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Optimal disturbance rejection for systems with
time delays in high-speed networks

TANG Gong-you, GE Shao-ting

(College of Information Science and Engineering, Ocean University of China, Qingdao Shandong 266100, China)

Abstract: The optimal disturbance rejection is considered for systems with delayed control and measurement in high-

speed communication networks. Firstly, the discrete-time mathematical models for systems with delayed control and

measurement are established. Based on a model transformation, we transform the system with delays to a formal system

without delay. Then, the optimal control law with a state feedback, a disturbance feedforward and a control memory term

is derived from a discrete Riccati equation and a Stein equation. The feedforward control term and the control memory

term compensate for the effects of disturbances and the control delay, respectively. A dynamic control law with a distur-

bance feedforward, an output feedback and a control memory term is designed by constructing a reduced-order disturbance

state observer, the observer makes the feedforward compensator physically realizable. Simulation results demonstrate the

effectiveness of the optimal control law.
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2 (Modeling of systems)

1 ,

: u(t) ∈ R
m , ȳ(t) ∈ R

r

, τ1 > 0 τ2 > 0
, σ1 > 0 σ2 > 0

, ym(t) = ȳ(t − σ1) y(t) = ym(t − σ2) =
ȳ(t− σ1 − σ2)

. τ = τ1+τ2, σ = σ1+σ2,

τ σ .

, τ2 σ2

. τ1

σ1 .

τ σ .

1

Fig. 1 The structure diagram of the system

1

, :⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

ẋ(t) = Ax(t) + Bu(t − τ) + Dv(t),

y(t) = Cx(t − σ),

x(t) = φ(t), t ∈ [−σ, 0],

u(t) = 0, t ∈ [−τ, 0],

(1)

: x(t) ∈ R
n , v(t) ∈ R

p

, A, B, C D , φ(t)
. (A, B) (C, A)

.

v(t)
(Exosystem) :

ẇ(t) = Gw(t),

v(t) = Fw(t),
(2)

: w(t) ∈ R
q(m � q) ,

G F , w(0)
.

(2) ,

[[1,2,14] .

,

(1) . T ,

τ = h1T + d1T σ = h2T + d2T ,

h1, h2 ∈ N, 0 � di < 1(i = 1, 2). ,

, x(t), u(t) v(t)
,

:⎧⎪⎨
⎪⎩

x(t) = x(kT ), kT � t < (k + 1)T,

u(t) = u(kT ), kT � t < (k + 1)T,

v(t) = v(kT ), kT � t < (k + 1)T.

(3)

(1)

x
(
(k + 1)T

)
=

eAT x(kT ) +
� (k+1)T

kT
eA((k+1)T−r) ×

[Bu(r − (h1 + d1)T ) + Dv(r)]dr =

eAT x(kT ) +
� T

0
eAr[Bu((k + 1 − h1)T ) −

(r + d1T )) + Dv(kT )]dr =

eAT x(kT ) +
� (1−d1)T

0
eArBdru((k − h1)T +� T

(1−d1)T
eArBdru((k − h1 − 1)T +

� T

0
eArDdrv(kT ), (4)

, (·)x(k) � (·)x(kT ).

(1) :⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

x(k + 1) = Āx(k) + B1u(k − h1)+

B2u(k−h1−1)+D̄v(k),

y(k) = Cx(k − h2 − 1),

x(0) = x0, k = 0, 1, 2, · · · ,

(5)

⎧⎪⎨
⎪⎩

Ā = eAT , B1 =
� (1−d1)T

0
eAtBdt,

B2 =
� T

(1−d1)T
eAtBdt, D̄=

� T

0
eAtDdt.

(6)

,

:

w(k + 1) = Ḡw(k),

v(k) = F̄w(k),
(7)

Ḡ = eGT , (F̄ , Ḡ) . Ḡ
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|μi(Ḡ)| � 1, i = 1, 2, · · · , r, (8)

Ḡ ,

(7) .

:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

z(k) = x(k) +
k−1∑

i=k−h1

Āk−i−1B̄u(i)+

Āh1B̄2u(k − h1 − 1),

ȳ(k)=y(k)+C̄(
k−1∑

i=k−h−1

Āk−i−1B̄u(i)+

Āh+1 × B̄2u(k − h − 2)+
k−1∑

i=k−h2−1

Āk−l−1D̄v(l)),

(9)

(5)

:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

z(k + 1) = Āz(k) + B̄u(k) + D̄v(k),

ȳ(k) = C̄z(k)),

z(0) = x(0),

y(k)= ȳ(k)−C̄(
k−1∑

i=k−h−1

Āk−i−1B̄u(i)+

Āh+1 × B̄2u(k − h − 2)+
k−1∑

i=k−h2−1

Āk−l−1D̄v(l)),

(10)

:

h = h1 + h2, B̄1 = Ā−h1B1,

B̄2 = Ā−h1−1B2, B̄ = B̄1 + B̄2,

C̄ = CĀ−h2−1.

3 (Design of optimal con-

troller)
,

(7) ,

. (7) ,

:

J =
∞∑

k=0

[zT(k)Qz(k) + uT(k)Ru(k)], (11)

: Q ∈ R
n×n , R ∈ R

m×m

.

(7) ,

(11), (10)

, u(k),

. ,

J = lim
N→∞

1
N

N∑
k=0

[zT(k)Qz(k)+uT(k)Ru(k)].

(12)

(11) (12), Q Q =
C̄TKC̄, K = KT ∈ R

r×r ,

(Ā, B̄, C̄) .

(5) ,

u∗(k), (11) (12)

..

1 (5) (7) ,

(11) (12)

u∗(k) = −S−1B̄T[PĀ(x(k) +
k−1∑

i=k−h1

Āk−i−1B̄u(i) +

Āh1B̄2u(k − h1 − 1)) +

(PD̄F̄ + P1Ḡ)w(k)], (13)

: S = R + B̄TPB̄, P Riccati

ĀT(I − PB̄S−1B̄T)PĀ + Q = P (14)

, P Stein

ĀT(I − PB̄S−1B̄T)P1Ḡ − P1 =

−ĀT(I − PB̄S−1B̄T)PD̄F̄ (15)

.

, (5),

(7) (11) (12)

:⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

z(k + 1) =

Āz(k)−B̄R−1B̄Tλ(k+1)+D̄v(k),

λ(k) = Qz(k) + ĀTλ(k + 1),

z(0) = x(0), λ(∞) = 0,

(16)

u∗ = −R−1B̄Tλ(k + 1). (17)

λ(k) = Pz(k) + P1w(k), (18)

(16) (18)

BTλ(k + 1) =

B̄TP [Āz(k)−B̄R−1B̄Tλ(k+1)+

D̄v(k)] + B̄TP1Ḡw(k). (19)
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R−1B̄Tλ(k + 1) =

S−1B̄T[PĀz(k)+(PD̄F̄ +P1Ḡ)w(k)]. (20)

(20) (9) 1 (17),

(13).

λ(k) =

[Q + ĀT(I − PB̄S−1B̄T)PĀ]z(k) +

ĀT(I−PB̄S−1B̄T)(PD̄F̄ +P1Ḡ)w(k). (21)

(18) (21) , Riccati

(14) Stein (15).

(Ā, B̄, C̄) , Riccati

(14) P . ,

(I − B̄S−1B̄TP )Ā ,

|μ[ĀT(I − PB̄S−1B̄T)]| < 1, i = 1, 2, · · · , n.

(22)

(8),{
|μi[ĀT(I − PB̄S−1B̄T)]μj(Ḡ)| < 1,

i = 1, 2, · · · , n, j = 1, 2, · · · , r.
(23)

, Stein (15) P1.

P P1, (13) .

.

4 (Design of phys-

ically realizable controllers)
(13)

(7) w(k). w(k) ,

(13) . ,

y(k) , (5)

x(k) .

, (7) (5)

(13)

.

ζ(k) = [zT(k), wT(k)]T,

(5) (7) :

ζ(k + 1) = Ãζ(k) + B̃u(k),

η(k) = C̃ζ(k),
(24)

η(k) = [ȳT(k), vT(k)]T

Ã =

[
Ā D̄F̄

0 Ḡ

]
, B̃ =

[
B̄

0

]
, C̃ =

[
C̄ 0
0 F̄

]
. (25)

(C̄, Ā) (F̄ , Ḡ) , (C̃, Ã)
.

H ∈ R
(n+p−m1−q)×(m1+q), Γ =

[C̃T HT]T . Π = Γ−1 = [Π1

...Π2],
C̃Γ−1 = [Im1+q 0]. ζ̄(k) = Γζ(k),

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ζ̄(k + 1) =

[
ζ̄1(k + 1)
ζ̄2(k + 1)

]
=

[
C̃ÃΠ1 C̃ÃΠ2

HÃΠ1 HÃΠ2

]
×

[
ζ̄1(k)
ζ̄2(k)

]
+

[
C̃B̃

HB̃

]
u(k),

η(k) = ζ̄1(k),

(26)

: C̃B̃, HB̃, C̃ÃΠi, HÃΠi (i = 1, 2)
. (C̃, Ã) ,

(C̃ÃΠ2, HÃΠ2) . ,

:⎧⎪⎪⎨
⎪⎪⎩

ψ(k+1)=(H−LC̃)[ÃΠ2ψ(k)+Ã(Π2L+

Π1)η(k)+ B̃u(k)],

ζ̂(k) = Π2ψ(k) + (Π1 + Π2L)η(k),

(27)

: ζ̂(k) ζ(k) , ψ(k) ,

L .

(27) L.

(13) , w(k) x(k)
, (27) ,

:⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

ψ(k + 1)=(H−LC̃)[ÃΠ2ψ(k)+Ã(Π2L+

Π1)η(k) + B̃u(k)],

u(k) = −S−1B̄T[P (PD̄F̄ + P1Ḡ)]×
[Π2ψ(k) + (Π1 + Π2L)η(k)],

(28)

:

S = R + B̄TPB̄, η(k) = [rT(k), vT(k)]T,

r(k) = y(k) + C̄(
k−1∑

i=k−h−1

Āk−i−1B̄u(i) +

Āh+1 × B̄2u(k − h − 2) +
k−1∑

l=k−h2−1

Āk−l−1D̄v(l)). (29)



7 : 969

5 (Simulation examples)
(1) (2) ,⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

A =

⎡
⎢⎣0 1 0

0 0 1
1−2−2

⎤
⎥⎦ , B =

⎡
⎢⎣0

0
1

⎤
⎥⎦ ,

C = [1 0 0],

D =

⎡
⎢⎣1 0

0 0
0 1

⎤
⎥⎦ , x(0) = [0 0 0]T,

(30)

T = 0.05, (5)

:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Ā =

⎡
⎢⎣1 0.05 0.0012

0.0012 0.9976 0.0475
0.0475 −0.0939 0.9025

⎤
⎥⎦ ,

C =

⎡
⎢⎣1

0
0

⎤
⎥⎦

T

, B1 =

⎡
⎢⎣4.4329 × 10−6

4.4107 × 10−6

0.0291

⎤
⎥⎦ ,

B2 =

⎡
⎢⎣1.5885 × 10−5

7.6779 × 10−4

0.0184

⎤
⎥⎦ ,

D̄ =

⎡
⎢⎣ 0.05 0

0 0.0012
0.0012 0.0475

⎤
⎥⎦ , x(0) =

⎡
⎢⎣0

0
0

⎤
⎥⎦ ,

(31)

(12) , :

K = I, R = 0.0001,

Q =

⎡
⎢⎣ 0.9971 −0.1967 0.0228
−0.1967 0.0388 −0.0045

0.0228 −0.0045 0.0005

⎤
⎥⎦ . (32)

(7) , :⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

Ḡ =

⎡
⎢⎣ 0.9987 0.05 −0.05
−0.0499 0.9938 0.0001

0.0062 −0.0497 1

⎤
⎥⎦ ,

F̄ =

[
1 0 0
0 1 0

]
, w(0) = [1 0 0]T,

(33)

τ = 0, τ = 1.5 τ = 3, h1 = 0, h2 = 30
h3 = 60 , x1(k), x2(k), x3(k)

u∗(k) 2∼5 .

2 x1(k)

Fig. 2 Simulation curves of state x1(k)

3 x2(k)

Fig. 3 Simulation curves of state x2(k)

4 x3(k)

Fig. 4 Simulation curves of state x3(k)

5 u∗(k)

Fig. 5 Simulation curves of optimal control u∗(k)
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