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Abstract: The optimal trajectory of the observer platform in passive localization system is analyzed. By maximizing

the determinant of the Fisher information matrix(FIM), we develop a novel instant maneuver control strategy. We also give

the equations for the two optimal trajectories which are theoretically proved to be existing. It is noted that the optimal

maneuver thus obtained is optimal at any instant, not only at the end point of the observation. The operation of the

maneuver control sequence is depicted visually by geometry. Besides considering the maximum variation rate of the angle,

the proposed method takes into account the effects of the range and e bearings, and makes a compromise between them.

Numerical simulations show that more information can be observed from the optimal maneuver trajectory than that from

other traditional ones.
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2 (Problem statement)
2.1 CRLB (Recursion of CRLB)

z , x̂k(z) xk

,

Pk
Δ= E[(x̂xxk − xxxk)(x̂xxk − xxxk)T] � J−1

k . (1)

: Jk FIM[12]; Pk − J−1

. CRLB Ck
Δ= J−1

k .

∇Xk
(·) =

[
∂

∂xxx0

∂

∂xxx1

· · · ∂

∂xxxk

]
. (2)

(1) FIM

Jk+1(Xk+1)=E{−∇Xk+1∇Xk+1 ln p(Xk+1, Zk+1)}.
(3)

Xk = (xxxT
0 ,xxxT

1 , · · · ,xxxT
k )T, Zk = (z0, z1, · · · , zk).

Tichavsky [14] Jk

:

Jk+1 = D33
k − D21

k (Jk + D11
k )−1D12

k + Jk+1,Z . (4)

D11
k = E[−Δxxxk

xxxk
log p(xxxk+1|xxxk)],

D12
k = E[−Δxxxk+1

xxxk
log p(xxxk+1|xxxk)],

D21
k = E[−Δxxxk

xxxk+1
log p(xxxk+1|xxxk)] = [D12

k ]T,

D33
k = E[−Δxxxk+1

xxxk+1
log p(xxxk+1|xxxk)],

Jk+1,Z = E[−Δxxxk+1
xxxk+1

log p(zk+1|xxxk+1)]. (5)

2.2 (System model)
,

Vt . {
ẋt = Vt sin Ct,

ẏt = Vt cos Ct.
(6)

xt|t=0 = x0, yt|t=0 = y0. xt yt

x y , Ct

, . xxxT = [xT, yT]T.

zk = βk = hk(xxxT)+ηk = tan−1[
xT − xk

yT − yk

]+ηk. (7)

ηk ∼ N(0, R). (3), FIM

Jk =
k∑

j=0

1
R

HT
j Hj. (8)

Hj = [
∂hj(xxxT)
∂(xxxT

T)
] = [

yT − yj

r2
j

,−xT − xj

r2
j

] =

[
cos βj

rj

,−sin βj

rj

]. (9)

rj =
√

(xT − xj)2 + (yT − yj)2. (4)

FIM

Jk|k = Jk−1|k−1 + HT
k R−1Hk. (10)

HT
kR−1Hk =R−1

⎡
⎢⎢⎣

cos2 βk

r2
k

−sin βk cos βk

r2
k

−sin βk cos βk

r2
k

sin2 βk

r2
k

⎤
⎥⎥⎦.

3
(The optimization of the observer platform

trajectory for passive location)
3.1 (The choose of performance

indexes)
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. : (

);

(σd(T )) ; FIM ( CRLB );

; ;

.

, , ,

, .

, .

P ,

,

. P ,

. P

, , .

, FIM

. FIM

.

3.2 FIM (The maximizing the

determinant of FIM)
k k + 1 (k > 1)

, FIM

. , k

O , A , 1, , O

, Y , k + 1
B ,

, k k + 1 Vk ,

Δt, sk = |OB| = VkΔt; |OA| = rk,

|BA| = rk+1, k

Ck, FIM . O

B , (10), FIM

ΔJk=R−1

⎡
⎢⎢⎢⎣

k+1∑
i=k

cos2 βi

r2
i

−
k+1∑
i=k

sin βi cos βi

r2
i

−
k+1∑
i=k

sin βi cos βi

r2
i

k+1∑
i=k

sin2 βi

r2
i

⎤
⎥⎥⎥⎦ .

(11)

det(ΔJk) =
sin2(βk − βk+1)

R2r2
kr

2
k+1

=

s2
k sin2(Ck − βk)

R2r2
k[s2

k sin2(Ck − βk)+(rk − sk cos(Ck − βk))2]2
.

arg max
Ck

[det(ΔJk)],

Ck = βk ± (
π

2
− 2αk). (12)

αk = tan−1(
sk

rk

), (0 < αk � π

4
). (13)

k .

1

Fig. 1 The geometric state of the observer platform and target

. .

2 , k

βk; O , sk , OD⊥OA

O D , AD B , ∠OAD = αk,

OE⊥BD, ∠DOE = ∠BOE = αk,

αk = βk − βk+1, ∠BOY = π/2 + βk − 2αk,

O B .

,

k 2 .

2 k

Fig. 2 The optimal maneuver heading of observer platform at

current time k

.

1 , k k +
1 , FIM

,



1340 26

Ck = βk ± (π/2 − 2αk), k = 1, 2, · · · .

αk = tan−1(sk/rk), (0 < αk � π/4).

k k + 1 , k + 1
, k + 1 2

, k + 1 .

(10)

Jn =
n∑

j=1

HT
j R−1Hj =

R−1

⎡
⎢⎢⎢⎣

n∑
j=1

cos2 βj

r2
j

−
n∑

j=1

sin βj cos βj

r2
j

−
n∑

j=1

sin βj cos βj

r2
j

n∑
j=1

sin2 βj

r2
j

⎤
⎥⎥⎥⎦ ,

det(Jn) =
1
2
R−2

∑
1�i,j�n

sin2(βi − βj)
r2

i r
2
j

. (14)

2 k → k + 1 → k + 2
, 3, 2 .

�: O → B → F ; �: O → B → G.

(14) 2 2

FIM

det(
�

J) = R−2[
sin2(βk − βk+1)

r2
kr

2
k+1

+

sin2(βk+1 − β∗
k+2)

r2
k+1r

2
k+2

+
sin2(β∗

k+2 − βk)
r2

kr
2
k+2

].

β∗
k+2 =

{
βk+2, �,

β̃k+2, � .

βk+1 − βk+2 = β̃k+2 − βk+1 � 0, βk − βk+2 =
β̃k+2 − βk � 0; sin2(β2 − β3) = sin2(β̃3 − β2),

sin2(β1 − β3) > sin2(β̃3 − β1), � FIM

� FIM , � �.

, 3 , 1

qk+1 qk ,

.

2 , FIM

,

1) , qk+1qk > 0;

2) Ck = βk ± (π/2 − 2αk).

,

3 , FIM

, 2 .

4 .

3 2 .

3 2

Fig. 3 The choose of two maneuver trajectories of

observer platform

4

Fig. 4 The optimal maneuver trajectory of observer platform

4 , FIM

, 2

{
xk+1 = xk + VkΔt cos(2αk − βk),
yk+1 = yk + VkΔt sin(2αk − βk);

(15)

{
xk+1 = xk − VkΔt cos(2αk + βk),
yk+1 = yk + VkΔt sin(2αk + βk).

(16)

4 .

1 , FIM

,

r2
k+1 =

(r2
k − s2

k)
2

r2
k + s2

k

. (17)

2 , FIM

, .
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2,

rk+1

rk

=
sk

sin(Cw − βk)
sin αk
sk

tanαk

=
cos 2αk

cos αk

< 1.

0 < αk � π/4, rk+1 < rk. .

1 2 (17) .

2 sk = Vk · Δt � rk, Ck → βk ± π/2.

,

, ,

, .

3.3 (Maximizing

the change rate of angles)
,

,
[15],

. ,

.

.

, ,⎧⎪⎨
⎪⎩

− rt sin βt + rt0 sin βt0 =
� t

t0
Vt0 sin Ct0dt,

− rt cos βt + rt0 cos βt0 =
� t

t0
Vt0 cos Ct0dt.

(18)

,

(18) t{
ṙt = −Vt0 cos(Ct0 − βt),
rtβ̇t = Vt0 sin(Ct0 − βt).

(19)

β̇t =
Vt0 sin(Ct0 − βt)

rt

. (20)

β̇t Ct0 − βt .

d(β̇t)
d(Ct0 − βt)

=
Vt0 cos(Ct0 − βt)

rt

= 0. (21)

Ck = βk+1 ± π/2 , β̇t .

k k + 1
. :

5 ,

, k

Ct0 = βt ± π

2
. (22)

, .

6 ,

, 2

,

(y − yT)2 + (x − xT)2 = r2
0. (23)

r0 .

y = f(x),

(x, y),

y′ · y − yT

x − xT

= −1. (24)

(24)

1
2
(y − yT)2 +

1
2
(x − xT)2 =

1
2
c.

x = x0, y = y0 , r = r0,

(y − yT)2 + (x − xT)2 = r2
0.

.

(xT, yT) , r0

. ,

,

.

4 (Engineering application)
,

.

1) . ,

FIM , ,

, ,

,

, .

2) . FIM ,

αk sk rk, sk ; rk,

;

,

, r̂k αk,

,

αk.

,

,

,

β̂k+1, βk+1 Ck.

3) ( ) ,

,

, ;

, .

5 (Numerical simulation)
FIM
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.

5 ,

(0, 1000), r1 =1000, V 30m/s, 1s

, 4000 . ,

. 6 2 . .

5

Fig. 5 Spirals optimal trajectories k (r1 =1000 m,

V =30 m/s , T =1 s, n =4000)

6

Fig. 6 Left-right optimal observer trajectories (r1 =

1000 m, V =50 m/s , T =1 s, n =500)

,

, ,

,

. 7 .

, ,

, ,

. 8 .

FIM

, ,

, ;

,

,

, ,

.

7

Fig. 7 Left-right optimal maneuver trajectories

corresponding to different observer’s vel-

ocities (r1 =500 m, T =1 s, n =200)

8

Fig. 8 Optimal maneuver trajectories corresponding to

different first ranges of target (V =15 m/s, T =1 s,

n =600)

FIM

, ,

,

. , ,

,

;

,

, ,

.

.

(proposed method,

PM) X Y FIM ,

Hammel-Liu(H-L) [6] , .
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: (0, 1000),

, 20 m/s, T = 1 s,

R = 0.001.

9 2 ,

, H-L ,

K1 � Kw, H-L

, H-L .

10 2 FIM

, 2 FIM

,

FIM ;

, H-L

. 1 2 FIM

.

9 2

Fig. 9 Compare of two maneuver trajectories

10 2 |Jk|
Fig. 10 |Jk| of two maneuver trajectories

1 2 |Jk|
Table 1 Compare of |Jk| for two trajectories

k 100 200 300 400 500

H-L 0.0022 0.0114 0.0294 0.0577 0.1010

P-M 0.0023 0.0125 0.0344 0.0740 0.1452

11 12 2

X Y 2 FIM, X

Y 2 H-L

.

2 3 X Y .

11 2 Jx

Fig. 11 Jx curses of two maneuver trajectories

12 2 Jy

Fig. 12 Jy curses of two maneuver trajectories

2 2 Jx

Table 2 Compare of Jx for two trajectories

k 100 200 300 400 500

H-L 0.0624 0.0967 0.1679 0.2555 0.3271

P-M 0.0642 0.1031 0.1753 0.2769 0.3933

3 2 Jy

Table 3 Compare of Jy for two trajectories

k 100 200 300 400 500

H-L 0.0418 0.1211 0.1750 0.2263 0.3110

P-M 0.0422 0.1252 0.1965 0.2675 0.3692

6 (Conclusion)
, FIM ,

.
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(12) (Appendix Proof of (12))

max{det(ΔJk)} ⇔ max{Ψ}, dΨ/dCk =

0 .

Ψ ′ =
(s2

k + r2
k) cos(Ck − βk) − 2skrk

[s2
k + r2

k − 2skrk cos(Ck − βk)]2
.

Ψ ′ = 0, cos(Ck − βk) =
2skrk

s2
k + r2

k

=

2(
sk

rk
)

1 + (
sk

rk
)2

.

αk = tan−1(sk/rk), (0 < αk � π/4), cos(Ck −
βk) = sin 2αk, Ck = βk ± (π/2 − 2αk), k

.
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