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Abstract: A class of deterministic switched control problems with end-point constraint in finite horizon is addressed.

An end-point constraint makes the value-functions being not differentiable everywhere or even discontinuous. As a result,

the former conclusion that the value-functions for infinite horizon are the unique viscosity solutions to a Bensoussan-Lions

type quasi-variational inequality(QVI) is no longer valid. We extend the viscosity solutions to the lower semi-continuous

case by using the dynamic programming and the viability theory.
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ẏ(s) = f(s, y(s), u(s), α(s)), s ∈ [0, T ],

y(0) = x0,

y(T ) ∈ K .

(1)

: y(s) ∈ R
n , u(s) ∈ R

m

, α(s) ∈ Λ = (λ1, λ2, · · · , λl)
, λi ∈ R

k , i = 1, 2, · · · , l <

+∞, 0 < T < ∞ , f :
[0, T ] × R

n × R
m × R

k → R
n ,

K ⊂ R
n . : U �

{u(·) : u(s) ∈ Ω(Rm ), s ∈ [a, b] ⊂ [0, T ],
u(s) [a, b] }, d ∈ Λ,

:

A d � {α(·) : α(s) =
N+1∑
i=1

di−1χ[ti−1,ti)(s),

d0 = d, di ∈ Λ, di �= di−1,

a = t0 � t1 � · · · � tN � tN+1 = b,

[a, b] ⊂ [0, T ]}.
χI , I ⊂ [0, T ],

χI(s) =

{
1, s ∈ I,

0, s /∈ I.

u ∈ U α ∈ A d

, (u, α) ∈ U × A d .

α ∈ A d , ,

α = {ti, di}N
i=0, N = N(α) ,

ti , di ti ,

(1) : a = 0, b = T .

(1) ,

x0 ∈ Rn, d ∈ Λ, [0, T ] (u, α) ∈
U × A d, y(·) =
yd
0,x0

(·) ∈ Sd
[0,T ](x0), Sd

[0,T ](x0)
yd
0,x0

(0) = x0, d ∈ Λ

(1) . y(·)
:

Jd(u, α) =
� T

0
l(s, y(s), u(s), α(s))ds +

g(y(T )) + C(α), (2)

: l : [0, T ] × R
n × R

m × R
k → R ,

. C(α)

C(α) =
N(α)∑

0

k(di−1, di),

: k : R
k × R

k → R.

, g(y(T )) yd
0,x0

(T ) /∈ K

+∞. g(y(T )) R
n

R̄ = R ∪ +∞ ḡ(y):

ḡ(y) =

{
g(y), y ∈ R;

+ ∞, y /∈ R.

g : K → R , ḡ

, ḡ g. Jd(u, α)
yd
0,x0

(T ) /∈ K +∞, yd
0,x0

(T ) ∈
K Jd(u, α) < +∞.

:

(Pt,x): (t, x)∈ [0, T )×R
n,

d∈Λ, (u∗, α∗)∈(U)×A d,

Jd(u∗, α∗) = inf
u∈U ,α∈A d

Jd(u, α).

V d(t, x) = Jd(u∗, α∗), Pt,x

.

3 (Value function)
,

I.C.Dolcetta J.Yong
[4,5], [11] HJB

. ,

.

1 ϕ : R
n → R̄:

1) Dom(ϕ) = {x0 ∈ R
n | ϕ(xo) �= +∞},

ϕ .

2) epi(ϕ) = (x, λ) ∈ X × R | ϕ(x) � λ,

ϕ .

3) ϕ x0 ∈ Dom(ϕ) :

∂−ϕ(x0) =

{p∈R
n | lim

x→x0

ϕ(x)−ϕ(x0)−< p, x−x0 >

x−x0

�0}.

4) ϕ x0 ξ ∈ R
n

:

D†ϕ(x0)(ξ)= lim
h→0+

inf
ξ′→ξ

ϕ(x0+hξ′)−ϕ(x0)
h

.

2 1) K ∈ R
n, t ∈

[0, T ], x(t) ∈ K , x(·) : [0, T ] → R
n

K .

2) x0 ∈K ∈R
n, T

> 0, x0 x′ =
f(x(t)) x0 ∈ K ∈ R

n, K

, K f .

3 x ∈ K ∈ R
n,

t � 0 x′ = f(x(t)) x(t)
= x x(·) : R

+ → R
n, s∈ [0, t],

x(τ)∈K , K f .
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4 K ∈ R
n, x0 ∈ K , x0

K TK (x0)

TK (x0) =

{v ∈ TK (x0) | lim
h→0+

inf d(v,
K − x0

h
) = 0},

ϕ : R
n → R̄,

:

epi(D†ϕ(x0)) = Tepi(x0, ϕ(x0)), x0 ∈ Dom(ϕ).

1 K R
n , f

K R
n , K

∀x ∈ K , f(x) ∈ TK (x).

.

(t, x) ∈ [0, T ] ×
R

n , f, l, g, k

:

1 1) x, x̂ ∈ R
n, (u, d) ∈ Ω×Λ,

h, h0 > 0, :

|f(t, x, u, d) − f(t, x̂, u, d)| � h|x − x̂|,
|f(t, x, u, d)| � h0(1 + |x|),
|l(t, x, u, d) − l(t, x̂, u, d)| � h|x − x̂|,
|l(t, x, u, d)| � h0(1 + |x|).

2) {(v, s) ∈ R
n × R : v = f(t, x, u, d), s �

l(t, x, u, d), u ∈ Ω} .

3) x, x̂ ∈ K h1 > 0,

|g(x) − g(x̂)| � |x − x̂|.
4) d, d̂ ∈ Λ, k(d, d̂) > 0, d �=

d̂; k(d, d) = 0.

1
, .

, .

2 1 , :

1) (Pt,x) V d

,

V d(t, x) = min
u∈U ,α∈A d

{
� T

t
l(s, yd

t,x(s), u(s), α(s)) +

g(yd
t,x(T )) + c(α)};

2) x̄∈R
n, g((̄x))= lim

t→T−
inf
x→x̄

V d(t, x);

3) x̄ ∈ R
n, V (t, x̄) < +∞,

V d(0, (̄x)) < min
d�=d̃

{V d̃(0, x̄) + k(d, d̃)},

V d(0, x̄) = lim
t→0+

inf
x→x̄

V d(t, x).

.

Hamilton :

Hd(t, x, p) =

sup
u∈Ω

{−l(t, x, u, d)+< p, f(t, x, u, d) >}, d ∈ Λ.

1 ,

, . QVI

.

, [10],

.

3 1 , V d

(Pt,x) . (t, x) ∈ Dom(V d), :

1) [t, T ] (ū, ᾱ) ∈ U × A d,

ȳd
t,x ∈ Sd

[t,T ](x), h � 0,

t + h ∈ [t, T )

V d(t + h, ȳd
t,x(t + h)) �

V d(t, x) −
� t+h

t
l(s, ȳd

t,x(s), ū(s), ᾱ)ds −∑
1�i�N

k(d̄i−1, d̄i).

2) [t, T ] (u, α) ∈ U × A d,

yd
t,x ∈ Sd

[t,T ](x), h � 0,

t + h ∈ [t, T )

V d(t, x) � V d(t + h, yd
t,x(t + h)) +� t+h

t
l(s, ȳd

t,x(s), ū(s), ᾱ)ds −∑
1�i�N

k(d̄i−1, d̄i).

,

.

4 1 , V d,

∀(t, x) ∈ Dom(V d),

1) h̄ > 0, t + h̄ � T , u(·) ∈
U , [t, t + h̄] yd

t,x(·) ∈
Sd

[t,t+h̄]
(x) 0 < h < h̄

V d(t, x) � V d(t + h, yd
t,x(t + h)) +� t+h

t
l(s, yd

t,x(s), u(s), α(s))ds, (3)

2) (t, x) ∈ Dom(V d)

sup
u∈Ω

[D†V
d(t, x)(−1,−f(t, x, u, d)) −

l(t, x, u, d)] � 0, (4)

4 (Main conclusion)
,
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, .

1 ϕ : [0, T ] × R
n → R̄, x0 ∈

Dom(ϕ), :

1) p ∈ ∂−ϕ(x0);

2) ∀ξ ∈ R
n, < p, ξ >� D†ϕ(x0)(ξ);

3) (p,−1) ∈ [Tepi(ϕ)(x0, ϕ(x0))]−1.

[Tk(x)]−1 K x ,

NK(x) = {q ∈ R
n :< q, p >� 0, p ∈ TK(x)}.

2 K R
n , ϕ : K →

R
n , :

1) ∀x ∈ K, ϕ(x) ∈ TK(x);

2) ∀x ∈ K, ϕ(x) ∈ co(TK(x));

3) ∀x ∈ K, ∀p ∈ NK(x), < p, ϕ(x) >� 0.

5 V d, f, l

1,

1) ∀(t, x) ∈ Dom(V d), t < T , RV d(t, x)
< 0,

inf
u∈Ω

D†V
d(t, x)(1, f(t, x, u, d)) +

l(t, x, u, d) � 0. (5)

2) ∀(t, x) ∈ Dom(V d), t < T , RV d(t, x)
< 0, ∀(pt, px) ∈ ∂−V d(t, x),

−pt + Hd(t, x,−px) � 0. (6)

6 V d, f, l

1, ∀(t, x) ∈ Dom(V d), t > 0, :

1) sup
u∈Ω

D†V
d(t, x)(−1,−f(t, x, u, d)) −

l(t, x, u, d) � 0. (7)

2) ∀(pt, px) ∈ ∂−V d(t, x),

−pt + Hd(t, x,−px) � 0. (8)

(1) , (t, x) ∈
Dom(V d), t < T , z � V d(t, x),

{(−1,−f(t, x, u, d), l(t, x, u, d) : u ∈ Ω)} ⊂
epi(D†V

d(t, x)) = Tepi(vd)(t, x, z).

(pt, px,−1) ∈ [Tepi(vd)(t, x, V d(t, x))]−
−pt + Hd(t, x,−px) � 0. (9)

1 (2) .

, (2) , 1 ,

(t, x) ∈ Dom(V d), t > 0, (pt, px,−1) ∈
[Tepi(vd)(t, x, V d(t, x))]−, (6) ,

(6)

< (pt, px,−1), (−1,−f(t, x, u, α), l(t, x, u, c)) >� 0.

2 , z � V d(t, x)

{(−1,−f(t, x, u, α)), l(t, u, x, α) : u ∈ Ω} ⊂
co(Tepi(V d)(t, x, z)),

2 :

{(−1,−f(t, x, u, α)), l(t, u, x, α) : u ∈ Ω} ⊂
lim inf

(t̄,x̄,z̄)→(t,x,z)
co(Tepi(V d)(t, x, z)) ⊂

Tepi(V d)(t, x, z).

lim inf V d ,

1 (1) . 2∼5 :

(Pt,x)
(QVI) .
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