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Output feedback tracking control for a class of uncertain nonlinear
MIMO systems using neural network
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Abstract: An output feedback tracking control algorithm using neural network for a class of uncertain affine nonlin-

ear MIMO systems with external disturbances is presented under the constraints that only the system output variables can

be measured No state observer or additional low-pass filter is employed in the algorithm to make the estimation error

dynamics strictly-positive-real(SPR) Only the output error is used in control laws and weights-update laws The ad-

ditional robust control term suppresses the influence of external disturbances and the cross-coupling of subsystems, and

eliminates the neural network approximation error The stability of the closed-loop system and the boundedness of signals

are also demonstrated by Lyapunov stability theorem A simulation example demonstrates the feasibility of the proposed

approach
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ẋr11 = xr12,

...

ẋr1(r1−1) = xr1r1 ,

ẋr1r1 = f1(x) + g11(x)u1 + · · ·+
g1m(x)um + d1,

...

ẋrm1 = xrm2,

...

ẋrmrm
= fm(x) + gm1(x)u1 + · · ·+

gmm(x)um + dm,

y1 = xr11,

...

ym = xrm1.

(1)

:

[r1, r2, · · · , rm] , r1 + r2 +
· · · + rm = n;

y = [y1, y2, · · · , ym]T ∈ R
m ;

x = [xr11, xr12, · · · , xr1r1 , · · · , xrm1, xrm2, · · · ,

xrmrm
]T ∈ R

n ;

u = [u1, u2, · · · , um]T ∈ R
m ;

G(x) =

⎛
⎜⎜⎝

g11(x) · · · g1m(x)
...

. . .
...

gm1(x) · · · gmm(x)

⎞
⎟⎟⎠

;

gij(x), fi(x), i, j = 1, 2, · · · ,m

;

d = [d1, · · · , dm]T .

(1) :⎡
⎢⎢⎣

y
(r1)
1

...

y(rm)
m

⎤
⎥⎥⎦=

⎡
⎢⎢⎣

f1(x)
...

fm(x)

⎤
⎥⎥⎦+G(x)

⎡
⎢⎢⎣

u1

...

um

⎤
⎥⎥⎦+

⎡
⎢⎢⎣

d1

...

dm

⎤
⎥⎥⎦. (2)

, (1) m × m

/ m /

, i

y
(ri)
i = fi(x) + gi1(x)u1 + · · · + gii(x)ui + · · · +

gim(x)um + di, i = 1, 2, · · · ,m. (3)

m , ,

ui, ,

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

y
(ri)
i = fi(x) + gii(x)ui + dsi,

i = 1, 2, · · · ,m,

dsi =
m∑

j=1,j �=i

gij(x)uj + di.

(4)

Ai =

⎡
⎢⎢⎢⎢⎣

0 1 0 · · · 0
0 0 1 · · · 0
...

...
... · · · ...

0 0 0 0 0

⎤
⎥⎥⎥⎥⎦

ri×ri

, Bi =

⎡
⎢⎢⎢⎢⎣

0
0
...

1

⎤
⎥⎥⎥⎥⎦

ri×1

,

Ci = [1 0 · · · 0]1×ri
,

xi = (xri1, · · · , xriri
)T,

(4){
ẋi = Aixi + Bi[fi(x) + gii(x)ui + dsi],

yi = Cixi, i = 1, 2, · · · ,m.
(5)

yi ,

gii(x) � g0 > 0, |dsi| � D.

yd = [yd1, · · · , ydm]T,

i

xdi = [ydi, ẏdi, · · · , y
(ri−1)
di ]T,

i = 1, 2, · · · ,m.

ei = ydi − yi

,

ei = xdi − xi = [ei, ėi, · · · , e
(ri−1)
i ]T

.

: MIMO

(1), ,

,

(1) ,

(UUB).

3
(Neural network output feedback con-

troller structure and stability analysis)

si = (
d
dt

+ λ)(ri−1)ei = [τT 1]ei = Λei,

i = 1, 2, · · · ,m. (6)
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λ > 0 ,

τ = [λri−1, (ri − 1)λri−2, · · · , (ri − 1)λ]T,

Λ = [τT 1],

ṡi = ΛT
1 ei + y

(ri)
di − x

(ri)
i =

ΛT
1 xdi − ΛT

1 xi + y
(ri)
di − fi(x) − gii(x)ui − dsi =

ai(x) − gii(x)ui + v1 − dsi. (7)

:

Λ1 = [0 τT]T, ai(x) = −fi(x) − ΛT
1 xi,

v1 = y
(ri)
di + ΛT

1 xdi.

fi(x), gii(x) , dsi = 0 ,

u∗
i = k(t)λ(ri−1)ei +

āi(x) + v(x, v1, v2)
gii(x)

,

i = 1, 2, · · · ,m. (8)

t, k(t) > 0 ,

āi(x) = ai(x) − gii(x)kτT
2 xi,

v(x, v1, v2) = v1 + gii(x)v2, v2 = kτT
2 xdi,

τ2 = [0, (ri − 1)λri−2, · · · , (ri − 1)λ, 1]T,

.

Vsi
=

1
2
s2

i (i = 1, 2,

· · · ,m),

V̇si
= siṡi = si(ai(x) − gii(x)ui + v1) =

si[ai(x) − gii(x)(k(t)si − kτT
2 ei +

āi(x) + v

gii(x)
) +

y
(ri)
di + ΛT

1 xdi] = −gii(x)k(t)s2
i .

, lim
t→∞

si =0.

(8)

u∗
i = k(t)λri−1ei + u∗

in, i = 1, 2, · · · ,m, (9)

u∗
in = (āi(x) + v(x, v1, v2))/gii(x). ,

, fi(x), gii(x) , x ,

u∗
i , dsi �= 0.

. (NN) ,

GGAP-RBF [10] NN

u∗
in, usi .

,

u∗
in =

āi(x) + v(x, v1, v2)
gii(x)

= W ∗T
φ(η) + ε. (10)

ε

|ε| � ε0,

η = [yi(t), yi(t − d), · · · , yi(t − (n − 1)d),

v1(t), v2(t)]T

, d > 0 .

W ∗

W ∗ = arg min
W∈Ωw

{sup|WTφ(η) − u∗
in|}. (11)

Ωw = {W |‖W‖ � ωm}, ωm > 0 .

u∗
i = kλri−1ei + ûin(η) + usi, i = 1, 2, · · · ,m.

(12)

: ûin(η) = ŴTφ(η) , Ŵ

W ∗ , usi .

σ– ,

, σ–

, ,

e– , σ–

, [7].

˙̂
W = γ(eiφ − σ|ei|Ŵ ). (13)

γ, σ > 0,

Θω = {Ŵ |‖Ŵ‖ � φm

σ
}, (14)

‖φ(η)‖ � φm, φm . , Ŵ (0) ∈
Θω, Ŵ (t) ∈ Θω, ∀ t � 0.

Vω =
1
2γ

ŴTŴ ,

V̇ω =
1
γ

ŴT ˙̂
W = ŴT(eiφ − σ|ei|Ŵ ) �

‖Ŵ‖‖φ‖|ei| − σ|ei|‖Ŵ‖2 �
−|ei|‖Ŵ‖(σ‖Ŵ‖ − φm). (15)

‖Ŵ‖ >
φm

σ
, V̇ω � 0.

usi =
D + g0ε0

g0

sgn(si). (16)

(7)

ṡi = ai(x) − gii(x)ui + v1 − dsi =

−gii(x)ui + ai(x) − gii(x)
āi(x) + v

gii(x)
+

gii(x)u∗
in + v1 − dsi =

gii(x)(−kλri−1ei − ŴTφ + W ∗Tφ+
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ε − kτT
2 ei) − gii(x)usi − dsi =

gii(x)(−ksi−W̃Tφ+ε)−gii(x)usi−dsi, (17)

W̃ = Ŵ − W ∗.

1 (1),

(12) (16), (13),

, xi(i =
1, 2, · · · ,m) :

Ωxi
= {xi(t)||eij(t)| � 2jλj−ri

bωφm√
k − 0.5

,

i = 1, 2, · · · ,m, j = 1, · · · , ri}.

bω =
φm

σ
+ ‖W ∗‖.

Vsi
=

1
2
s2

i ,

(17),

V̇si
= siṡi =

(gii(x)(−ksi − W̃Tφ + ε) − gii(x)usi − dsi)si �
−gii(x)ks2

i + gii(x)‖W̃‖‖φ‖|si| + gii(x)ε0|si| +
D|si| − gii(x)usisi =

−gii(x)ks2
i + gii(x)‖W̃‖‖φ‖|si| + gii(x)ε0|si| +

D|si| − gii(x)(ε0 +
D

g0

)sgn(si)si �

−gii(x)ks2
i + gii(x)‖W̃‖‖φ‖|si|, (18)

Ŵ , ‖W̃‖ � bω, bω =
φm

σ
+ ‖W ∗‖,

V̇si
� −gii(x)ks2

i + gii(x)bωφm|si|. (19)

|α||β| � (α2 + β2)/2,

V̇si
� −gii(x)ks2

i + 0.5gii(x)((bωφm)2 + s2
i ) =

−2gii(x)(k−0.5)[Vsi− (bωφm)2

4(k − 0.5)
]. (20)

V̄si = Vsi − (bωφm)2

4(k − 0.5)
, [9]

V̄si � V̄si(0)e−2(k−0.5)
� t
0 gii(x(τ))dτ , (21)

Vsi − (bωφm)2

4(k − 0.5)
�

[Vsi(0)− (bωφm)2

4(k − 0.5)
]e−2(k−0.5)

� t
0 gii(x(τ))dτ . (22)

gii(x)�g0 >0, − (bωφm)2

4(k − 0.5)
e−2(k−0.5)g0t �0,

Vsi � V̄si(0)e−2(k−0.5)g0t +
(bωφm)2

4(k − 0.5)
, (23)

s2
i � s2

i (0)e−2(k−0.5)g0t +
(bωφm)2

2(k − 0.5)
. (24)

si , si

xi , [9] , xi

Ωxi
.

4 (Simulation example)
/ :⎡

⎣ ẋ1

ẋ2

ẋ3

⎤
⎦=

⎡
⎣ x2

x1 + x2
2 + x3

x1 + 2x2 + 3x1x3

⎤
⎦+

⎡
⎣ 0

3u1+u2

u1+2(2+0.5sin x1)u2

⎤
⎦+

⎡
⎣ 0

0.2cos(3t)
0.5sin(4t)

⎤
⎦,

y1 = x1, y2 = x3.

[r1, r2] = [2, 1].

y1d = 2sin(0.5t + 0.5), y2d = 2cos(0.5t).

λ = 2, k = 0.6, γ = 15,

σ = 0.1. (11) , MATLAB

, 1 .

1

Fig. 1 Plots of output tracking of nonlinear system
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5 (Conclusions)
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