si)

3
75 =

k−1P
h=1

1

h!
Θ

(h)
ihk(si)+

P−1(si)[0 I ]

2
64 fik

−P (si)
k−1P
h=1

1

h!
Θ

(h)
ihk(si)

3
75 = 0.

(4) (1) .

(1) (4)

. (2) ,

[A(si) −B(si) ]

"
vik

wik

#
= −

k−1P
h=1

1

h!
Θ

(h)
ihk(si), (10)

P (si),

P (si)[A(si) −B(si) ]

"
vik

wik

#
= −P (si)

k−1P
h=1

1

h!
Θ

(h)
ihk(si).

"
fik

gik

#
= Q−1(si)

"
vik

wik

#
, k = 1, 2, · · · , pi, i = 1, 2, · · · , q,

(11)

(3) (10)

[0 I ]

"
fik

gik

#
= −P (si)

k−1P
h=1

1

h!
Θ

(h)
ihk(si).

gik = −P (si)
k−1P
h=0

1

h!
Θ

(h)
ihk(si),

(11), Q(si), (4).

.

C 2 (Appendix C Proof of

Theorem 2)

(6) (2).

(5) l ,

lP
h=0

l!

h!(l − h)!
Φhl(s) = 0,

Φhl(s) = A(h)(s)N
(l−h)

(s) − B(h)(s)D
(l−h)

(s).

s si,
1

l!
fi(k−l), l = 0,

1, · · · , k − 1, k = 1, 2, · · · , pi, i = 1, 2, · · · , q, k

,

0 =
k−1P
l=0

lP
h=0

1

h!(l − h)!
Φhl(si)fi(k−l) =

k−1P
h=0

1

h!
[A(h)(si)

k−1P
l=h

1

(l − h)!
N (l−h)(si)fi(k−l)−

B(h)(si)
k−1P
l=h

1

(l − h)!
D(l−h)(si)fi(k−l)] =

k−1P
h=0

1

h!
[A(h)(si)

k−1−hP
l=0

1

l!
N (l)(si)fi(k−l−h)−

B(h)(si)
k−1−hP

l=0

1

l!
D(l)(si)fi(k−l−h)].

(6) , (2), (6)

V W (1) . (4) (6) (1) ,

{fik}, (4) (1)

, (6) (1) .
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