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Abstract: The generalized H-two filtering problem is studied for a class of networked systems with bandwidth con-

straints. The quantized measurement signal is used as the input of the filter. Then, by using the logarithm quantizer, we

model the filter-error system as a time-delay system with norm-bounded uncertainty. Sufficient conditions are derived for

the asymptotic stability of the filter-error system by the Lyapunov stability theory and the linear matrix inequality (LMI)

technique; and the design procedures for the filter are also provided. A numerical example is provided to illustrate the

feasibility of the proposed method.
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ẋ(t) = Ax(t) + Bω(t),

y(t) = Cx(t) + Dω(t),

z(t) = Lx(t).

(1)

: x(t) ∈ R
n , y(t) ∈ R

r ,

z(t) ∈ R
p , ω(t) ∈ R

m

.

1

Fig. 1 Structure of networked filtering systems with

bandwidth constraints

f(·) ,

, ȳ(t) = f(y(t)). eq(t) =
f(y(t)) − y(t) = Δ(t)y(t), : Δ(t) ∈ [−δ, δ],

[6] , δ < 1.

:{
˙̃x(t) = Af x̃(t) + Bf ỹ(t),

z̃(t) = Cf x̃(t).
(2)

: Af ∈ R
n×n, Bf ∈ R

n×r, Cf ∈ R
p×n

. , ikh ,

{
˙̃x(t) = Af x̃(t) + Bff(y(ikh)),

z̃(t) = Cf x̃(t).
(3)

τ(t) = t − ikh, t ∈ [ikh + τi,k, ik+1h +
τi,k+1), k = 1, 2, 3 · · · , (3){

˙̃x(t) = Af x̃(t) + Bff(y(t − τ(t)),

z̃(t) = Cf x̃(t).
(4)

1 , (ik+1 − ik)h+ τi,k+1 �
η, k =1, 2, · · · , η (MADB),

τ(t) � (ik+1 − ik)h + τi,k+1 � η.

,{
˙̃x(t) = Af x̃(t) + Bf(1 + Δ(t))y(t − τ(t)),

z̃(t) = Cf x̃(t).
(5)

e(t) = z(t) − z̃(t),{
ξ̇(t) = Āξ(t) + ẼKξ(t − τ(t)) + B̃v(t),

e(t) = C̄ξ(t).
(6)

:

Ẽ = Ē(t) + Δ(t)E, B̃ = B̄(t) + Δ(t)B,

ξ(t) = [xT(t) x̃T(t)]T,

v(t) = [ωT(t) ωT(t − τ(t))]T,

[Δ(t)B Δ(t)E ] = H1Δ(t)[H2 C ],

K =[I 0], Ā=

[
A 0
0 Af

]
, B̄=

[
B 0
0 BfD

]
,

C̄ = [L −Cf ], Ē =

[
0

BfC

]
, H1 =

[
0
Bf

]
,

H2 = [0 D ].
2 γ > 0, (6) v(t) = 0

, , v ∈
L2[0,∞), ||e||∞ < γ||w||2 , (6)

H2 γ. :

||e||∞ = sup
t

√
eT(t)e(t),

||v||2 =
√� ∞

0
vT(t)v(t)dt.

(2) ,

(6) , H2

γ.

3 H2 (Generalized H2 perfor-

mance analysis)
1 x(t) ∈ R

n

, M1, M2, M3 ∈ R
n×n, W1, W2 ∈

R
n×m R ∈ R

n×n,

−
� t

t−η
xT(s)Rx(s)ds � kT(t)(Φ + ηY TR−1Y )k(t).

:

Φ =⎡
⎢⎢⎢⎢⎢⎣

MT
1 + M1 M2 −MT

1 + M3 W1 W2

∗ 0 −MT
2 0 0

∗ ∗ −M3 − MT
3 −W1 −W2

∗ ∗ ∗ 0 0
∗ ∗ ∗ ∗ 0

⎤
⎥⎥⎥⎥⎥⎦ ,

Y = [M1 M2 M3 W1 W2 ],

k(t) = [xT(t) x̃T(t) xT(t − τ(t))

ωT(t) ωT(t − τ(t))]T.

[7] ,

.

1 (6), δ,

η, γ > 0, R > 0, P =

[
P1 P2

∗ P3

]
,

M1, M2, M3, W1, W2 ε > 0,
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Ωa =

⎡
⎢⎢⎢⎣

Ξ1 ηΓT
1 R ηY T Ξ2

∗ −ηR 0 0
∗ ∗ −ηR 0
∗ ∗ ∗ −εI

⎤
⎥⎥⎥⎦ < 0, (7)

Ωb =

⎡
⎢⎣P1 P2 LT

∗ P3 −CT
f

∗ ∗ γ2I

⎤
⎥⎦ > 0 (8)

, (6) ,

H2 γ. :

Ξ1 =

⎡
⎢⎢⎢⎢⎢⎣

Ω11 Ω12 Ω13 Ω14 Ω15

∗ Ω22 Ω23 PT
2 B P3BfD

∗ ∗ Ω̃33 −W1 −W2+δ2εCTD

∗ ∗ ∗ −I 0
∗ ∗ ∗ ∗ −I+δ2εDTD

⎤
⎥⎥⎥⎥⎥⎦ ,

Ω̃33 = Ω33 + δ2εCTC, Γ1 = [A 0 0 B 0],

Ξ2 = [BT
f PT

2 BT
f P3 0 0 0]T,

Ω11 = P1A + ATP1 + MT
1 + M1,

Ω12 = P2Af + ATP2 + M2,

Ω13 = P2BfC − MT
1 + M3, Ω14 = P1B + W1,

Ω15 = P2BfD + W2, Ω22 = P3Af + AT
f P3,

Ω23 = P3BfC − MT
2 , Ω33 = −M3 − MT

3 .

Lyapunov :

V (t) = V1(t) + V2(t). (9)

:

V1(t) = ξT(t)Pξ(t),

V2(t) =
� 0

−η

� t

t+s
x(α)Rx(α)dαds.

v(t) = 0, t ∈ [ikh + τi,k, ik+1h + τi,k+1)
V (t) ,

V̇1(t) = 2ξT(t)P [Ā Ẽ ]k̃(t),

V̇2(t) = ηξT(t)Rξ(t) −� t

t−η
ξT(α)Rξ(α)dα =

ηk̃(t)Γ̃T
1 RΓ̃1k̃(t) −

� t

t−η
ξT(α)Rξ(α)dα.

:

k̃(t) = [xT(t) x̃T(t) xT(t − τ(t))]T,

Γ̃1 = [A 0 0].

1,

V̇ (t) � k̃T(t)Ω̃ak̃(t).
:

Ω̃a = Ξ̃1 + ηΓ̃T
1 RΓ̃1 + ηỸ TR−1Ỹ ,

Ξ̃1 =

⎡
⎢⎣Ω11 Ω12 Ω13

∗ Ω22 Ω23

∗ ∗ Ω33

⎤
⎥⎦ + Ξ̃2ΔΞ̃3 + Ξ̃T

3 ΔΞ̃T
2 ,

Ỹ = [M1 M2 M3 ],

Ξ̃2 = [BT
f PT

2 BT
f P3 0]T, Ξ̃3 = [0 0 C ].

(7)⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

Ω11 Ω12 Ω13 ηAT ηMT
1 P2Bf

∗ Ω22 Ω23 0 ηMT
2 P3Bf

∗ ∗ Ω̃33 0 ηMT
3 0

∗ ∗ ∗ −ηR 0 0
∗ ∗ ∗ −ηR 0

∗ ∗ ∗ ∗ ∗ −εI

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

< 0.

(10)

(10) Schur ,⎡
⎢⎢⎢⎢⎢⎢⎣

Ω11 Ω12 Ω13 ηAT ηMT
1

∗ Ω22 Ω23 0 ηMT
2

∗ ∗ Ω33 0 ηMT
3

∗ ∗ ∗ −ηR 0
∗ ∗ ∗ −ηR

⎤
⎥⎥⎥⎥⎥⎥⎦

+

Ξ̃2ε
−1Ξ̃T

2 + Ξ̃T
3 εδ2Ξ̃3 < 0.

[6] , Ω̃a <

0.

J =
� t

ikh+τi,k

V̇ (t, α)dα �
� t

ikh+τi,k

k̃T(α)Ω̃ak̃(α)dα.

∞⋃
k=1

[ikh, ik+1h] = [t0,∞) , V̇ (t) < 0,

(6) .

(6) H2 ,

:

J̃ = V (t) − V (ikh + τi,k) −� t

ikh+τi,k

vT(α)v(α)dα.

1,

J̃ =
� t

ikh+τi,k

V̇ (t) − vT(α)v(α)dα �
� t

ikh+τi,k

k̃T(α)Ω̌ak̃(α)dα.

:

Ω̌a = Ξ̌1 + ηΓT
1 RΓ1 + ηY TR−1Y,



380 27

Ξ̌1 =

⎡
⎢⎢⎢⎢⎢⎣

Ω11 Ω12 Ω13 Ω14 Ω15

∗ Ω22 Ω23 PT
2 B P3BfD

∗ ∗ Ω33 −W1 −W2

∗ ∗ ∗ −I 0
∗ ∗ ∗ ∗ −I

⎤
⎥⎥⎥⎥⎥⎦ +

Ξ̌2ΔΞ̌3 + Ξ̌T
3 ΔΞ̌T

2 ,

Ξ̌2 = [BT
f PT

2 BT
f P3 0 0 0 0 0]T,

Ξ̌3 = [0 0 C 0 D 0 0].

Schur [6]

, J̃ < 0. (8) Schur ,

eT(t)e(t) = ξT(t)C̄T(t)C̄(t)ξ(t) <

γ2ξT(t)Pξ(t) < γ2V (t),

γ2(V (t) − V (ikh + τi,k)) �

γ2
� t

ikh+τi,k

vT(α)v(α)dα.

,

γ2(V (t) − V (t0)) � γ2
� t

t0
vT(α)v(α)dα.

, V (t0) = 0,

eT(t)e(t) < γ2
� ∞

t0
vT(α)v(α)dα.

v ∈ L2[0,∞), ||e||∞ < γ||v||2,

(6) H2 γ. .

4 (Filter design)
2 η, γ > 0,

P1, U , R, M1, M̃2, M3, N1, N2, N3, W1, W2

ε > 0,

U − P1 < 0, (11)

Ψa =

⎡
⎢⎢⎢⎣

Ξ
′
1 ηΓT

1 R ηY T Ξ
′
2

∗ −ηR 0 0
∗ ∗ −ηR 0
∗ ∗ ∗ −εI

⎤
⎥⎥⎥⎦ < 0, (12)

Ψb =

⎡
⎢⎣P1 U LT

∗ U −NT
3

∗ ∗ γ2I

⎤
⎥⎦ > 0 (13)

, H2 γ (2). :

Ξ
′
1 =

⎡
⎢⎢⎢⎢⎢⎣

Ω11 Υ12 Υ13 Ω14 N2D + W2

∗ Υ22 Υ23 UB N2D

∗ ∗ Ω̃33 −W1 −W2 + δ2εCTD

∗ ∗ ∗ −I 0
∗ ∗ ∗ ∗ −I + δ2εDTD

⎤
⎥⎥⎥⎥⎥⎦ ,

Ξ
′
2 = [NT

2 NT
2 0 0 0],

Υ12 = N1 + ATU + M̃2,

Υ13 = N2C − MT
1 + M3,

Υ22 = N1 + NT
1 , Υ23 = N2C − M̃T

2 .

, Af = N1U
−1, Bf = N2, Cf =

N3U
−1.

U , P2 P3 >

0, U = P2P
−1
3 PT

2 ,

M̃2 = M2P
−1
3 PT

2 ,

G1 = diag{I, P−1
3 PT

2 , I, I, I, I, I, I},
G2 = diag{I, P−1

3 PT
2 , I}

Ωa GT
1 G1,

AF = P−1
2 N1U

−1P2, BF = P−1
2 N2,

CF = N3U
−1P2.

(7) (Af , Bf) (AF, BF), Ψa =
GT

1 ΩaG1, Ωa < 0, Ψa < 0. Ωb

GT
2 G2, (8) Cf

CF, : Ψb = GT
2 ΩbG2, Ωb < 0, Ψb < 0.

, (11): P1 − U = P1 − P2P
−1
3 PT

2 > 0,

P =

[
P1 P2

∗ P3

]
> 0, 1,

{
ẋf(t) = AFxf(t) + BFf(y(t − τ(t))),

zf(t) = CFxf(t).
(14)

: x̃(t) = P2xf(t),{
˙̃x(t) = N1U

−1x̃(t) + N2f(y(t − τ(t))),

z̃(t) = N3U
−1x̃(t).

(15)

(4) , . .

5 (Numerical example)
(1), :

A =

[
−2 0

0 −0.9

]
, B =

[
1

−3

]
,

C = [0.5 −0.7], D = 1, L = [1 0.6].

2, MADBη, MATLAB

LMI Toolbox, δ H2

γ . η = 0.4 , δ γ

: δ = 0.3, γ = 0.6038; δ = 0.5, γ = 0.67;

δ = 0.8, γ = 0.7730. ,

, .

, δ = 0.5, η

γ. : η = 0.4, γ = 0.67; η = 0.6, γ = 0.7271;
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η = 0.8, γ = 0.7678. , δ ,

H2 . ,

δ = 0.5, η = 0.6,

Af =

[
−11.2325 39.6978
−2.2095 7.5286

]
,

Bf =

[
−0.0633

0.0885

]
, Cf = [0.3827 − 1.8497].

6 (Conclusion)

H2 . ,

. Lyapunov LMI ,

H2

.

.
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