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Less conservative delay-dependent stability of
Markovian jump systems with mode-dependent time-varying delays

ZHAO Xu-dong, ZENG Qing-shuang

(Space Control and Inertial Technology Institute, Harbin Institute of Technology, Harbin Heilongjiang 150001, China)

Abstract: The delay-dependent stability problem for Markovian jump systems with mode-dependent time-varying de-

lays is investigated. In terms of linear matrix inequalities, we propose a less conservative delay-dependent stability criterion

for Markovian jump systems. This work includes the construction of a system model in which the jumps of the time-varying

delays are model-dependent, develop a different Lyapunov-Krasovskii functional and introduce some improved integral-

equalities. Numerical examples are provided to demonstrate the efficiency and the reduced conservatism of the results.
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1 (Introduction)
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. ẋ(t) =
A(r(t))x(t− d) + B(r(t))u(t)(r(t)

) .
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ḋ(t) � μ < 1, ,
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Lyapunov-Krasovskii ,

LMI

.

.

2 (System formulation and

preliminaries)
: E[·] . ‖·‖

Euclidean . M > 0
. r(t) = i ∈ S = {1, · · · , N} ,

Ai = A(r(t)).

:{
ẋ(t) = A(r(t))x(t) + Ad(r(t))x(t − d(r(t), t)),

x(t) = ϕ(t), t ∈ [−�, 0].
(1)

: x(t) ∈ R
n , A(r(t)), Ad(r(t))

, r(t) {Ω,

F , P} S = {1, · · · , N}
Markov , :

P{r(t+Δ)=j|r(t)=i}=
{

μijΔ+o(Δ), j �= i,

1+μiiΔ+o(Δ), j = i.
(2)

: μij � 0, j �= i, μii = −
N∑

j=1,j �=i

μij ,

ϕ(t) ∈ L2
F0

([−�, 0]; Rn), L2
F0

([−�, 0]; Rn)
R

n ξ(s),−� � s � 0 ,

ξ(s) F0− ,
� 0

−�

E ‖ξ(s)‖2ds < ∞, � =

max
i∈S

{hi}. (1) d(r(t), t)

,

0 � di(t) � hi, ḋi(t) � μi.

1 [4] (1)

, [−�, 0] ϕ(t) r(0) ∈ S,

:

lim
t→∞

E{
� t

0
xT(s, ϕ, r(0))x(s, ϕ, r(0))ds} < ∞.

3 (Main results)
, 1

,

.

1 hi. di(t), (1)

, n × n Pi > 0, Q1i >

0,Q2i > 0, Ri > 0, Si > 0, Z > 0, Q1 > 0, Q2 > 0,

Lki, Mki, Nki, k = 1, · · · , 4, i = 1, · · · ,

N , :⎡
⎢⎢⎢⎢⎢⎢⎢⎣

Θ1i Λ11 Λ12 Λ13

√
hiL1i

√
hiM1i

∗ Θ2i Λ21 Λ22

√
hiL2i

√
hiM2i

∗ ∗ Θ3i Λ31

√
hiL3i

√
hiM3i

∗ ∗ ∗ Θ4i

√
hiL4i

√
hiM4i

∗ ∗ ∗ ∗ −Ri 0
∗ ∗ ∗ ∗ ∗ −Si

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

< 0, (3)

N∑
j=1

μijQkj � Qk, k = 1, 2, (4)

Ri < Z, (5)

Si < Z, (6)

:

Θ1i =PiAi+(PiAi)T+Q1i+Q2i+�Q1+�Q2+

LT
1i + L1i − N1iAi − (N1iAi)T +

N∑
j=1

μijPj,

Θ2i =−(1−μi)Q1i+
N∑

j=1,j �=i

μijhjQ1i+M2i+MT
2i−

L2i − LT
2i − N2iAdi − (N2iAdi)T,

Θ3i = −Q2i +
N∑

j=1

μijhjQ2i − M3i − MT
3i,

Θ4i = �Z + N4i + NT
4i,

Λ11 =PiAdi+LT
2i−AT

i NT
2i+M1i−L1i−N1iAdi,

Λ12 = LT
3i − AT

i NT
3i − M1i,

Λ13 = LT
4i − AT

i NT
4i + N1i,

Λ21 = MT
3i − LT

3i − AT
diN

T
3i − M2i,

Λ22 = MT
4i − LT

4i − AT
diN

T
4i + N2i,

Λ31 = −MT
4i + N3i,

,

,

xt(s) = x(t + s), s ∈ [−2�, 0],

Lyapunov-Krasovskii :

V (xt, t, r(t)) = V1(t) + V2(t) + V3(t) + V4(t),

:

V1(t) = xT(t)P (r(t))x(t),

V2(t) =� t

t−d(r(t),t)
xT(s)Q1(r(t))x(s)ds +

� t

t−h(r(t))
xT(s)Q2(r(t))x(s)ds,

V3(t) =
� 0

−�

� t

t+θ
ẋT(s)Zẋ(s)dsdθ,

V4(t) =� 0

−�

� t

t+θ
xT(s)Q1x(s)dsdθ+
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−�

� t

t+θ
xT(s)Q2x(s)dsdθ,

: Pi, Q1i, Q2i, Q1, Q2, Z, i = 1, 2, · · · , N,

, L xt, t � 0
. r(t) = i, i ∈ S,⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

LV1(xt, t, i)=2xT(t)Piẋ(t)+
N∑
j=1

μijx
T(t)Pjx(t),

LV2(xt, t, i)=

xT(t)Q1ix(t)+
N∑
j=1

μijdj(t)xT(t − di(t))Q1ix(t − di(t))−

(1 − ḋi(t))xT(t − di(t))Q1ix(t − di(t))+� t

t−di(t)
xT(s)(

N∑
j=1

μijQ1j)x(s)ds+xT(t)Q2ix(t)−

xT(t − hi)Q2ix(t − hi)+
N∑
j=1

μijhj(t)xT(t − hi)Q2ix(t − hi)+

� t

t−hi

xT(s)(
N∑
j=1

μijQ2j)x(s)ds,

LV3(xt, t, i)=�ẋT(t)Zẋ(t)−
� t

t−�

ẋT(s)Zẋ(s)ds,

LV4(xt, t, i)=

�xT(t)Q1x(t) + �xT(t)Q2x(t)−� t

t−�

xT(s)Q1x(s)ds −
� t

t−�

xT(s)Q2x(s)ds.

(7)

Newton-Leibniz (1)

Li, Mi, Ni, i = 1, · · · , N,⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Υ1i = 2ηT(t)Li(x(t) − x(t − di(t))−� t

t−di(t)
ẋ(s)ds) = 0,

Υ2i = 2ηT(t)Mi(x(t − di(t)) − x(t − hi))−� t−di(t)

t−hi

ẋ(s)ds) = 0,

Υ3i = 2ηT(t)Ni(−Aix(t) − Adix(t − di(t))+

ẋ(t)) = 0.

(8)

:

ηT(t) = [xT(t) xT(t − di(t)) xT(t − hi) ẋT(t)],

, Z = ZT, Ri = RT
i , Si = ST

i , i =
1, · · ·N, Ri < Z, Si < Z, i = 1, · · · , N,

:

Υ4i =

di(t)ηT(t)LiR
−1
i LT

i η(t)−

� t

t−di(t)
ηT(t)LiZ

−1LT
i η(t)ds > 0,

Υ5i =

(hi − di(t))ηT(t)MiS
−1
i MT

i η(t) −� t−di(t)

t−hi

ηT(t)MiZ
−1MT

i η(t)ds > 0. (9)

� t

t−�

ẋT(s)Zẋ(s)ds �
� t−di(t)

t−hi

ẋT(s)Zẋ(s)ds +
� t

t−di(t)
ẋT(s)Zẋ(s)ds,

, (4)(7)∼(9), :

LV (xt, t, i) <

LV1(xt, t, i) + LV2(xt, t, i) + LV3(xt, t, i) +

LV4(xt, t, i) + Υ1i + Υ2i + Υ3i + Υ4i + Υ5i �
2xT(t)Pi(Aix(t) + Adix(t − di(t))) +
N∑

j=1

μijx
T(t)Pjx(t) + xT(t)Q1ix(t) −

(1 − μi)xT(t − di(t))Qix(t − di(t)) +
N∑

j=1,j �=i

μijhjx
T(t − di(t))Q1ix(t − di(t)) +

xT(t)Q2ix(t) − xT(t − hi)Q2ix(t − hi) +
N∑

j=1

μijhjx
T(t − hi)Q2ix(t − hi) +

�ẋT(t)Zẋ(t) + �xT(t)Q1x(t) + �xT(t)Q2x(t) +

2ηT(t)Mi(x(t − di(t) − x(t − hi)) +

2ηT(t)Li(x(t) − x(t − di(t))) +

2ηT(t)Ni(−Aix(t) − Adix(t − di(t)) + ẋ(t)) +

�ηT(t)LiR
−1
i LT

i η(t) + �ηT(t)MiS
−1
i MT

i η(t) −� t

t−di(t)
[ηT(t)Li+ẋT(s)Z]Z−1[LT

i η(t)+Zẋ(s)]ds −
� t−di(t)

t−hi

[ηT(t)Mi + ẋT(s)Z]Z−1[MT
i η(t) +

Zẋ(s)]ds =

ηT(t)Πiη(t) +

2ηT(t)Ni(−Aix(t) − Adix(t − di(t)) + ẋ(t)) +

2ηT(t)Li(x(t) − x(t − di(t))) +

2η(t)TMi(x(t − di(t) − x(t − hi)) +

�ηT(t)LiR
−1
i LT

i η(t) + �ηT(t)MiS
−1
i MT

i η(t) −� t

t−di(t)
[ηT(t)Li+ẋT(s)Z]Z−1[LT

i η(t)+Zẋ(s)]ds −
� t−di(t)

t−hi

[ηT(t)Mi + ẋT(s)Z]Z−1[MT
i η(t) +

Zẋ(s)]ds. (10)
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:

Πi =

⎡
⎢⎢⎢⎣

H1i PiAdi 0 0
∗ H2i 0 0
∗ ∗ H3i 0
∗ ∗ ∗ �Z

⎤
⎥⎥⎥⎦ ,

Hi = PiAi + (PiAi)T + Q1i + Q2i +

�Q1 + �Q2 +
N∑

j=1

μijPj,

H2i = −(1 − μi)Q1i +
N∑

j=1,j �=i

μijhjQ1i,

H2i = −Q2i +
N∑

j=1

μijhjQ2i.

Z > 0, (10) , :

Li =

⎡
⎢⎣

L1i

...

L4i

⎤
⎥⎦ , Mi =

⎡
⎢⎣

M1i

...

M4i

⎤
⎥⎦ , Ni =

⎡
⎢⎣

N1i

...

N4i

⎤
⎥⎦ ,

i ∈ S = {1, · · · , N}, (11)

(10)(11) Schur ,

(3)∼(6) , LV (xt, t, i) < 0,

ε > 0 LV (xt, t, i) � −ε‖x(t)‖2
,

Dynkin [4], t � �,

EV (xt, t, i) − EV (xt, �, i) � −εE
� t

�

xT(s)x(s)ds,

E
� t

�

xT(s)x(s)ds � ε−1EV (x, �, i). (12)

(1) δ > 0

t � 0 :

‖x(t)‖ � ‖x(0)‖ + 2δ
� t

0
sup

s−��r�s

‖x(r)‖ds,

0 � t1 � � :

sup
0�t1�t

‖x(t)‖ � ‖x(0)‖+2δ
� t1

0
sup

−��r�s

‖x(r)‖ds,

sup
−��t�t1

‖x(t)‖�

2 sup
−��t�0

‖ϕ(t)‖+2δ
� t1

0
sup

−��r�s

‖x(r)‖ds.

Gronwall-Bellman ,

0 � t1 � � :

sup
−��t�t1

‖x(t)‖ � 2 sup
−��t�0

‖ϕ(t)‖ exp(2δt1),

sup
−��t�t1

‖x(t)‖2 � 4 sup
−��t�0

‖ϕ(t)‖ exp(4δ�). (13)

(1) V (xt, t, i) , α >

0 , : V (xt, t, r(t)) � α sup
t�−�

‖x(t)‖2
,

(13)

E{V (xt, t, r(t))}�4α exp(4δ�)E{ sup
−��t�0

‖ϕ(t)‖2},

(12)

E{
� t

0
xT(s)x(s)ds} �

4(� + αε−1) exp(4δ�)E{ sup
−��t�0

‖ϕ(t)‖2},

, 1, (1) .

.

1
, [5∼8] Lyapunov-Krasovskii

−μii

� t

t−�
xT(s)Qx(s)ds

−η
� t

t−�
xT(s)Qx(s)ds , η = max {|μii|, i ∈ S}.

, , [5∼8]

� ,

hi ,

, .

, 1

, Lyapunov-Krasovskii ,

, Lyapunov-

Krasovskii ,

,

.

4 (Numerical examples)
4.1 1 (Example 1)

(1),

:

A1 =

⎡
⎢⎣−3 1 0

0.3 −2.5 1
−0.1 0.3 −3.8

⎤
⎥⎦ ,

A2 =

⎡
⎢⎣−2.5 0.5 −0.1

0.1 −3.5 0.3
−0.1 1 −2

⎤
⎥⎦ ,

Ad1 =

⎡
⎢⎣−0.2 0.1 0.6

0.5 −1 −0.8
0 1 −2.5

⎤
⎥⎦ ,
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Ad2 =

⎡
⎢⎣ 0 −0.3 0.6

0.1 0.5 0
−0.6 1 −0.8

⎤
⎥⎦ ,

h2 = 0.5, μ1 = 0.2, μ2 = 0.3, μ22 = −0.3,

μ11, � [5]

1 , 1 .

1 1 .

1 μ11, �

Table 1 Comparisons of allowed � for given μ11

μ11 −0.1 −0.5 −1

� [5] 1 2.5 1.4 0.7

� 1 3.0 2.5 1

2 , [5], 1

1 . , 1

.

4.2 2 (Example 2)
, 2

. (1), :

A1 =

[
−3.4888 0.8057
−0.6451−3.2684

]
,

Ad1 =

[
−0.8620−1.2919
−0.6841−2.0729

]
,

A2 =

[
−2.4898 0.2895

1.3396−0.0211

]
,

Ad2 =

[
−2.8306 0.4978
−0.8436−1.0115

]
,

μ11 = −0.1, μ22 = −0.8, μ1 = 0.7, μ2 = 0.1,

[4]

, ,

[4] 1 ,

μ = 0.7 , [4] 1

0.4549, h1 = 0.4550,

1 � = 0.6247 ,

,

.

3 :

, μ = μ1 = μ2 = 1.2 , [4]

0.3860, h1 = h2 1

� = h1 = h2 = 0.4652,

[4] ,

Lyapunov-Krasovskii

.

5 (Conclusion)
Lyapunov-Krasovskii ,

,

,

.
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[J]. , 2000, 17(4): 569 – 572.

(DENG Feiqi, CHEN Jintang, LIU Yongqing. Mean-squre stability

and robust stabilization of multiple-mode Ito stochastic systems[J].

Control Theory & Applications, 2000, 17(4): 569 – 572.)

[4] XU S, LAM J. Delay-dependent H∞ control and filtering for un-

certain Markovian jump systems with time-varying delays[J]. IEEE
Transactions on Circuits and System, 2007, 54(9): 2070 – 2077.

[5] XU S, CHEN T, LAM J. Robust H∞ filtering for uncertain Marko-

vian jump systems with mode-dependent time delays[J]. IEEE Trans-
actions on Automatic Control, 2003, 48(5): 900 – 907.

[6] CHEN W H, CU J X, GUAN Z H. Guaranteed cost control for uncer-

tain Markovian jump systems with mode-dependent time-delays[J].

IEEE Transactions on Automatic Control, 2003, 48(12): 2270 – 2275.

[7] WANG G L. Design of reduced-order H∞ filtering for Markovian

jump systems with mode-dependent time delays[J]. Signal Process-
ing, 2009, 89(2): 187 – 196.

[8] SHAO H Y. Delay-rang-dependent robust H∞ filtering for uncertain

stochastic systems with mode-dependent time delays and Markovian

jump parameters[J]. Journal of Mathematical Analysis and Applica-
tions, 2008, 342(2): 1084 – 1095.

:

(1982—), , ,

, E-mail: zxd7777777@126.com;

(1964—), , , ,

, E-mail: zqshuang2000@yahoo.

com.


