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Abstract: In the process of product manufacturing, abnormal fluctuations of the mean and variance, which reflect prod-

uct quality parameters, are always possible. It is extremely important to discover the abnormal variation of the quality in

time for controlling the quality of products. Besides, independent observations have been applied extensively in industrial

production, communication engineering and other fields. The estimation problem of change-points of independent observa-

tions whose mean and variance change respectively is studied. The cumulative sum(CUSUM) estimators of change-points

are presented and the rate of convergence is established. Finally, the proposed method is applied to the production qual-

ity control of aero engine pipelines and the quality control of the scanners in the radiation medicine research. Both the

simulation results and instance analysis support the validity of our method.
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. {Xt}, t = 1, 2, · · · , T

EXt = μ(t), VarXt = σ(t)
, .

μ(t), σ(t) , μ1, μ2 σ1, σ2,

μ(t)=

{
μ1, t�k0,

μ2, t>k0,
σ(t)=

{
σ1, t�k1,

σ2, t>k2.
(1)

k0 k1 , ,

Xt Xt = μ(t) + σ(t)εt, εt

, Eεt =0, Varεt =1,∃ r>2, E|εt|r <

∞. CUSUM

, ,

,

.

2 (Estimation for change-point

in the mean)
CUSUM {Xt}

, k0

k̂0 = arg max
k

|Rk|,

Rk =
k(T−k)

T 2
{1
k

k∑
t=1

Xt− 1
T−k

T∑
t=k+1

Xt}. (2)

,

, CUSUM .

τ = k/T, τ0 = k0/T, Δ = μ1 − μ2.

1 τ0 τ̂0 |τ̂0 − τ0| = Op(
1
T δ

),

δ < 1/2.

|τ̂0 − τ0| ,

.

2 τ0 τ̂0 |τ̂0 − τ0| = Op(
1

TΔ2
).

3 (Estimation for change-point

in the variance)
,

,

k1 k̂1

k̂1 = arg max
k

|Vk|,

Vk =
k(T − k)

T 2
{1
k

k∑
t=1

(Xt − μ(t))2 −
1

T − k

T∑
t=k+1

(Xt − μ(t))2}. (3)

μ(t)=μ1, t�k0; μ(t)=μ2, t > k0,

μ1, μ2, k0 .

,

,

. 3

4 .

τ1 = k1/T, λ = σ1 − σ2.

3 τ1 τ̂1 |τ̂1 − τ1| = Op

( 1
T δ

)
,

δ < 1/2.

4 τ1 τ̂1 |τ̂1 − τ1| = Op(
1

Tλ2
).

, μ1, μ2, k0 .

. μ1, μ2, k0

, , ,

. k1

k̃1 = arg max
k

|Uk|,

Uk =
k(T − k)

T 2
{1
k

k∑
t=1

(Xt − X̄)2 −
1

T − k

T∑
t=k+1

(Xt − X̄)2}. (4)

:

X̄ = X̄1 =
1

k̂0

k̂0∑
t=1

Xt, t � k̂0;

X̄ = X̄2 =
1

T − k̂0

T∑
t=k̂0+1

Xt, t > k̂0.

5 τ1 τ̃1 |τ̃1 − τ1| = Op(
1

Tλ2
)

δ > 0, τ1 ∈ (δ, 1 − δ),

k̃1/T τ1 . ε > 0, T →
∞ , P{k̃1/T /∈ (δ, 1 − δ)} < ε. :

M > 0, T→∞ , P
{|τ̃1 − τ1| >

M(Tλ2)−1
} → 0. M ,

DT,M =

{k : Tδ � k � T (1 − δ), |k − k1| > Mλ−2},

P{|τ̃1 − τ1| > M(Tλ2)−1} �
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P{τ̃1 /∈ (δ, 1 − δ)} + P{|τ̃1 − τ1| >

M(Tλ2)−1, τ̃1 ∈ (δ, 1 − δ)} �
ε + P{ sup

k∈DT,M

|Uk| � |Uk1 |}. (5)

P{ sup
k∈DT,M

|Uk| � |Uk1 |} −→ 0.

.

,

, , .

4 (Simulation)
{Xt}, Xt = μ + σεt,

θ = (μ, σ), n = 1000.

t � 300, θ = (3, 0.3); 300 < t � 600, θ =
(3, 0.5); t > 600, θ = (4, 0.5). 1000 ,

1. 1(a)∼(d)

, ,

.

, 1(b) .

, .

, 1(c) 1(d) .

(a)

(b)

(c)

(d)

1

Fig. 1 Histograms of change-points

5 (Empirical illustration)
5.1 1(Example 1)

,
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5.2 2(Example 2)
,

.

,

.

. ,
[9].

[9] DXA

( 2).

1 ( : ◦)

Table 1 Data of aero engine pipeline(unit: ◦)

1 120.055 9 119.967 17 119.978 25 119.931 33 120.062

2 119.912 10 119.958 18 120.037 26 119.789 34 120.165

3 120.231 11 119.890 19 119.998 27 119.994 35 120.497

4 120.021 12 119.990 20 120.261 28 119.979 36 120.115

5 119.721 13 119.783 21 120.243 29 120.313 37 120.223

6 119.932 14 120.092 22 120.094 30 120.163 38 120.186

7 119.902 15 119.802 23 120.014 31 120.060 39 120.161

8 120.015 16 119.901 24 119.879 32 120.006 40 120.250

2 DXA

Fig. 2 Dot graph of quality control data by DXA scanner
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6 (Conclusion)
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