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Stability analysis and design
for a class of Takagi-Sugeno fuzzy control systems
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Abstract: The stability analysis and design techniques of Takagi-Sugeno(T-S) fuzzy control systems whose input vari-

ables employ two-overlapped fuzzy partition are discussed. Based on the piecewise fuzzy Lyapunov function, we propose

a new sufficient condition to check the stability of T-S fuzzy control systems. This condition only needs to satisfy the

condition of fuzzy Lyapunov function in each fuzzy region. Using the methods of parallel distributed compensation(PDC)

and linear matrix inequality(LMI), we investigate the stability analysis and design of closed-loop T-S fuzzy control systems

further. It is shown that the piecewise fuzzy Lyapunov approach is less conservative then those of the common Lyapunov

function and the piecewise Lyapunov function. Simulation results verify the efficiency and feasibility of the proposed

method.
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T-S

. , (PDC)[11,12]

(LMI)[12], T-S

.

2 T-S (T-S fuzzy control sys-

tems)
Ri i , T-S

[1]:

Ri : If x1 is F
(i)
1 and · · · and xn is F (i)

n , Then

ẋ(t) = Aix(t) + Biu(t), i = 1, 2, · · · , r. (1)

: xk(t), F i
k, (i = 1, · · · , f, k = 1, · · · , n)

;

x(t) = [x1(t), x2(t), · · · , xn(t)]T

. Sum-

Product ,

ẋ(t) =
f∑

i=1

wi(t)(Aix(t) + Biu(t))/
f∑

i=1

wi(t). (2)

wi(t) =
n∏

k=1

F i
k(xk(t)) i .

hi(t) = wi(t)/
f∑

j=1

wj(t),

(2)

ẋ(t) =
f∑

i=1

hi(t)(Aix(t) + Biu(t)). (3)

ẋ(t) =
f∑

i=1

hi(t)Aix(t). (4)

,

,
[3]. ,

wj > 0 ,

x .

,

, ,

.

3 T-S (Stability

analysis for T-S fuzzy control systems)
3.1 (Stability analysis)

r Sj(j =

1, 2, · · · , r),
r⋃

j=1

Sj = S, l

, (Aρj, Bρj) Sj ρ

, hρj Sj ρ .

Sj

ẋ =
l∑

ρ=1

hρjAρjx. (5)

1 (4) ,

|ḣρj| � φρj ,

: Sj

Pρj ,

Pρj � Plj, ρ = 1, 2, · · · , l − 1, (6)

l−1∑
ρ=1

φρj(Pρj − Plj) +
1
2
{AT

kjPij +

PijAkj + AT
ijPkj + PkjAij} < 0. (7)

: 1 � j � r, 1 � i � k � l.

Vj(x) =
l∑

ρ=1

hρjx
TPρjx

Sj Lyapunov , x �= 0,

V̇j(x) =
l∑

ρ=1

ḣρjx
TPρjx +

l∑
i=1

hij(ẋTPijx + xTPijẋ) =

l∑
ρ=1

ḣρjx
TPρjx +

l∑
i=1

l∑
k=1

hijhkjx
T ×

(AT
kjPij + PijA

T
kj) =

l∑
ρ=1

ḣρjx
TPρjx +

1
2

l∑
i=1

l∑
k=1

hijhkjx
T ×

(AT
kjPij + PijAkj + AT

ijPkj + PkjAij)x.

l∑
ρ=1

ḣρj = 0,

V̇j(x) =
l−1∑
ρ=1

ḣρjx
TPρjx + ḣljx

TPljx +

1
2

l∑
i=1

l∑
k=1

hijhkjx
T(AT

kjPij + PijAkj +

AT
ijPkj + PkjAij)x =

l−1∑
ρ=1

ḣρjx
T(Pρj − Plj)x +

1
2

l∑
i=1

l∑
k=1

hijhkjx
T(AT

kjPij + PijAkj +

AT
ijPkj + PkjAij)x.

(6) , |ḣρj| � φρj ,

V̇j(x) �
l−1∑
ρ=1

φρjx
T(Pρj − Plj)x+
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1
2

l∑
i=1

l∑
k=1

hijhkjx
T(AT

kjPij + PijAkj +

AT
ijPkj + PkjAij)x.

(7) ,

V̇j(x) < 0. (8)

Vj(x) Sj Lyapunov .

Sj :

λj(x) =

{
1, x ∈ Sj,

0, ,
(9)

r∑
j=1

λj(x) = 1.

ẋ =
r∑

j=1

λj(x)
l∑

ρ=1

hρjAρjx. (10)

Lyapunov

V (x) =
r∑

j=1

λjVj(x). (11)

[3∼5] , V (x) (4)

Lyapunov . φρj ,

1 (LMIS),

LMI

P 1 , [7] φρj

. T-S

,

Lyapunov ,

Lyapunov ,

, Lyapunov

. , Pij =
Pkj, i, k = 1, 2, · · · , l, j = 1, 2, · · · , r , 1

Lyapunov ; Pim =
Pkj, i, k = 1, 2, · · · , l, m, j = 1, 2, · · · , r ,

1 Lyapunov .

Lyapunov Lyapunov

Lyapunov .

Lyapunov

Lyapunov Lyapunov

.

3.2 (Simulation)
T-S ,

:

Ri : If x1 is Fi, Then ẋ = Aix, i = 1, 2, 3. (12)

1 . :

A1 =

[
−5 −4
−1 −2

]
, A2 =

[
−3 −4
−1 −2

]
, A1 =

[
−2 −4
20 −2

]
.

1

Fig. 1 The membership function of rule premise

, Lyapunov

. ,

, P

Lyapunov ,

P Lyapunov .

Lyapunov Lyapunov

. 1 ,

S1 S2,

, Lyapunov

. , φ = 0.9
:

P11 =

[
4.5192 0.6736
0.6736 3.8915

]
, P12 =

[
9.4927 1.7539
1.7539 8.4159

]
,

P21 =

[
5.2106 −0.6053

−0.6053 3.9603

]
,

P22 =

[
8.9617 0.3067
0.3067 7.4109

]
.

, 1 (12) T-S

, 1

. (12)

,

. 2 x0 = [−1 − 1]T

.

2 x0 = [−1 − 1]T

Fig. 2 The system state response under the initial condition

of x0 = [−1 − 1]T
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4 T-S
(Design and stability analysis for T-S

fuzzy control systems)
(1) T-S ,

Sj

:

uj = −
l∑

k=1

hkjKkjx, (13)

u = −
r∑

j=1

λj

l∑
k=1

hkjKkjx. (14)

: λj (9) , Kkj .

Lyapunov :

2 (1) ,

|ḣρj| � φρj , (10) ,

Sj

Pρj Kkj ,

Pρj � Plj, ρ = 1, 2, · · · , l − 1, (15)

l−1∑
ρ=1

φρj(Pρj − Plj) + GT
iijPmj +PmjGiij <0,

(16)
l−1∑
ρ=1

φρj(Pρj − Plj) +
1
2
(Gikj + Gkij)TPmj +

1
2
Pmj(Gikj + Gkij) < 0, (17)

. :

Gikj = Aij − BijKkj,

1 � i � k � l, 1 � m � l, 1 � j � r.

Vj(x) =
l∑

ρ=1

hρjx
TPρjx Sj

Lyapunov , x �= 0,

V̇j(x) =
l∑

ρ=1

ḣρjx
TPρjx +

l∑
i=1

hij × (ẋTPijx + xTPijẋ) =

l∑
m=1

l∑
i=1

hmjh
2
ijx

T{
l∑

ρ=1

ḣρjPρj + GT
iij ×

Pmj + PmjGiij}x + 2
l∑

m=1

l∑
i<k

hmj ×

hijhkjx
T{

l∑
ρ=1

ḣρjPρj +
1
2
(Gikj + Gkij)T ×

Pmj +
1
2
Pmj(Gikj + Gkij)}x.

l∑
ρ

ḣρj = 0,

V̇j(x) =
l∑

m=1

l∑
i=1

hmjh
2
ijx

T{
l−1∑
ρ=1

ḣρj(Pρj − Plj) +

GT
iijPmj + PmjGiij}x + 2

l∑
m=1

l∑
i<k

×

hmjhijhkjx
T{

l−1∑
ρ=1

ḣρj(Pρj − Plj) +
1
2
×

(Gikj + Gkij)TPmj +
1
2
Pmj(Gikj + Gkij}x.

(15) , |ḣρj| � φρj ,

V̇j(x) �
l∑

m=1

l∑
i=1

hmjh
2
ijx

T{
l−1∑
ρ=1

φρj(Pρj − Plj) +

GT
iijPmj + PmjGiij}x + 2

l∑
m=1

l∑
i<k

hmj ×

hijhkjx
T {

l−1∑
ρ=1

φρj(Pρj − Plj) +
1
2
(Gikj +

Gkij)TPmj +
1
2
Pmj(Gikj + Gkij)}x.

(16)(17) ,

V̇j(x) < 0. (18)

V (x) =
r∑

j=1

λjVj(x) (19)

Lyapunov , φρj ,

Pρj Kkj 2 ,

. 2

Kkj , 2

, .

3 (15)∼(17)

Mρj Wimj ,

:

Mρj > 0, (20)

Yρj > 0, (21)

MmjA
T
ij + AijMmj + WimjB

T
ij +

BijWimj +
l−1∑
ρ=1

φρjYρj < 0, (22)

Mmj(Aij + Akj)T + (Aij + Akj)Mmj +

WT
kmj × BT

ij + BijWkmj + WT
imjB

T
kj +

BkjMimj + 2
l−1∑
ρ=1

φρjYρj < 0 (23)

. :

Mmj = P−1
mj , Yρj = Mmj[M−1

ρj − M−1
lj ]Mmj,
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Wimj = KijMmj, 1 � i � k � l,

1 � m � l, 1 � j � r.

φρj , (20)∼(23)

. (20)∼(23)

,

Kij = WimjM
−1
mj (24)

T-S (1) .

2, (15)∼(17)

P−1, ,

Mmj = P−1
mj ,

Yρj = Mmj[M−1
ρj − M−1

lj ]Mmj,

Wimj = KijMmj,

(20)∼(23). ,

Kij = WimjM
−1
mj .

.

5 (Simulation)
T-S

, [3]

– – ,

ẍ = −ẋ3 − 0.01x − 0.1x3 + (1 + 0.13ẋ3)u. (25)

: x , u x ∈ [−1.5,

1.5], ẋ ∈ [−1.5, 1.5], (25)

T-S :

Ri : If x1(t) is F i
1 and x2(t) is F i

2, Then

ẋ(t) = Aix(t)+Biu(t), i = 1, 2, · · · , 9.

(26)

: x1 = x, {F1j, j = 1, 2, 3}; x2 =
ẋ, {F2k, k = 1, 2, 3};

3,4 ,

F 1
1 = F 4

1 = F 7
1 = F11, F 2

1 = F 5
1 = F 8

1 = F12,

F 3
1 = F 6

1 = F 9
1 = F13, F 1

2 = F 2
2 = F 3

2 = F21,

F 4
2 = F 5

2 = F 6
2 = F22, F 7

2 = F 8
2 = F 9

2 = F23.

3 x1

Fig. 3 The membership function of x1

4 x2

Fig. 4 The membership function of x2

5 , 4

, Si, i = 1, 2, 3, 4, : S1 R1,

R2, R4, R5 4 , S2 R2, R3, R5, R6 4

, S3 R4, R5, R7, R8 4 , S4 R5,

R6, R8, R9 4 .

A1 = A3 = A7 = A9 =
[

0 1
−0.235 −2.25

]
,

A2 = A8 =
[

0 1
−0.235 0

]
, A5 =

[
0 1

−0.01 0

]
,

A4 = A6 =
[

0 1
−0.01 −2.25

]
,

B1 = B4 = B7 = [0 0.7046]T,

B2 = B5 = B8 = [0 1]T,

B3 = B6 = B9 = [0 1.2954]T.

5

Fig. 5 The state space of the fuzzy system

Lyapunov , LMI

:

K1 = [4.2541 3.9803], K2 = [1.6315 2.8740],

K3 = [8.3642 6.9468], K4 = [3.6281 1.4861],

K5 = [1.3649 2.5813], K6 = [5.2681 6.2716],

K7 = [4.1635 1.8490], K8 = [6.3842 2.5416],

K9 = [8.2543 5.6230].

x0 = [−1.4 1.4]T,

6 .

Lyapunov , LMI

:
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K1 = [2.1690 1.9543], K2 = [1.3846 3.1982],

K3 = [4.5143 2.0931], K4 = [1.1650 0.3691],

K5 = [0.6849 1.5290], K6 = [3.4925 3.9516],

K7 = [3.3810 4.0315], K8 = [4.5021 3.7219],

K9 = [7.9460 6.1736].
x0 = [−1.4 1.4]T,

7 . , 3,

φ = 0.75, Si, i = 1, 2, 3, 4
LMI Kki

Pρj :

K11 = [7.3984 3.5826], K21 = [2.3287 3.6752],

K41 = [6.4635 1.4752], K51 = [3.5841 3.9653],

K22 = [4.5962 3.8943], K32 = [2.1526 1.6851],

K52 = [3.7412 1.9658], K62 = [3.3687 2.0241],

K43 = [6.3548 1.6894], K53 = [3.4725 3.5641],

K73 = [4.9745 1.8726], K83 = [2.3487 3.9624],

K54 = [3.5869 3.4551], K64 = [3.4897 2.1453],

K84 = [2.5874 3.4612], K94 = [3.1548 1.4152].

P11=
[

9.2635 −0.4512
−0.4512 5.5481

]
, P21=

[
4.2514 −1.2536

−1.2536 6.3241

]
,

P41=
[

8.6246 −1.3541
−1.3541 3.1523

]
, P51=

[
1.2536 −0.3689

−0.3689 2.6251

]
,

P22=
[

5.6930 −0.6348
−0.6348 2.9847

]
, P32=

[
6.1524 −0.9841

−0.9841 4.5816

]
,

P52=
[

7.8426 −0.7165
−0.7165 6.3615

]
, P62=

[
2.6289 −0.2415

−0.2415 1.7648

]
,

P43=
[

2.1536 −0.1354
−0.1354 1.7124

]
, P53=

[
3.2635 −0.5147

−0.5147 2.3480

]
,

P73=
[

4.2639 −0.9658
−0.9658 5.8419

]
, P83=

[
1.3593 −0.0539

−0.0539 1.9813

]
,

P54=
[

8.5296 −0.9573
−0.9573 7.9437

]
, P64=

[
5.4962 −1.5926

−1.5926 9.7481

]
,

P84=
[

6.4238 −0.6842
−0.6842 4.9824

]
, P94=

[
3.8319 −0.3159

−0.3159 2.6724

]
.

,

u = −
r∑

i=1

λj

l∑
k=1

hkjKkjx

, . ,

. 7 8 x0 = [−1.4
− 1.4]T x0 = [1.5 − 1.5]T

. , ,

Lyapunov

Lyapunov Lyapunov

.

6 Lyapunov

x0 = [−1.4 1.4]T

Fig. 6 The system state response under the initial condition

of x0 = [−1.4 1.4]T(common Lyapunov case)

7 Lyapunov

x0 = [−1.4 1.4]T

Fig. 7 The system state response under the initial condition

of x0 = [−1.4 1.4]T(piecewise Lyapunov case)

8 Lyapunov

x0 = [−1.4 1.4]T

Fig. 8 The system state response under the initial

condition of x0 = [−1.4 1.4]T

(piecewise fuzzy Lyapunov case)
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9 Lyapunov

x0 = [1.5 − 1.5]T

Fig. 9 The system state response under the initial

condition of x0 = [1.5 − 1.5]T

(piecewise fuzzy Lyapunov case)

6 (Conclusion)

, Lyapunov

T-S

.

,

Lyapunov Lyapunov T-

S .

. T-S

. ,

.
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