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Frequency domain identification of fractional order systems
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Abstract: Fractional order calculus provides an excellent tool to describe some complicated real systems more ad-

equately than integer order models. For the identification of fractional order systems, a maximum likelihood algorithm

based on the transfer function in frequency domain is proposed in this paper. First, the fractional order transfer function

is briefly introduced. Second, the algorithm is deduced in detail and the equivalence between likelihood function and cost

function is verified via Lagrange method, and the identification problem is converted to an equivalent optimization prob-

lem. Third, Gauss-Newton method is applied to solve the optimization problem. Finally, this algorithm is validated via an

illustrative example.
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2 (Fractional order sys-

tem identification algorithm)
2.1 (Fractional order system

model)
,

, 1

Errors-in-variables [10], X, Y

, Nx, Ny ,

Xm, Ym .

1 Errors-in-variables

Fig. 1 Errors-in-variables frequency domain model

,

G(s) =
N(s)
D(s)

=

bnsnα + bn−1s
(n−1)α + · · · + b1s

α + b0

sdα + ad−1s(d−1)α + · · · + a1sα + a0

, (1)

α ∈ R ,

p = [bT aT]T(b = [b0 b1 · · · bn]T, a = [a0 a1

· · · ad−1]T). (1) [11].

F ,

( ) :

X = [X1 X2 · · · XF ]T ,

Y = [Y1 Y2 · · · YF ]T .

,

:

YRk + jYIk = G(jωk, p)(XRk + jXIk). (2)

:

G(jωk, p) =

n∑
r=0

br(jωk)rα

d−1∑
r=0

ar(jωk)rα + (jωk)dα

Δ=

N(jωk, p)
D(jωk, p)

=
Nk

Dk

=
NRk + jNIk

DRk + jDIk

,

NRk =
n∑

i=0

biω
iα
k cos(

iα

2
π),

NIk =
n∑

i=0

biω
iα
k sin(

iα

2
π),

DRk =
d−1∑
i=0

aiω
iα
k cos(

iα

2
π)+ωdα

k cos(
dα

2
π),

DIk =
d−1∑
i=0

aiω
iα
k sin(

iα

2
π)+ωdα

k sin(
dα

2
π),

YRk+jYIk =Yk, XRk+jXIk =Xk, k=1,· · ·, F,

jα = ejαπ/2.

:⎧⎪⎨
⎪⎩

Vk = [V T
1 V T

2 · · · V T
k · · · V T

F ]T ,

Vk = [Xk Yk]T, Uk = [Nk − Dk] ,
k = 1, · · · , F.

(3)

(2)

UkVk = 0, k = 1, · · · , F. (4)

2.2 (Likelihood function

and its equivalent form)

:

Vm =
[
V T

m1 V T
m2 · · · V T

mk · · · V T
mF

]T
.

Vmk = [Xmk Ymk]T, v = Vm − V

. [10]: 1)

; 2) ; 3)

;

fv =
1

(2π)F/2[det(Cv)]1/2
exp(−1

2
vHC−1

v v).

: Cv = diag{Cv1 · · · Cvk · · · CvF}
, 3) : Cvk = diag{σ2

xk, σ
2
yk}.

: (4) , p,

. :

− ln(fv)=
F
2

ln(2π) +
1
2

ln(det(Cv)) +
1
2
vHC−1

v v.

F :⎧⎨
⎩

min
p

L=
1
2

F∑
k=1

(Vmk−Vk)HC−1
vk (Vmk − Vk),

s.t. UkVk = 0, k = 1, · · · , F.

(5)

Vk ,

, (5) .

1 1)∼3), (5)

:

min
p

K(p) =
1
2

F∑
k=1

|NkXmk − DkYmk|2
σ2

xk |Nk|2 + σ2
yk |Dk|2

,
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Lagrange

K(p, V )=
1
2

F∑
k=1

(V H
mk−V H

k ) C−1
vk (Vmk−Vk) +

F∑
k=1

λkUkVk. (6)

∂K(p, V )
∂Vk

= 0
∂K(p, V )

∂λk

= 0 (∀k = 1, · · · ,

F ,

(Vk)ML = Vmk − (2λkUkCvk)H. (7)

Xk Yk (7) (4)

λH
k =

1
2

(
UkC

H
vkU

H
k

)−1
UkVmk. (8)

(7)

(Vk)ML = Vmk − CH
vkU

H
k

(
UkC

H
vkU

H
k

)−1
UkVmk.

(6)

K(p, Vm) =
1
2

F∑
k=1

V H
mkU

H
k (UkC

H
vkU

H
k )−1

UkVmk.

(3) , :

min
p

K(p, Vm) =
1
2

F∑
k=1

|NkXmk − DkYmk|2
σ2

xk |Nk|2 + σ2
yk |Dk|2

, (9)

p
∂K(p)

∂p
=

0 .

.

(9) , α = 1
.

(9) , .

2.3 (Optimization method)
(9) ,

L-M ,

Gauss-Newton . (9)

: K(p, Vm) = 1/2 · ET
SmESm, :

ESm = [ET
SRm, ET

SIm]T,

ESRm = [
ERm1

SE1

· · · ERmk

SEk

· · · ERmF

SEF

]T,

ESIm = [
EIm1

SE1

· · · EImk

SEk

· · · EImF

SEF

]T,

ERmk=XRmkNRk−XImkNIk−YRmkDRk+YImkDIk,

EImk =

XRmkNIk + XImkNRk − YRmkDIk − YImkDRk,

S2
Ek =

σ2
xk(N

2
Ik + N 2

Rk) + σ2
yk(D

2
Ik + D2

Rk),

k = 1, · · · , F.

Gauss-Newton :

pi+1 = pi − (JT
i Ji)−1JT

i Esmi, (10)

Jacobian J , :

J=

⎡
⎢⎣

∂ESRm

∂b

∂ESRm

∂a
∂ESIm

∂b

∂ESIm

∂a

⎤
⎥⎦ ,

∂ESRmk

∂br

=

1
SEk

[XRmkγkr−XImkηkr− ∂SEk

∂br

ESRmk ]T,

∂ESImk

∂br

=

1
SEk

[XRmkηkr+XImkγkr− ∂SEk

∂br

ESRmk ]T,

∂ESRmk

∂as

=

−1
SEk

[YRmkγks−YImkηks+
∂SEk

∂as

ESRmk ]T,

∂ESImk

∂as

=

−1
SEk

[YRmkηks+YImkγks+
∂SEk

∂as

ESRmk ]T,

∂SEk

∂br

= σ2
xk(NRkγkr + NIkηkr)/SEk ,

∂SEk

∂as

= σ2
yk(DRkγkr + DIkηkr)/SEk ,

γkr = ωrα
k cos(rα

π

2
), ηkr = ωrα

k sin(rα
π

2
).

k = 1 · · ·F, r = 0 · · ·n, s = 0 · · · d − 1.

,
[4], ,

.

,

‖Pi+1 − Pi‖ / ‖Pi‖ < ε( ε

) .

3 (Simulation example)
[6]:

G(s) =
1.5sα + 0.25

s2α − 0.75sα + 0.5
, (11)

α = 0.5, (11)

0D
1
t y(t) − 0.750D

0.5
t y(t) + 0.5y(t) =

1.50D
0.5
t u(t) + 0.25u(t),

0D
α
t

[11].
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, 30 dB,
[11,12], 2 ,

200 Hz, 8192, .

, FFT(fast fourier

transformation) , X, Y ,

Y/X G(jω)
3 .

2

Fig. 2 Input and output in time domain

3 G(s) Y/X

Fig. 3 G(s) Y/X frequency characteristics

.

α ,

, 4 , α ∈
[0, 1], 0.1. 4 α=0.5 ,

, 1 (ML/30 dB)

. 1 , .

4 α

Fig. 4 Relationship between α and cost value

1 30, 20, 10 dB

Table 1 Identification results with SNR=30, 20, 10 dB

b1 b0 a1 a0

1.5 0.25 −0.75 0.5

ML/30dB 1.5026 0.2534 −0.7476 0.5000

ML/20dB 1.4987 0.2292 −0.7480 0.4907

ML/10dB 1.4947 0.1809 −0.7719 0.5056

LS/10dB 1.4028 0.4809 −0.8450 0.5822

,

, 1

( 10 dB [4]

), 5 Merr

Perr f . 5 ,

,

; , 10 dB ,

.

5

Fig. 5 Identification results under different noise levels

4 (Conclusions)
,
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