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Study on the controllability of a class of discrete-time bilinear systems
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Abstract: Whether the controllability of a continuous system keeps the consistency after discretization is an important

issue in engineering. Recently, a two-dimensional counterexample was constructed by Elliott for an uncontrollable bilinear

system and showed that its discrete-time counterpart is, however, controllable. In this paper, a sufficient condition for

controllability of a class of second order discrete-time bilinear systems is proposed, which extends the result given by

Elliott to more general cases and therefore, deepens our understanding of controllability of bilinear systems. Furthermore,

it is shown that the controllability counterexample does not exist if the dimension of such systems is greater than two.
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, [1]

. :

ẋ(t) = u(t)Bx(t), x(0) = ξ. (1)

: x ∈ R
2 , u ∈ R ,

B ∈ R
2×2, ξ ∈ R

2
∗(R2

∗ := R
2 \ {0}) .

[1] B , (1)

:{
x(k+1)=(I+v(k)B)x(k), k=0, 1, · · · ,

v(k) = τu(k), v(k) ∈ R

(2)

, τ .

[1] , [1] ,

: 2008−09−24; : 2009−07−06.

: (60774008).
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,

. ,
[3,4]. (2),

( (2)

[17] 2 ,

[18] , rank B = 1), (2)

. ,

(2) ,

,

, . ,

, , 2

,

2 , .

2 (Main results)
1[16,17] (2)

ξ, η ∈ R
n
∗ (Rn

∗ := R
n \ {0}),

u(k)(k = 0, 1, · · · , l, l ), ξ

η

1[1] x(k + 1) = f(x(k), u(k))
S ⊂ R

n ,

ξ ∈ S, N(ξ) ⊂ S,

η ∈ N(ξ) .

2 n :{
x(k+1)=(I+av(k)JB)x(k), k=0, 1,· · ·,
v(k) = τu(k), v(k) ∈ R,

(3)

: a , JB (2) B

, B = PJBP−1. (3)

(2) .

P , ξ, η ∈ R
n
∗ , ξ̄ = Pξ,

η̄ = Pη ∈ R
n
∗ . (2) ,

v̄(k), k = 0, 1, · · · , l, ξ̄ η̄,

[
l∏

k=0

(I + v̄(k)B)]ξ̄ = η̄, (4)

, v(k) =
v̄(k)
a

, k = 0, 1, · · · , l,

[
l∏

k=0

(I + av(k)JB)]ξ = η, (5)

(3) .

3 (2), B

:

B =

[
−1 + cos θ sin θ

− sin θ −1 + cos θ

]
,

θ =
2m

n
π ∈ (0 π), m, n ∈ N

+. (2) .

,

(2) ; ,

R
2
∗, . B ,

(I + B)n=

[
cos θ sin θ

− sin θ cos θ

]n

=

[
cos(nθ) sin(nθ)
− sin(nθ) cos(nθ)

]
=

[
cos(2mπ) sin(2mπ)
− sin(2mπ) cos(2mπ)

]
= I. (6)

v(k) = τu(k) = v̄ = 1, k = 0, 1, · · · ,

n − 1,

[
n−1∏
k=0

(I + v(k)B)]ξ = ξ, (7)

ξ .

ξ .

v(n − 1), v(n)
. ξ = [1 0]T, ξ

.

(I + t2B)(I + t1B)ξ = (I + v̄B)(ξ + x), (8)

x = [x1 x2]T, (ξ + x) ξ .

(8), (t1, t2, x1, x2) = (v̄, 0, 0, 0)
. ,

(v̄, 0, 0, 0)
, (8)

∂((I + t2B)(I + t1B)ξ)
∂(t1, t2)

=

[B(I + t2B)ξ B(I + t1B)ξ ] (9)

. ∣∣∣∣∂((I + t2B)(I + t1B)ξ)
∂(t1, t2)

∣∣∣∣ =

|B||(I + t2B)ξ (I + t1B)ξ| =

(t2 − t1)(2 sin θ − sin(2θ)) (10)

(v̄, 0, 0, 0) 0. , (8),[
1 − t2 + t2 cos θ t2 sin θ

−t2 sin θ 1 − t2 + t2 cos θ

]
·

[
1 − t1 + t1 cos θ

−t1 sin θ

]
=

[
(1 + x1) cos θ + x2 sin θ

−(1 + x1) sin θ + x2 cos θ

]
. (11)
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(11),⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

1+(cos θ−1)(t1+t2)+2 cos θ(cos θ−1)t1t2 =

(1 + x1) cos θ + x2 sin θ,

− sin θ(t1 + t2) + 2 sin θ(1 − cos θ)t1t2 =

− (1 + x1) sin θ + x2 cos θ.

(12)

⎧⎪⎨
⎪⎩

t1 + t2 = 1 − x2

sin θ
,

t1t2 = −1
2
(

x1

1 − cos θ
+

x2

sin θ
),

(13)

⎧⎪⎪⎨
⎪⎪⎩

t1 =−x2−sin θ

2 sin θ
− 1

2

√
x2

2

sin2 θ
+

2x1

1 − cos θ
+1,

t2 =−x2−sin θ

2 sin θ
+

1
2

√
x2

2

sin2 θ
+

2x1

1−cos θ
+1,

(14)

x2
2

sin2 θ
+

2x1

1 − cos θ
+ 1 > 0. (15)

{
v(0) = v(1) = · · · = v(n − 2) = v̄,

v(n − 1) = t1, v(n) = t2,
(16)

[
n∏

k=0

(I + v(k)B)]ξ = ξ + x. (17)

ξ = [1 0]T

(ξ + x), ξ .

1 , r ∈ (0 sin2 θ

2
].

η = [η1 η2]T ∈ R
2
∗,

.

P

[
1

0

]
�

[
η1 −η2

η2 η1

][
1

0

]
= η, PB = BP, (18)

(I + t2B)(I + t1B)η =

P (I + t2B)(I + t1B)ξ =

P (I + v̄B)(ξ + x) =

(I + v̄B)(η + Px), (19)

η (η + Px),

η . ,

1, .

1

Fig. 1 Region of the neighborhood

1 , 3 θ (iπ +
2m

n
π), i

.

2 [1] 3 θ =
π

3
.

, (2)

.

1 (2), B

,

α =
p

q
π ∈ (0

π

2
) ∪ (

π

2
π), p, q ∈ N

+, (20)

(2) .

, B ,

B = P

[
ρ cos α ρ sin α

−ρ sin α ρ cos α

]
P−1. (21)

[
ρ cos α ρ sin α

−ρ sin α ρ cos α

]
=

−ρ

2 cos α

[
−1+cos(2α − π) sin(2α−π)
− sin(2α−π) −1+cos(2α−π)

]
.

(22)

(20) α �= π

2
, 3, :

x(k + 1) = (I + ṽ(k)B̃)x(k), k = 0, 1, · · · ,

B̃ =

[
−1 + cos(2α − π) sin(2α − π)
− sin(2α − π) −1 + cos(2α − π)

]

. 2, 1.

3 (2), B ,

2 (2) . , B :

B =

"
λ1 μ

0 λ2

#
,

λ1 �= λ2, μ = 0; λ1 = λ2, μ 0 1;

. ,
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ξ = [ξ1 0]T,

x(k + 1) = (I + v(k)B)x(k), k = 0, 1, · · · (23)

, [∗ 0]T, [ξ1 0]T,

. B , α =
π

2
,

(2) ,

||I + v(k)

"
0 ρ

−ρ 0

#
||2 =

q
1 + ρ2v(k)2 � 1, (24)

.

[3,11] , B ∈ R
2×2, (1) .

, (1) B 1 ,

(2) ,

.

1 :

x(k + 1) = (A + v(k)B)x(k), k = 0, 1, · · · , (25)

A = I + cB, B 1 , c

, (25) .

A = I + cB (25) 1 .

, (1)

, , ?

(2) ? ,

(1) , (2)

, (1) .

2 (2),

2, (2) .

(2) n � 3, 2,

B :

B =

⎡
⎢⎢⎢⎢⎣

J1

J2

. . .

Jm

⎤
⎥⎥⎥⎥⎦ , (26)

Ji =

⎡
⎢⎢⎢⎢⎣

Bi I

Bi
. . .

. . . I

Bi

⎤
⎥⎥⎥⎥⎦ , (27)

Bi λi, :

Bi =

[
λi μi

−μi λi

]
, i = 1, · · · ,m. (28)

3 , ξ = [ξ1 ξ2 · · · ξn−2 0
0]T, (2) , (I + v(k)B)

4 :

[
λm μm

−μm λm

]
,

[
λm 0
0 λm

]
,

[
λm 1
0 λm

]
,

[
λm−1 0

0 λm

]
.

(29)

[∗ 0]T, ∗
(n − 1) , ξ

0 , (2) .

, (1) (

[3,11]), 2, (2) 2

. , (1),

, .

3 (Conclusion)

, ,

,

. , ,

2 .
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