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Adaptive robust control based on
immune optimization and LS-SVRM for nonlinear systems

YANG Hong, LUO Fei, XU Yu-ge, YE Hong-tao

(College of Automation Science and Technology, South China University of Technology, Guangzhou Guangdong 510640, China)

Abstract: An adaptive robust control algorithm is proposed for a class of SISO uncertain nonlinear control systems.

Because the problem of the least squares support vector regression machines(LS-SVRM) is transformed to a quadratic

programming problem with linear constraints and the ultimate solution is not a local minimum, the system state vector

can be estimated by using an observer based on LS-SVRM, when the system state vector is not completely available.

Meanwhile, both the norm of the difference between the optimal approximation parameter vector and the nominal parameter

vector, and the bounds of the approximation errors are unknown hypothetically; therefore, we can improve the robustness

of the systems by adjusting the estimations of the unknown bounds in the algorithm. Considering the effect of parameters

of LS-SVRM upon the performance, we present a new immune algorithm for optimizing the parameters of LS-SVRM

to improve the approximation ability of LS-SVRM. The theoretical analysis and a simulation example demonstrate the

feasibility and validity of the proposed approach.
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, .

,

. : 1) LS-

SVRM ,

,
[12]; 2)

[13∼15], LS-SVRM

LS-SVRM ,

,

(mutative scale hybrid

mutation immune optimization, MSHMIO) ,

LS-SVRM , LS-SVRM

; 3)

, ,

,

.

2– , :

‖x‖ =
√

xTx(x ∈ R
n), λmin[·] .

2 (Problem description)
SISO

�̇x = A�x + B[g(�x)u + f(�x)],
y = CT�x,

(1)

: �x = [x ẋ · · · x(n−1)]T ∈ R
n

, y ∈ R , u ∈ R

, f, g : R
n → R �x ,

g(�x) �= 0.

A =

⎡
⎢⎢⎢⎢⎢⎢⎣

0 1 0 · · · 0
0 0 1 · · · 0
...

...
...

...
...

0 0 0 · · · 1
0 0 0 · · · 0

⎤
⎥⎥⎥⎥⎥⎥⎦

, B =

⎡
⎢⎢⎢⎢⎢⎢⎣

0
0
...

0
1

⎤
⎥⎥⎥⎥⎥⎥⎦

, C =

⎡
⎢⎢⎢⎢⎢⎢⎣

1
0
...

0
0

⎤
⎥⎥⎥⎥⎥⎥⎦

.

yr , �yr =
[yr · · · y(n−1)

r ], e = yr − x,

�e = [e · · · e(n−1)]T,

�̇e = A�e + B[−g(�x)u − f(�x) + y(n)
r ],

e = CT�e.
(2)

, f(�x), g(�x) ,

u∗ =
−f(�x) + y(n)

r + KT
u∗�e

g(�x)
, Ku∗ ∈

R
n . (A,B) ,

Ku∗ Au = A − BKT
u∗ , Au

, lim
t→∞

e(t) = 0.

f(�x), g(�x) , u∗ ;

, e . LS-

SVRM

.

3 (Obser-

ver-based adaptive controller design)
,

, (1)

{
�̇̂e = A�̂e − BKu∗�̂e + Ko(e − ê),
ê = CT�̂e,

(3)

: ê = yr − x̂ , �̂e = [ê · · · ê(n−1)]
, Ko ∈ R

n

, (A,C) , Ao = A − KT
o C

.

ẽ = e − ê, �̃e =
�e − �̂e,{

�̇̃e=Ao
�̃e+BKT

u∗�̂e+B[−g(�x)u−f(�x)+y(n)
r ],

ẽ = CT�̃e.
(4)

f(�x) g(�x), LS-

SVRM , LS-SVRM , f(�x)
g(�x).

3.1 LS-SVRM (Introduction of LS-SVRM)
D = {zk, hk}L

k=1, zk ∈ R
n,

hk ∈ R, L , LS-SVRM

ϕ(·)
(M ) F ,

h(z), h(z)

h(z) = 〈W,ϕ(z)〉 + b, (5)

: 〈·, ·〉 , W ∈ R
n, ϕ : R

n → F , b ∈ R

. SRM ,

min
w,b

J1(w, b) =
μ

2
〈w, w〉 +

γ

2

L∑
i=1

e2
i , (6)

ei = hi − (wTϕ(zi) − b), μ γ .

Lagrangian[
0 �νT

�ν Ω + γ−1 × I

][
b

�α

]
=

[
0
�h

]
, (7)

: �h = [h1 h2 · · · hL]T, �ν 1 L × 1
,

�α = [α1 · · · αL]T,

Ω
ij

= ϕ(zi)Tϕ(zj) = K(zi, zj).
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h(z)=
L∑

i=1

αi〈ϕ(z), ϕ(zi)〉+b=

L∑
i=1

αiK(z, zi) + b, (8)

: αi (7) , K(z, zi) ,

, RBF .

3.2 LS-SVRM (Adjus-

tment of LS-SVRM parameters based on im-

mune optimization)
LS-SVRM ,

.

LS-SVRM μ, γ RBF

σ2 .

1 μ, γ σ2 Ab, Abp
i = (μp

i ,

γp
i , σ2p

i ) ∈ R
3 p i , [16]

D(Abp
i ) =

S(Abp
i )

N
, i = 1, 2, · · · , N, (9)

: S(Abp
i ) Abp

i , N

.

2 m(Abp
i ) Abp

i
[17]

m(Abp
i ) =

L√
L∑

i=1

(yi − y
i
)2

, (10)

: L , yi i

, y
i

Abp
i LS-

SVRM i .

3 Abp
i

[16]

aff(Abp
i ) =

N∑
j=1

|m(Abp
i ) − m(Abp

j )|. (11)

, N

.

4 Abp
i

[18]

P (Abp
i ) =

aff(Abp
i ) × exp(−D(Abp

i ))
N∑

j=1

aff(Abp
i ) × exp(−D(Abp

i ))
. (12)

(12) , ,

;

,

.

.

,

. ,

:

d, , d

.

ρ′
i = ρi(k)exp(τ1N(0, 1) + τ2Nk(0, 1)), (13)

Ab′i(k) = Abi(k) + ρ′
iNk(0, 1)exp(− p

G
). (14)

ρ′
i = ρi(k)exp(τ1η(0, 1) + τ2Nηk(0, 1)), (15)

Ab′i(k) = Abi(k) + ρ′
iηk(0, 1)exp(− p

G
). (16)

: k = 1, · · · ,M , M , p

, G ,

N(0, 1) Nk(0, 1) ,

η(0, 1) ηk(0, 1) , ρ2
i (k)

i k , τ1 = (
√

2
√

M)−1,

τ2 = (
√

2M)−1, exp(− p

G
) ,

, ,

, .

:

Step 1 LS-SVRM μint,

γint σ2
int, ;

Step 2 N IX ,

p = 1, G , d ρi(k) ;

Step 3 . Abp
i LS-

SVRM , m(Abp
i ),

, ,

Ni = 
Nc × m(Abp
i )

N∑
j=1

m(Abp
j )
�, i = 1, · · · , N, (17)

: Nc =
∑
i

Ni , 
·�
, IXc = (IX, IXc

1 , · · · ,

IXc
N), IXc

i IXi ;

Step 4 .

, IXc
i ,

(13)∼(16) ;

Step 5 . N

.

,

, ,

;
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Step 6 . ,

, 0.05N ,

;

Step 7 . (12)

, 0.85N ;

Step 8 .

0.15N , N .

Step3∼Step8, ,

LS-SVRM .

5 p IX(p),

Ψ = {IX|f(IX) = max{f(Abp
i ), i � n}}, (18)

Ψ∗={IX|f(IX)=max{f(IX(p)), IX(p)∈S
n}}.

(19)

Ψ IX(p) , Ψ∗

S
n .

lim
t→∞

P{IX(p) ∈ Ψ∗} = 1, (20)

lim
t→∞

P{Ψ ⊆ Ψ∗} = 1, (21)

[14].

1 .

[14] 1 2

, .

3.3 LS-SVRM
(Controller design based on LS-SVRM)

, f(�x) g(�x) LS-

SVRM

f̂(�x) =
L∑

i=1

α∗
fikf(�xi, �x) + b∗f , (22)

ĝ(�x) =
L∑

i=1

α∗
gikg(�xi, �x) + b∗g. (23)

(22) α∗
fi, b∗f (23) α∗

gi, b∗g
(7) .

(1) f(�x) g(�x)
LS-SVRM

fs(�x) =
L∑

i=1

αfikf(�xi, �x) + bf , (24)

gs(�x) =
L∑

i=1

αgikg(�xi, �x) + bg. (25)

:

1 αki, α∗
ki, k = f, g, i = 1, · · · , L,

|αfk − α∗
fk| � mk, mk .

2 bk, k = f, g |bk − b∗k| � ck,

ck .

(22)∼(24) (4),

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

�̇̃e = Ao
�̃e + B[(

L∑
i=1

(αfi − α∗
fi)kf(�xi, �x) + bf−

b∗f )+(
L∑

i=1

(αgi−α∗
gi)kg(�xi, �x)+bg−b∗g)u],

ẽ = CT�̃e,

(26)

ub .

1 (A,B) , (A,C) ,

Ku∗ Ko, Lyapunov ,

P1, P2, Q1, Q2

AT
c P1 + P1Ac + P1KoK

T
o P1 + Q1 = 0, (27)

AT
o P2 + P2Ao + CC

T
+ Q2 = 0. (28)

2 V : [0,∞)→R, V̇ �
−2λV + β, ∀t > 0, ∀t � t0,

V (t) � V (t0)exp[−2λ(t − t0)] +
β

2λ
, (29)

λ β , λ > 0, β > 0[19].

,

u = ub + u1 + u2 + u3 + u4,

ub ,

ub =
−fs(�x) + y(n)

r + KT
u∗e

gs(�x)
, (30)

u1, u2, u3, u4

,

u1=−
2|�̃eTP2B|(m̂f |

L∑
i=1

kf(�̂xi, �̂x)|)

|�̃eTP2B|(m̂f |
L∑

i=1

kg(�̂xi, �̂x)|+ĉg)+ε1

, (31)

u2=− 2|�̃eTP2B|ĉf

|�̃eTP2B|(m̂f |
L∑

i=1

kg(�̂xi, �̂x)|+ĉg)+ε2

, (32)

u3=−
2|�̃eTP2B|(m̂g|

L∑
i=1

kf(�̂xi, �̂x)|)

|�̃eTP2B|(m̂g|
L∑

i=1

kg(�̂xi, �̂x)|+ĉg)+ε3

, (33)

u4=− 2|�̃eTP2B|ĉg

|�̃eTP2B|(m̂g|
L∑

i=1

kg(�̂xi, �̂x)|+ĉg)+ε4

. (34)
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m̂f , m̂g, ĉf , m̂g mf , mg, cf , cg

,

˙̂mf = −m̂f + |�̃eTP2B||
L∑

i=1

kf(�̂xi, �̂x)|, (35)

˙̂cf = −ĉf + |�̃eTP2B|, (36)

˙̂mg = −m̂g + |�̃eTP2Bub||
L∑

i=1

kg(�̂xi, �̂x)|, (37)

˙̂cg = −ĉg + |�̃eTP2Bub|. (38)

2 (1), 1 2

, ub (31)∼(34)

(35)∼(38), (1) .

m̃f = m̂f − mf ,

m̃g = m̂g − mg,

c̃f = ĉf − cf ,

c̃g = ĉg − cg.

Lyapunov :

V =
1
2
�̂eTP1

�̂e+
1
2
�̃eP2

�̃e+
1
2

∑
i=f,g

c̃2
i +

1
2

∑
i=f,g

m̃2
i , (39)

Pj = PT
j > 0, (j = 1, 2), Lyapunov

V̇ =
1
2
�̇̂eTP1

�̂e +
1
2
�̂eTP1

�̇̂e +
1
2
�̇̂eTP2

�̂e +
1
2
�̂eTP2

�̇̂e +∑
i=f,g

c̃i
˙̃ci +

∑
i=f,g

m̃i
˙̃mi. (40)

:

�̃eCKT
o P1

�̂e � 1
2
�̃eTCCT�̃e +

1
2
�̂eP1KoK

T
o P1

�̂e. (41)

1, (26)∼(28) (41) (40)

:

V̇ �−1
2
(λmin(Q1) ‖ ê ‖2 +λmin(Q2) ‖ ẽ ‖2) +∑

i=f,g

c̃i
˙̂ci+

∑
i=f,g

m̃i
˙̂mi +

|�̃eTP2B|[m̂f(
L∑

i=1

(kf(�̂xi, �̂x) + ĉf) +

(m̂g

L∑
i=1

kg(�̂xi, �̂x) + ĉg)u]. (42)

(30)∼(38) (42)

3, 4, 5 ,

m̃g
˙̂mg + |�̃eTP2B|(m̂g

L∑
i=1

kg(�̂xi, �̂x) + ĉg)u3 +

|�̃eTP2B|(m̂g

L∑
i=1

kg(�̂xi, �̂x))ub �

−m̃2
g + m2

g + ε3, (43)

m̃f
˙̂mf + |�̃eTP2B|m̂f

L∑
i=1

kf(�̂xi, �̂x) + |�̃eTP2B| ×

(m̂g

L∑
i=1

kg(�̂xi, �̂x) + ĉg)u1 �

−m̃2
f + m2

f + ε1, (44)

c̃f
˙̂cf + |�̃eTP2B|(m̂g

L∑
i=1

kg(�̂xi, �̂x) + ĉg)u2 +

|�̃eTP2B|ĉf �

−c̃2
f + c2

f + ε2, (45)

c̃g
˙̂cg + |�̃eTP2B|(m̂g

L∑
i=1

kg(�̂xi, �̂x) + ĉg)u4 +

|�̃eTP2B|ĉgub �

−c̃2
f + c2

f + ε4, (46)

(43)∼(46) (42)

V̇ �

−1
2
(λmin(Q1) ‖ ê ‖2 +λmin(Q2) ‖ ê ‖2) −∑

i=f,g

c̃2
i −

∑
i=f,g

m̃2
i+

∑
i=f,g

c2
i +

∑
i=f,g

m2
i+

∑
i=14

εi �

−1
2
λV + ε, (47)

:

λ = min(
1
2

λmin(Q1)
λmax(P1)

,
1
2

λmin(Q2)
λmax(P2)

, 1),

ε =
∑

i=f,g

c2
i +

∑
i=f,g

m2
i +

4∑
i=1

εi.

2,

V̇ � V (0)e−2λt +
ε

2λ
,∀t > 0. (48)

3 (1), 1 2

, ub (31)∼(34)

(35)∼(38), �̂e, �̃e m̂f , m̂g, ĉf , ĉg

.

[19] , (39)

(48), �̂e, �̃e m̂f , m̂g, ĉf , ĉg ,

λmin(P1)|�̂e|2 � �̂eTP1
�̂e � 2V (0)e−2λt +

ε

λ
.

δ >

√
ε

λmin(P1)λ
, t1, ∀t > t1 ,

|�̂e| �
√

ε

λmin(P1)λ
� δ.
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4 (Simulation example)
,

,

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

[
ẋ1

ẋ2

]
=

[
0 1
0 0

][
x1

x2

]
+

[
0
1

]
{[1+

e(−x2
1−x2

2)]u +
x1x2

1 + x2
1 + x2

2

},

y = x1.

(49)

(49) x10 = 0, x20 = 0.5, u =
sin(2t) + cos(20t), 200 , LS-

SVRM NN(RBF) , 100

, .

LS-SVRM NN(RBF) ,

150 200,

LS-SVRM NN(RBF) . LS-

SVRM μ = 1; NN(RBF) ,

1,

, 5.

100 ,

average error =
1
L

√
L∑

i=1

(ri − ri)2, (50)

: L , ri i

, ri . ,

1, 2 . LS-

SVRM NN(RBF) ,

LS-SVRM NN(RBF).

1 f(�x) LS-SVRM NN(RBF)

Fig. 1 LS-SVRM regressive error values and NN(RBF)

regressive error values for f(�x)

2 g(�x) LS-SVRM NN(RBF)

Fig. 2 LS-SVRM regressive error values and NN(RBF)

regressive error values for g(�x)

MSHMIO ,

[13] DMIP , [14]

IMDCS [15] HIPSO LS-SVRM

, .

, 200 LS-SVRM

, μ = 1, 1

. μ = 1, μ ,

γ σ2 , LS-SVRM

γ σ2, γ σ γint

σ2
int, γ σ , :

γ ∈ [0.8γint, 1.2γint], σ2 ∈ [0.8σ2
int, 1.2σ2

int]. 1

LS-SVRM f(�x) g(�x) .

1 LS-SVRM

Table 1 Training result of LS-SVRM

f(�x) g(�x)

σ2 3.420 3.266

γ 738.834 739.471

1.631 × 10−3 8.118 × 10−2

, 0.8,

0.1, N = 100, G =
150, ρ2 = 3, d = 0.01,

: 150

10−2. 20 . 2

: 1) (50) ,

; MSHMIO

; 2) , ,

, ,

MSHMIO .
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2 4

Table 2 Comparison of capacity of four optimization algorithm

f(�x) g(�x)

IMDCS DMIP HIPSO MSHMIO IMDCS DMIP HIPSO MSHMIO

σ2 3.956 3.914 3.995 3.891 3.102 3.126 3.194 3.000

γ 725.580 710.254 740.306 737.002 739.548 738.161 740.122 737.639

5.857e−4 5.866e−4 5.870e−4 5.824e−4 8.055e−2 8.065e−2 8.090e−2 8.015e−2

88 76 81 73 21 14 18 14

41 35 39 32 11 7 11 5

59 55 57 51 19 10 14 9

39 32 36 30 14 8 12 7

3, 4 MSHMIO LS-SVRM

, ĝ(�x) g(�x) f̂(�x) f(�x)
.

3 f(�x) LS-SVRM f(�x)

Fig. 3 Output values of LS-SVRM of f(�x) and

actual values of f(�x)

4 g(�x) LS-SVRM g(�x)

Fig. 4 Output values of LS-SVRM of g(�x) and

actual values of g(�x)

5 ê( ) ˙̂e( )

Fig. 5 Estimation of errors ê(solid) and derivative of

estimated errors ˙̂e(dashed)

LS-SVRM ,

Ku∗ = [3, 3], Ko = [100, 194],
εi = 1(i = 1, 2, 3, 4),

Q2 =

[
1 0
0 1

]
, P2 =[

0.96 −0.50
−0.50 0.26

]
, m̂f(0) =

m̂g(0) = ĉg(0) = ĉf(0) = 1,

0.5[sin(0.5t) + sin t]. 5

ê , LS-

SVRM ,

.

5 (Conclusion)
SISO

LS-SVR ,

LS-
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SVRM .

.

.
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