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Neural-network-based bounded adaptive stabilization for
uncertain stochastic nonlinear systems with time-delay
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Abstract: The problem of bounded adaptive stabilization is investigated for a class of uncertain stochastic nonlinear

strict-feedback systems with unknown time-delay. Based on the technique of neural-network(NN) parameterization and

the Backstepping method, we develop a novel adaptive neural control scheme which contains fewer learning parameters to

solve the stabilization problem of such systems. In addition, the stability analysis is given to show that all the error variables

in the closed-loop system are bounded in probability. The effectiveness of the proposed design is verified by simulation

results.
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2 (Problem formulation and

preliminary results)
2.1 (Problem statement)

:⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

dxi =

(xi+1 + fi(x̄i) + hi(x̄i(t − τi)))dt + ψi(x̄i)dω,

dxn =

(u + fn(x̄n) + hn(x̄n(t − τn)))dt + ψn(x̄n)dω,

1 � i � n − 1, x̄n(t) = ϕ(t), − τmax � t � 0,

(1)

: xi ∈ R(i = 1, · · · , n) ,

x̄i = [x1, · · · , xi]T, x = [x1, · · · , xn]T; u ∈ R

; ϕ(t) ∈ R
n .

ω (Ω, F, P ) r

, : Ω , F σ P

. fi(·), hi(·) : R
i → R, ψi(·) : R

i → R
r(i = 1,

· · · , n) , fi(0) =
0, hi(0) = 0 ψi(0) = 0. τi

, τmax τi , τi � τmax, i =
1, · · · , n.

u(x, θ̂), ˙̂
θ = φ(x, θ̂),

x(t0), θ̂(t0),

t → ∞ .

fi fi(·), hi(xτi
) hi(x̄i(t − τi)),

‖A‖ =
√

ATA A A Euclidean ,

‖A‖∞ = max
i,j

|aij| A ∈ R
m×n .

θ̃i = θ̂i − θi(i = 1, · · · , n), θ̂i

θi . μi, λi σi (i = 1, · · · , n) .

:

dx = f(x, t)dt + h(x, t)dω, (2)

: x ω (1) , f : R
n × R

+ →
R

n, h : R
n × R

+ → R
n×r , f =

[f1, · · · , fn]T. V (x)
:

LV (x) =
∂V

∂t
+

∂V

∂x
f +

1
2
tr{hT ∂2V

∂x2
h}, (3)

tr(A) A .

1 ε: 0 < ε < 1, d =
d(t0, x0) > 0, x0 ∈ Υ0(Υ0

), lim
t→∞

inf P{‖x(t)‖ � d} � 1 − ε

, (1) x(t) (

). d x0, x(t)
.

1, :

zi = xi − αi−1, i = 1, · · · , n, (4)

α0 = 0, αi−1(i = 2, · · · , n)
.

1 1 � i � n,

�il(·), hi(·) :

|hi(z̄i(t) + ᾱi−1(t))| �
i∑

l=1

|zi(t)|�il(z̄l(t) + ᾱl−1(t)).

1 [11,12] ,

�il , 1 �il .

2 1 � i � n,

φi : ‖ψi(x̄i)‖ �
i∑

k=1

|xk|φi(x̄i).

2 2 φi . 2

.

2.2 RBF (RBF NNs and pa-

rameterization)
RBF NNs

, .

, f(·) : R
n → R RBF

NNs , f̂ = ŴTΦ(Z), Z ∈
ΥNN ⊂ R

n, Ŵ = [w1, · · · , wl]T ∈ R
l

Φ(Z) = [s1(Z), s2(Z), · · · sl(Z)]T,

si(Z) ,

si(Z) = exp[
−‖Z − μi‖2

νi

], i = 1, · · · , l,

: μi = [μi1, · · · , μin]T , νi

. ,

ΥNN ⊂ R
n ,

f(Z) = W ∗TΦ(Z) + δ, ∀Z ∈ ΥNN, (5)

W ∗ ,

W ∗ := arg min
Ŵ∈Rn

{ sup
Z∈ΥNN

∣∣∣f(Z) − f̂(Z)
∣∣∣}.

3 ∀Z ∈ ΥNN,

W ∗, ‖W ∗‖∞ � wmax |δ| � δmax ,

wmax, δmax > 0.

(5)

W ∗TΦ(Z) + δ �
∣∣W ∗T Φ(Z)

∣∣ + |δ| �
l∑

m=1

|sm(Z)|wmax + δmax � θβ(Z), (6)



7 : 857

:

β(Z) =

√
(l + 1)(

l∑
m=1

s2
m(Z) + 1),

θ = max{δmax, wmax}.
3 , [10]

, ,

.

3 (Main results)
3.1 (Controller design)

, Backstepping

.

Step 1 (1) (4)

dz1 = (x2 + f1 + h1(xτ1))dt + ψ1dω. (7)

Lyapunov-Krasovskii :

V1 =
1
4
z4
1 +

1
2
λ−1

1 θ̃2
1 + VQ1 , (8)

VQ1 =
n

4

� t

t−τ1

Q1(z1(s))ds,

Q1(·) :

Q1(·) = z4
1(s)�

4
11(z1(s)).

(3)

LV1 = z3
1(x2 + f1 + h1(xτ1)) + λ−1

1 θ̃1
˙̃
θ1 +

3
2
z2
1ψ

T
1 ψ1 +

n

4
z4
1(t)�

4
11(z1(t)) −

n

4
z4
1(t − τ1)�4

11(x1(t − τ1)). (9)

1,

z3
1h1(xτ1) � 3

4
z4
1+

1
4
z4
1(t−τ1)�4

11(x1(t−τ1)), (10)

, (10) 2

LV1 � z3
1(f1 + (z2 + α1)) + λ−1

1 θ̃1
˙̃
θ1 +

n

4
z4
1(t)�

4
11(x1(t)) +

3
2
z4
1φ

2
1 −

n − 1
4

z4
1(t − τ1)�4

11(x1(t − τ1)). (11)

f̄1:

f̄1 = f1 +
n

4
z1�

4
11 +

3
2
z1φ

2
1.

f1, �11 φ1 , f̄1

α1, RBF NNs , f̄1

:

f̄1 = W ∗T
1 S1(x1) + δ1(x1),

: W ∗T
1 S1(x1) f̄1 NN , δ1(x1)

. :

W ∗T
1 S1(x1) + δ1(x1) �∣∣W ∗T
1 S1(x1)

∣∣ + |δ1(x1)| �
l∑

m=1

|s1m(x1)|w1 max + δ1 max � θ1β1(·), (12)

:

β1(·) =

√
(l + 1)(

l∑
m=1

s2
1m(x1) + 1),

θ1 = max{δ1 max, w1 max}.
RBF NNs ,

:

α1 = −μ1z1 − θ̂1β1(·) tanh
β1(·)z3

1

σ1

, (13)

˙̂
θ1 = −λ1θ̂1 + z3

1β1(·) tanh
β1(·)z3

1

σ1

. (14)

[13] ,∣∣z3
1

∣∣ θ1β1 − θ1z
3
1β1 tanh

β1z
3
1

σ1

� 0.2785θ1σ1. (15)

(15) Young θ̃θ̂ � 1
2
θ̃2 − 1

2
θ2,

(11)

LV1 �−c1z
4
1 −

1
2
θ̃2
1 + κ1 +

1
4
z4
2 −

n − 1
4

z4
1(t − τ1)�4

11(x1(t − τ1)), (16)

: c1 := μ1 − 3
2

> 0, κ1 = 0.2785θ1σ1 +
1
2
θ2
1 .

Step i(2 � i � n − 1) Itô

dzi = d(xi − αi−1) =

(xi+1 + fi(x̄i) + hi(x̄i(t − τi))) −
Lαi−1)dt + (ψi −

i−1∑
j=1

∂αi−1

∂xj

ψj)dω, (17)

Lαi−1 =
i−1∑
l=1

∂αi−1

∂xl

(xl+1 + fl(xl) + hl(xτl
)) +

i−1∑
l=1

∂αi−1

∂θ̂l

˙̂
θl +

1
2

i−1∑
p,q=1

∂2αi−1

∂xp∂xq

ψT
p ψq.

1 2 Young ,

−z3
i

i−1∑
l=1

∂αi−1

∂xl

hl(xτl
) �

i−1∑
l=1

3l

4
z4

i (
∂αi−1

∂xl

) 4
3 +
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1
4

i−1∑
l=1

l∑
k=1

z4
l (t − τl) �4

lk (x̄k(t − τl)), (18)

z3
i hi(xτi

)� 3i

4
z4

i +
1
4

i∑
l=1

z4
i (t−τi)�4

il(x̄l(t−τi)).

(19)

2, φ̃i,

:

‖ψi −
i−1∑
j=1

∂αi−1

∂xj

ψj‖�
i∑

j=1

|xj| {φi+
i−1∑
k=j

∣∣∣∣∂αi−1

∂xk

∣∣∣∣ φk} �

i∑
j=1

|xj|φ′
i�

i∑
j=1

|zj+αj−1|φ′
i�

i∑
j=1

|zj| φ̃i, (20)

3
2
z2

i ‖ψi −
i−1∑
j=1

∂αi−1

∂xj

ψj‖2 �

3
2
z2

i (
i∑

j=1

|zj| φ̃i)2 �

3i

2
z4

i φ̃
2
i +

3
4

+
3
4
i2z4

i φ̃
4
i (

i−1∑
j=1

z2
j )

2. (21)

Lyapunov-Krasovskii :

Vi = Vi−1 +
1
4
z4

i +
1
2
λ−1

i θ̃2
i + VQi

, (22)

: λi > 0, VQi
=

(n − i + 1)
4

� t

t−τi

Qi(·)ds,

Qi(·) :=
i∑

l=1

z4
i (s)�

4
il(s). (3)

LVi = LVi−1 + z3
i (xi+1 + fi(x̄i) +

hi(x̄i(t − τi)) − Lαi−1) +

λ−1
i θ̃i

˙̃
θi + V̇Qi

+
3
2
z2

i [ψi −
i−1∑
j=1

∂αi−1

∂xj

ψj]T[ψi −
i−1∑
j=1

∂αi−1

∂xj

ψj]. (23)

f̄i :=

fi −
i−1∑
l=1

∂αi−1

∂xl

(fl(xl) + xl+1) −
i−1∑
l=1

∂αi−1

∂θ̂l

˙̂
θl − 1

2

i−1∑
p,q=1

∂2αi−1

∂xp∂xq

ψT
p ψq +

3
4
zi

i−1∑
l=1

l(
∂αi−1

∂xl

) 4
3 +

n − i + 1
4

i∑
l=1

zi�
4
il(x̄l) +

3i

2
ziφ̃

2
i +

3
4
i2ziφ̃

4
i (

i−1∑
j=1

z2
j )

2.

f̄i RBF NNs :

W ∗T
i Si(·) + δi(·) �

∣∣W ∗T
i Si(·)

∣∣ + |δi(·)| �
l∑

m=1

|sim(·)|wi max + δi max � θiβi(·). (24)

:

βi(·) =

√
(l + 1)(

l∑
m=1

s2
im(x̄i, z̄i,

¯̂
θi−1) + 1),

θi = max{δi max, wi max}.

RBF NNs ,

:

αi = −μizi − θ̂iβi(·) tanh
βi(·)z3

i

σi

, (25)

˙̂
θi = −λiθ̂i + z3

i βi(·) tanh
βi(·)z3

i

σi

. (26)

Young ,

LVi �−
i∑

k=1

ckz
4
k −

1
2

i∑
k=1

θ̃2
k +

1
4
z4

i+1 + κi −
n−i

4

i∑
l=1

l∑
j=1

z4
l (t−τl) �4

lj(x̄j(t−τl)). (27)

:

ck := μk − 3k

4
− 1 > 0, k = 2, · · · , i,

κi :=
i∑

k=1

(
1
2
θ2

k + 0.2785θkσk) +
3
4
(i − 1).

i = n, zn+1 = 0, u

:

u = αn = −μnzn − θ̂nβn(·) tanh
βn(·)z3

n

σn

,

(28)

˙̂
θn = −λnθ̂n + z3

nβn(·) tanh
βn(·)z3

n

σn

. (29)

, (28)(29) ,

LVn � −
n∑

k=1

ckz
4
k −

1
2

n∑
k=1

θ̃2
k + κn, (30)

:

cn := μn − 3
4
(n + 1) > 0,

κn :=
n∑

i=1

(
1
2
θ2

i + 0.2785θiσi) +
3
4
(n − 1).

3.2 (Stability analysis)

,

.

1 1,2

(1),

(28) (29) , Υ0
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xi(t0), zi(t0) θ̂i(t0)(i = 1, 2, · · · , n),

.

,

Lyapunov V := Vn, (30)

LV � −
n∑

k=1

ρk(z4
k+θ̃2

k) + κn. (31)

ρk := min{ck,
1
2
}. [14] 1

, (31), zi θ̃i , i =
1, 2, · · · , n. , θ̂i . x1 = z1,

x1 . α1 x1 θ̂1 ,

x2 = z2 + α1, x2 .

, αi−1, xi(i = 3, · · · , n) u

.

4 ρk κn , ρk κn

. μi, λi σi

.

3.3 (Simulation example)
,

:

dx1 =(x2+x1e0.5x1 +sin(x1(t − τ1)))dt + x3
1dω,

dx2 = (u + x1x
2
2 + x1(t − τ2)x2(t − τ2))dt +

(x1 + x2ex2)dω.

1,

:

α1 = −μ1z1 − θ̂1β1(·) tanh(
β1(·)z3

1

σ1

),

u = −μ2z2 − θ̂2β2(·) tanh
β2(·)z3

2

σ2

,

˙̂
θi = −λiθ̂i + λiz

3
i βi(·) tanh

z3
i βi(·)
σi

,

i = 1, 2.

: β1(·) = β1(x1), β2(·) = β2(z1, z2, θ̂1), z1 =
x1 z2 = x2 −α1. Milstein’s

.

[x1(0), x2(0)]T = [0.1,−0.2]T

[θ̂1(0), θ̂2(0)]T = [8, 5]T.

:

τ1 = 1, τ2 = 2, l = 3, νi = 1,

ηi = 0(i = 1, 2, 3), μ1 = 10,

μ2 = 20, λ1 = λ2 = 10

σ1 = σ2 = 1.

1∼3 . 1 NN

. ,

2 . 3

.

.

1 x1(t) x2(t)

Fig. 1 States of closed-loop system x1(t) and x2(t)

2 u(t)

Fig. 2 Control input u(t)

3 θ̂1 θ̂2

Fig. 3 Adaptive parameters θ̂1 and θ̂2

4 (Conclusion)

, .
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