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Chaos control of fractional order Chen system via
radial basis function neural network

YAN Xiao-mei, LIU Ding, GUO Hui-jun

(School of Automation and Information Engineering, Xi’an University of Technology, Xi’an Shaanxi 710048, China)

Abstract: A radial basis function(RBF) neural network sliding mode controller for fractional order Chen system with

parametric perturbation and external disturbances is presented. The sliding surface is designed as the only input to the

RBF neural network and the weights of the network can be adjusted on-line according to the reaching law. Based on the

Lyapunov stability theorem, we performed the stability analysis for the controller. The simulation results show that the

proposed method simplifies the complex structure of general neural network, minimizes the chattering problem in sliding

mode control, and provides the robustness to parametric perturbation and external disturbances.
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2 (Fractional or-

der calculus and its approximate calculation)
,

[14],

Riemann–Liouville(R–L) Caputo ,

R–L ,

Caputo .

Riemann–Liouville

aD
α
t f(t) =

1
Γ (n − α)

dn

dtn
[
� t

a

f(τ)
(t − τ)α−n+1

dτ ],

(1)

: n α , n− 1 < α < n, Γ (·)
.

Γ (z) =
� ∞

0
tz−1e−tdt.

Caputo

0D
α
t f(t) =

1
Γ (m − α)

� t

0

f (m)(τ)
(t − τ)α−m+1

dτ , (2)

: m − 1 < α < m, Γ (·) .

3 RBF
(Chaos control of fractional order Chen

system via RBF neural network sliding mode

controller)
3.1 RBF (RBF neural network)

RBF ,

. 1 ,

φi(x) = exp(−‖x − ci‖2

2σ2
i

), i = 1, 2, · · · , q.

2 ,

yj = f(x) =
q∑

i=1

wjiφi(x) = WT
j φ(x),

j = 1, 2, · · · ,m,

: x ∈ R
n , y ∈ R

m

, φ(x) = [φ1(x), · · · , φq(x)]T

, q , Wj =
[wj1, · · · , wjq]T , m

, ci σi i .

3.2 Chen (Fractional order Chen sys-

tem)
Chen :⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

dαx

dtα
= a(y − x),

dαy

dtα
= (c − a)x − xz + cy,

dαz

dtα
= xy − bz,

(3)

: a, b, c , α . α = 1 ,

Chen , α < 1 ,

Chen .
[15,16], 1 > α � 0.83, a = 35, b = 3,

c = 28 , , 3 :

S0 = (0, 0, 0), S1 = (7.9373, 7.9373, 21), S2 =
(−7.9373,−7.9373, 21). 1 .

1 Chen

Fig. 1 Chaotic attractor of fractional order Chen system

(xeq, yeq, zeq)T, yeq =
xeq, zeq = x2

eq/b.

Chen⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

dαx

dtα
= a(y − x),

dαy

dtα
= (c − a)x − xz + cy + d + u,

dαz

dtα
= xy − bz,

(4)

: d , |d| � δ, δ ; u

.

u = u1 + u2, u1 = xz,⎡
⎢⎣

dαx

dtα

dαy

dtα

⎤
⎥⎦=

[
−a a

c − a c

] [
x

y

]
+

[
0
d

]
+

[
0
1

]
u2, (5)

dαz

dtα
= xy − bz. (6)

(5) , [x y]T z

. (5) (6) z

, [x y]T , z

.

(5) [17],

:[
x̄

ȳ

]
= P−1

[
x

y

]
,

P =

[
a 0
a 1

]
.

(7)
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: [x̄ ȳ]T , P .

(5) :⎡
⎢⎣

dαx̄

dtα

dαȳ

dtα

⎤
⎥⎦=

[
0 1

a(2c − a) c − a

][
x̄

ȳ

]
+

[
0
d

]
+

[
0
1

]
u2.

(8)

(xeq , yeq , zeq) ,

(x̄eq , ȳeq , zeq) , (7)

x̄eq = xeq/a,

ȳeq = −xeq + yeq = 0.

e1 = x̄eq − x̄,

e2 = ȳeq − ȳ = −ȳ,

ē = zeq − z,

dαe1

dtα
=

dαx̄eq

dtα
− dαx̄

dtα
= −ȳ = e2,

dαe2

dtα
= −dαȳ

dtα
=

a(2c−a)e1+(c−a)e2−a(2c−a)x̄eq−d−u2, (9)

dαē

dtα
=

dαzeq

dtα
− dαz

dtα
=

−bē + bzeq − ae1e2 + ae2x̄eq − a2(x̄eq − e1)2 =

−bē + f(e1, e2), (10)

f(e1, e2)=bzeq−ae1e2+ae2x̄eq−a2(x̄eq−e1)2.

(9) , (10)
[18].

3.3 RBF (Design of RBF

neural network sliding mode controller)
(9) ,

,

s(t) = ke1(t) +
dq

dtq
e1(t) = ke1(t) + e2(t). (11)

s RBF ,

RBF , s

u2. , RBF

u2 =
q∑

i=1

wi exp(−‖s − ci‖2

2σ2
i

) = WTφ, (12)

: q , W = [w1, · · · , wq]T.

u = u1 + u2 = xz + WTφ. (13)

s(t)ṡ(t) → 0, RBF

E = s(t)ṡ(t),

ẇi = −η
∂E

∂wi(t)
= −η

∂s(t)ṡ(t)
∂wi(t)

=

−η
∂s(t)ṡ(t)

∂u(t)
∂u(t)
∂wi(t)

, (14)

η > 0 .

∂s(t)ṡ(t)
∂u(t)

= −s(t),

∂u(t)
∂wi(t)

= exp(−‖s − ci‖2

2σ2
i

) = φi(s),

RBF

ẇi = ηs(t)φi(s). (15)

3.4 (Stability analysis)
(9),

:

ueq =
dα

dtα
ȳ−a(2c−a)x̄−(c−a)ȳ−d+ṡ+ps. (16)

u2 ueq (8), ṡ + ps = 0.

p , s , s ,

(e1, e2) , ē ,

.

u2 , ,

ṡ + ps = ueq − u2. (17)

,

.

ueq, ueq{
u2 = WTφ(s),

ueq = W ∗Tφ(s) + ε,
(18)

: W ∗ , ε RBF

, |ε| � ε0, ε0 > 0 .

W̃ = W ∗ − W,

ṡ + ps = W ∗Tφ(s) + ε − WTφ(s), (19)

ṡ + ps = W̃Tφ(s) + ε. (20)
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Lyapunov

V =
1
2
s2 +

1
2η

W̃TW̃ . (21)

V

V̇ = sṡ +
1
η
W̃T ˙̃W. (22)

(15),

˙̃W = −Ẇ = −ηsφ(s). (23)

(23) (22),

V̇ = s(−ps + W̃Tφ(s) + ε) − 1
η
W̃Tηsφ(s) =

−ps2 + sε. (24)

|s| � ε/p, V̇ � 0.

s, s = 0 ±ε/p .

, ε, .

s = 0 , V � 0, V̇ � 0, Lyapunov

, (e1, e2) ,

ē .

4 (Numerical simulations)
RBF

Chen . ,

Chen α = 0.9, a = 35, b =
3, c = 28, (x0, y0, z0) = (1, 0, 0),

(7.9373, 7.9373, 21) , RBF

η = 2000,

9, {−4;−3;−2;−1; 0; 1; 2; 3; 4},

0.7, k = 0.3.

4.1 Chen
(Fractional order Chen system control

without parametric perturbation and external

disturbances)
t = 5 s u,

, ,

2 . ,

(7.9373, 7.9373, 21).

2 Chen

Fig. 2 Fractional order Chen system control without

parameter perturbation and external disturbances

4.2 Chen
(Fractional order Chen system control with

parametric perturbation)
t = 5 s u, t = 10 s

a = 36, b = 3.2, c = 29, 3 .



348 27

3 Chen

Fig. 3 Fractional order Chen system control with

parametric perturbation

, ,

RBF , x, y

. b ,

z z′
eq = x2

eq/b = 19.687.

b ,

,

.

4.3 Chen
(Fractional order Chen system control with

external disturbances)
d = 0.1 sin t, t = 5 s

u, 4 . ,

(7.9373, 7.9373,

21).

4 Chen

Fig. 4 Fractional order Chen system control with

external disturbances

4.4
Chen (Fractional order Chen sys-

tem control with parametric perturbation and

external disturbances)

5 Chen

Fig. 5 Fractional order Chen system control with parametric

perturbation and external disturbances
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d = 0.1 sin t, t = 5 s

u, t = 10 s a = 36, b = 3.2,

c = 29, 5 . ,

,

(7.9373, 7.9373, 19.687).

5 (Conclusions)
RBF ,

RBF , Chen

.

, ,

, ,

. .
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