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Abstract: By Kirchhoff equations and Newton-Euler laws, we developed a general and practical dynamic model with

six degrees of freedom for an airship equipped with ballonets and ballast. A nonlinear feedback is used to implement the

transformation of states and control variables, and the minimum-phase system property is adopted in building the feedback-

linearized dynamic model for the airship. On this basis, we investigate the feasibility and the stability of the equilibrium

flight of the airship in a longitudinal plane, and the stabilization of the equilibrium flying paths as well as the tracking of

the desired outputs. The simulation results and the prototype test results verify the theoretical analysis and confirm the

reliability.
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2 (Dynamic modeling)

, ,

,

,

, ,

.

2.1 (Coordinates and mass)
1 , {O} ,

e1, e2 e3 3 ,

{o} , i, j k

3 .

1

Fig. 1 Airship coordinates and mass definitions

ry = [ry1 ry2 ry3]T

my , mq rq

= [rq1 rq2 rq3]T ,

rj mj , mh =
ms + my = mj + mq + my, ms = mj + mq

. ,

.

2.2 (Aerodynamics and aero-

dynamic torque)
(1) (2) [1] FA MA

, [9] ,

, [9]

φ FA MA .

FA = [Xa Ya Za]T = QΛ2/3[CX CY CZ]T, (1)

MA = [La Ma Na]T = QΛ[Cl Cm Cn]T, (2)

: Xa Ya Za FA

, La Ma

Na MA , Q ,

Λ .

, ,

/ ,

Ω = [p q r]T [10]:

MA = QΛ[Cl Cm Cn]T + K1Ω + ΩK2Ω, (3)

K1 = diag{K11, K12, K13} K2 = diag{K21,

K22, K23} /

, , K1 = K2 =
0 .

:

uδ = [uδea uδed uδra uδrd]T =

[δel+δer δel−δer δrb+δrt δrb−δrt]T,

: δrt δrb , δel δer

. , [7∼9] ,

[6,10] , (1) (3)

Cx, Cy, Cz, Cl, Cm, Cn⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

CX = CX0 + CX1(α2 + β2),

CY = CY0 + CY1(φ + β) + CYδuδra,

CZ = CZ0 + CZ1(α + φ) + CZδuδea,

Cl = Cl0 + Cl1φ + Clδ(uδrd + uδed),

Cm = Cm0 + Cm1α + Cmδuδea,

Cn = Cn0 + Cn1β + Cnδuδra,

(4)

: CX0, CY0, CZ0, Cl0, Cm0 Cn0

, C(·) ,

[11] , α β

. : ,

(4) , ,
[6].

, Vw = [uw vw ww]T

, V = [u v w]T ,

Va: Va = [ua va wa]T = V − Vw,

ρ ,

Q = 0.5ρV 2
a . (5)

(4) (5) (1) (3)

FA MA .

2.3 (Kinematics)

1 , t , o

O b = [b1 b2 b3]T ∈ R
3

, R
3 ,

R ∈ SO(3), SO(3) Lie ,

R RPY ( φ θ

ψ) ,

Ṙ = RΩ̂, ḃ = RV. (6)

a, b ∈ R
3, ( ˆ ): a × b = âb.
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2.4 (Dynamics)
, /

, ,

, :

.

– , Newton-

Euler .

2.4.1 (Kinetic energy)
, Ωw = [pw qw rw]T

, Ωa = Ω − Ωw

= [pa qa ra]T,

xw = [Vw Ωw]T, x = [V Ω]T,

xa = [Va Ωa]T = x − xw,

mw , I3 ,

Tf

Tw :

Tf =
xT

a

2

[
Mf ΘT

f

Θf Jf

]
xa, (7)

Tw =
xT

a

2

[
mwI3 ΘT

w

Θw Jw

]
xa−xT

2

[
mwI3 ΘT

w

Θw Jw

]
x, (8)

: Mf , Jf Θf

, Jw Θw

[12]. rs Js ms

, ms Ts

:

Ts =
xT

2

[
msI3 −msr̂s

msr̂s Js

]
x. (9)

Jj mj , :

rs =
mjrj + mqrq

mj + mq

, Js = Jj − mqr̂qr̂q. (10)

vς mς :

vς = V + ṙς + Ω̂rς , ς = y, q. (11)

, Ty Tq :

Tς = 0.5mς‖vς‖2 =

mς

2

[
x

ṙς

]T
⎡
⎢⎣I3 − r̂ζ I3

r̂ς − r̂ς r̂ς r̂ς

I3 − r̂ς I3

⎤
⎥⎦

[
x

ṙς

]
, (12)

ς = y, q. –

Th =Ts+Tq+Ty+Tf +Tw =0.5X HX T, (13)

: X = [V Ω Vw Ωw ṙy ṙq], H 6 × 6 .

2.4.2 (Momentum)
, τ π

, τy τq ,

Fp rp = [rp1 rp2 rp3]T

, Rag

,⎧⎪⎪⎨
⎪⎪⎩

τ̇ = fe + RagFA + RFp,

π̇ = ιfe + R(MA + rp × Fp),

τ̇ς = mςgk + fς , ς = y, q,

(14)

: fe FA Fp –

, ιfe , fς

mς , mςgk

mς , ς = y, q.

, Γ Π –

, Γy = [Γy1 Γy2 Γy3]T Γq =
[Γq1 Γq2 Γq3]T ,

τ = RΓ, π = RΠ + b × τ, τς = RΓς , (15)

, (6) (14) , :⎧⎪⎪⎪⎨
⎪⎪⎪⎩

Γ̇ = RT(fe + RagFA) + Fp − Ω̂Γ,

Π̇ = MA + r̂pFp + RT(ιfe − b̂fe)−
Ω̂Π − V̂ Γ,

Γ̇ς = RT(mςgk + fς) − Ω̂Γς , ς = y, q.

(16)

2.5 (Model)
, .

, (13)

[Γ Π Γy Γq]T = [
∂Th

∂V

∂Th

∂Ω

∂Th

∂ṙy

∂Th

∂ṙq

]T. (17)

3 , Θf = Θw = 0,

Jf , Jj, Jw Mf ,

M = Mf + mjI3 = diag{M1,M2,M3},
J = Jf + Jj = diag{J1, J2, J3},
Mwf = Mf + mwI3 = diag{Mwf1,Mwf2,Mwf3},
Jwf = Jf + Jw = diag{Jwf1, Jwf2, Jwf3}.

(17)

[V Ω ṙy ṙq]T = H[Γ Π Γy Γq]T + HU[Vw Ωw]T,

(18)

:

U =

[
Mwf 0 0 0
0 Jwf 0 0

]T

,
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H =⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
M

0 − 1
M

− 1
M

0
1
J

− r̂y

J
− r̂q

J

− 1
M

r̂y

J

1
my

+
1
M

− r̂yr̂y

J

1
M

− r̂yr̂q

J

− 1
M

r̂q

J

1
M

− r̂qr̂y

J

1
mq

+
1
M

− r̂qr̂q

J

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

(18) ,

[V̇ Ω̇ r̈y r̈q]T =

Ḣ[Γ Π Γy Γq]T + HU[V̇w Ω̇w]T +

ḢU[Vw Ωw]T + H[Γ̇ Π̇ Γ̇y Γ̇q]T. (19)

,

uc = [uδ up uy uq]T, uδ 2.2

,

[up uy uq] = [Fp Γ̇y Γ̇q], (20)

: up = [up1 up2 up3]T, uy = [uy1 uy2 uy3]T.

,

:

ub = ṁq. (21)

(6)(16)∼(21),

(6DOF) :

[Ṙ ḃ V̇ Ω̇ ṙy ṙq Γ̇y Γ̇q ṁq]T =

[RΩ̂ RV M−1F J−1T Vy Vq uy uq ub]T, (22)

:

Vς = m−1
ς Γς − V + r̂ςΩ,

F = (MV − MwfVw +
∑

Γς) × Ω + up −
∑

uς +

RabFA + RTfe + Mwf V̇w + m̄gRTk,

T = [JΩ−JwfΩw+
∑

(r̂ςΓς)] × Ω+
∑

(Ω̂rς)×Γς +

JwfΩ̇w+r̂pup−
∑

(r̂ςuς)+gRTk
∑

(mς r̂ς)+

MA + (MV − MwfVw) × V + RT(ιfe − b̂fe).

: ς = y, q; Mwf V̇w JwfΩ̇w

, m̄ = mh − mw

, Rab ∈ SO(3)
. : ,

, ,

mj , rj = 0, mj

( ), fe

.

, ,
[4, 8]:

,

(rq = 0), (10)(12) (20) rs = 0,

Tq = 0 uq = 0( Tq uq ),

[Ṙ ḃ V̇ Ω̇ ṙy Γ̇y ṁq]T =

[RΩ̂ RV M−1Fs J−1Ts Vy uy ub]T, (23)

:

Vy = m−1
y Γy − V + r̂yΩ,

Fs = (MV − MwfVw + Γy) × Ω + up − uy +

RabFA + RTfe + Mwf V̇w + m̄gRTk,

Ts = (JΩ − JwfΩw + r̂yΓy) × Ω + (Ω̂ry) × Γy +

JwfΩ̇w + r̂pup − r̂yuy + myr̂ygRTk + MA +

(MV − MwfVw) × V + RT(ιfe − b̂fe).

2.6 (Feedback control transform)
3.4 ,

, (22)

,

,

,

, .

(22) 5 6 ,

r̈ς = m−1
ς Γ̇ − V̇ − ˆ̇Ωrς − Ω̂ṙς .ς = y, q, (24)

(19) (22) , :

r̈ = [r̈y r̈q]T = P(x) + C (x)[uy uq]T, (25)

: P(x) = [Py Pq]T , C (x)
. :

[uy uq]T = C −1(x)[U − P(x)], (26)

U = [Uy Uq]T, C −1(x)
( (33)). (26) (25)

r̈ = U ⇒ [r̈y r̈q]T = [Uy Uq]T. (27)

, (26) ,

.

(26) :

[uy uq]T = C −1(x)[U − P(x)] = [Qy Qq]T. (28)

C −1
ij C −1(x) , :

Qy = C −1
11 (Uy − Py) + C −1

12 (Uq − Pq),

Qq = C −1
21 (Uy − Py) + C −1

22 (Uq − Pq).

Ub mq ,
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:

Ub = m̈q, (29)

(28) (22), (29),

:

[Ṙ ḃ V̇ Ω̇ ṙy ṙq r̈y r̈q m̈q]T =

[RΩ̂ RV M−1F̃ J−1T̃ ṙy ṙq Uy Uq Ub]T, (30)

(17) Γy Γq (28) Qy Qq ,

F T Γy Γq uy uq,

F̃ T̃ , .

3 (Stability analysis of

airship dynamics)

, ,

[2] ,

. ,

,

.

, ,

,

,

: 1) ,

; 2) ,

.

3.1 (Motion design of bal-

lonets and ballast)
,

e3 , ry3 , ry3

, [7] ,

. :

,

. (A )

(C ), B A, C ,

: A B a

, B C a ,

tz, .

: ,

, ,

.

3.2 (Longitudinal model)
,

(23) (30) ,

.

,

ψ = φ = v = vw = b2 = p = r = pw =

rw = ry2 = Γy2 = uy2 = rp2 = up2 = 0,

(23), :⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

u̇ = M−1
1 (Xu − uy1),

ẇ = M−1
3 (Xw − uy3),

q̇ = J−1
2 (Yq + Y ′

q),
ṙy1 = m−1

y Γy1 − u − ry3q,

ṙy3 = m−1
y Γy3 − w + ry1q,

,

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

θ̇ = q,

Γ̇y1 = uy1,

Γ̇y3 = uy3,

ṁq = ub,

(31)

:

Y ′
q = ry1uy3 − ry3uy1,

Xu =−M3wq + Mwf3wwq − Γy3q + Mwf1u̇w +

Xa cos α − Za sin α − m̄g sin θ,

Xw = M1uq − Mwf1uwq + Γy1q + Mwf3ẇw +

Xa sin α + Za cos α + m̄g cos θ,

Yq = (M3 − M1)uw − Mwf3wwu + Mwf1uww +

Jwf2q̇w + Ma − (ry1Γy1 + ry3Γy3)q −
myg(ry3 sin θ + ry1 cos θ).

2.6 (31)

, (31) 1

:

r̈y =

[
r̈y1

r̈y3

]
=

[
m−1

y Γ̇y1 − u̇ − ṙy3q − ry3q̇

m−1
y Γ̇y3 − ẇ + ṙy1q + ry1q̇

]
. (32)

(31) , (27),

(32) :

Uy = r̈y ⇒ [Uy1 Uy3]T = −Py + C [uy1 uy3]T, (33)

:

Py = [Py1 Py2]T =⎡
⎢⎣

Xu

M1

+ ṙy3q +
ry3Yq

J2

Xw

M3

− ṙy1q − ry1Yq

J2

⎤
⎥⎦ ,

C =

[
d1 + b3 s

s d3 + b1

]
,

:

b1 =
ry1ry1

J2

, b3 =
ry3ry3

J2

, s =
ry1ry3

J2

,

d1 =
my + M1

myM1

, d3 =
my + M3

myM3

.

,

[uy1 uy3] = C −1(Uy + Py) =
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1
|C |

[
(d3+b1)(Py1+Uy1)−s(Py3+Uy3)
−s(Py1+Uy1)+(d1+b3)(Py3+Uy3)

]
. (34)

(34) (31) 3 :

u̇ =
1

M1|C | [
d3 + myd3b3 + b1

my

Xu +
s

M3

Xw −
d3ry3

J2

Yq − (d3 + b1)(ṙy3q + Uy1) −
s(ṙy1q − Uy3)], (35)

ẇ =
1

M3|C | [
s

M1

Xu+
d1+myd1b1+b3

my

Xw+
d1ry1

J2

Yq+

(d1 + b3)(ṙy1q − Uy3) + s(ṙy3q + Uy1)], (36)

q̇ =
1

J2|C | [−
d3ry3

M1

Xu +
d1ry1

M3

Xw + d1d3Yq −
d1ry1(ṙy1q − Uy3) − d3ry3(ṙy3q + Uy1)]. (37)

(27) (29) (31)

m̈q = Ub, r̈y = Uy, θ̇ = q. (38)

(35)∼(38)

.

3.3 (Equilibrium flight design)
ξe

Ve
[8]. e

, 2

.

2 V , θ, α ξ

Fig. 2 Relations among the variables of V , θ, α, ξ

Ve = Vae + Vwe, Ve,

, 1

. (31)

0 , uw ww :⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

0 = Xae cos αe − Zae sin αe − m̄eg sin θe,

0 = Xae sin αe + Zae cos αe + m̄eg cos θe,

0 = (M3e − M1e)uewe + Mae−
myg(ry3e sin θe + ry1e cos θe),

0 = m−1
y Γy1e − ue = m−1

y Γy3e − we,

0 = qe = uy1e = uy3e = ube.

(39)

Rα[Xae Zae]T = Rθ[0 m̄eg]T, (40)

:

Rα =

[
cos αe − sin αe

sin αe cos αe

]
,Rθ =

[
−cos θe sin θe

−sin θe −cos θe

]
.

, Rα Rθ SO(3),

[0 m̄eg]T = RT
θ Rα[Xae Zae]T =

QeΛ
2
3

[
− cos ξe − sin ξe

sin ξe − cos ξe

][
CX0 + CX1α

2
e

CZ0 + CZ1αe

]
. (41)

CX1 �= 0 cos ξe �= 0, 1

α2
e +

CZ1 tan ξe

CX1

αe +
CX0 + CZ0 tan ξe

CX1

= 0. (42)

αe ,

Δ =
C2

Z1 tan2 ξe

C2
X1

− CX0 + CZ0 tan ξe

0.25CX1

� 0. (43)

:

ξe ∈ {{arctan[
2CX1

CZ1

(
CZ0

CZ1

+

√
C2

Z0

C2
Z1

+
CX0

CX1

)],
π

2
} ∪

{−π

2
, arctan[

2CX1

CZ1

(
CZ0

CZ1

−
√

C2
Z0

C2
Z1

+
CX0

CX1

)]}}.

(44)

[6], ξe

(44) , αe (42) :

αe =−0.5C−1
X1 CZ1 tan ξe +√

C2
Z1 tan2 ξe

4C2
X1

− CX0 + CZ0 tan ξe

CX1

. (45)

cos ξe = 0, (41) 1

αe = −CZ0C
−1
Z1 . (46)

(41) 2

m̄e = QeΛ
2/3g−1[(CX0 + CX1α

2
e) sin ξe −

(CZ0 + CZ1αe) cos ξe]. (47)

cos θe �= 0 , (39) 3

ry1e = (myg cos θe)−1[(M3e − M1e)uewe +

QeΛ(Cm0 + Cm1αe)] − ry3e tan θe. (48)

, ry1e , ry1e

, ry1e

, θe .

cos θe = 0 , (39) 3

ry3e=
(M3e−M1e)uewe+QeΛ(Cm0+Cm1αe)

myg
. (49)

, ry1 ,
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, ry1

[7].

3.4 (Stability and controllability)
(31)

, [2] ,

. ,

, :

η = ηe + Δη, (50)

: η = θ, q, u, w, ry1, ry3, Γy1, Γy3,mq, uy1, uy3,

ub , ηe , η

. (31)

ẋl = Alxl + Blul, (51)

:

xl = [θ q u w ry1 ry3 Γy1 Γy3 mq]T,

ul = [uy1 uy3 ub]T,

Al 9 , Bl 9 × 3 .

2 3

Al Bl, Qc

: (

, Ae ),

(rank(Qc) = 9).

3.5 (Stabilizing equilibrium paths)
,

, ,

, ,

(35)∼ (38)

(MIMO) ,

,

.

χ = [χ1 χ2 χ3 χ4 χ5 χ6]T = [ry1 −
ry1e ṙy1 ry3 − ry3e ṙy3 mq − mqe ṁq]T μ =
[u w q θ]T yo(t) = [χ1 χ3 χ5]T,

:

χ̇ = W χ + Dγ, μ̇ = κ(μ, χ, γ), (52)

: μ = [Uy1, Uy3, Ub]T, κ ,

(35)∼(38) , Wij 6 W

, Dij 6 × 3 D , W12 = W34 =
W56 = D21 = D42 = D63 = 1, .

(52), ry1e, ry3e mqe ,

, μ = μe, χ = 0
γ = 0,

μ̇ = κ(μe, 0, 0). (53)

(bottom-heavy)
[7], ( (53)) ,

(52) , [13]

, γ = �χ,

.

, 1 : ry3 =
3 m, ry1|t=0 = 0 m, [7] ,

.

1 μe,

(52)

(53), γ = �χ, W + D�

(Hurwitz) , (μ, χ) = (μe, 0)
.

(μe, 0) , (52)

⎡
⎣ ∂κ

∂μ e

∂κ

∂χ e

0 W + D�

⎤
⎦ . (54)

, W + D�

(Hurwitz) , (
∂κ

∂μ
)e W +D�

, ,

(μe, 0) .

.

(PD)

, �(·) ,⎧⎪⎨
⎪⎩

Uy1 = �p1(ry1 − ry1e) + �d1ṙy1,

Uy3 = �p3(ry3 − ry3e) + �d3ṙy3,

Ub = �p4(mq − mqe) + �d4ṁq.

(55)

4 (Simulation)
ξe Ve,

. 3

, 75◦ , 4

3 ,

: −40◦, 50◦, −60◦; 1 ,

.

3

Fig. 3 Flight path and disturbed airflow
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1

Table 1 Airship parameter values

g my mj mw Λ Ve ry3 ρ CX1 CZ1 Cm1 CX0 CY1 Cl1 Cn1 Jf11

9.8 100 385 550 500 2.0 3.0 1.29 −2.4611 −9.8443 −1.5504 −0.2461 −4.9222 −1.5504 1.5504 14700

Jf22 Jf33 Mf11 Mf22 Mf33 CZ0 C10 Cm0 Cn0 K11 K12 K13 K21 K22 K23

14700 14700 1250 1250 1250 0 0 0 0 −300 −300 −300 −300 −300 −300

4.1 (Verifying the equilib-

rium paths and model)
V = Va + Vw, Ve, (Vae +

Vwe) ,

(Vae Vwe), Vwe

. ,

Vwe Ve : 1) Vwe = 0,

Ve = Vae, Vw ; 2)

1) Vae , Vwe.

2 3 3.3

, .

2

Table 2 Parameters of steady flight

ξe/(◦) 20 −20 30 −30

Va/(m·s−1) 2.0 2.0 2.0 2.0

αe/(◦) −4.141 4.141 −2.5293 2.5293

θe/(◦) 15.859 −15.859 27.4707 −27.4707

ue/(m·s−1) 1.9948 1.9948 1.9981 1.9981

we/(m·s−1) −0.1444 0.1444 −0.0883 0.0883

ry1e/m −0.6989 0.6989 −1.4582 1.4582

mqe/kg 52.4427 77.5573 56.6776 73.3224

3

Table 3 Parameters of steady flight

Va/(m·s−1) 2.0 2.0 2.0 2.0

αe/(◦) −4.6001 2.3191 −2.3622 1.5230

θe/(◦) 13.7379 −29.8004 29.2998 −41.9223

ue/(m·s−1) 1.4977 1.6826 1.5013 1.7609

we/(m·s−1) −0.1205 0.0681 −0.0619 0.0468

ry1e/m −0.6382 1.6507 −1.6291 2.6373

mqe/kg 57.2060 70.5316 60.5367 69.6368

4∼6 , tz = 10 s.

1) ( Vw = 0), 2) (

Vw = 0.5 m/s),

, , 5

,

, 6 .

4,5 2,3

, ,

,

; , ,

, ,

(tz ), F = ma,

.

4

Fig. 4 Transition curves of vertical plane states
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5

Fig. 5 Transition curves of ballonet and ballast

6

Fig. 6 The position of airship in inertial coordinates

4∼5 2∼3 ,

1) Va ,

( ξe Ve ),

, ,

,

,

, ,

,

.

4.2 (Verification of the stabi-

lization equilibrium paths)

3 1 , 2 ,

. :

tz 3.1 ,

3.5 ,

PD , �(·) = 1(

) �(·) = 0.1( ) .

7∼8 , 4.1

3 , :

1) 5 8 ,

, ,

3.1

, 0,

0( );

2) 8 , �(·) = 0.1 ,

, , , �(·) =
1 , , ,

;

3)

,

, 3.5

yo(t) = [χ1 χ3 χ5]T =

[ry1 − ry1e ry3 − ry3e mq − mqe]T = 0,

ry1e,

ry3e mqe, 8 ;

4) 8 5 , 8

, , 4.2

4.1

.

7

Fig. 7 Transition curves of vertical plane states
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8

Fig. 8 Transition curves of ballonet and ballast

: 4.1 1) ,

( ) ,

4.1 4.2 , 300 m

10 ,

: 0.76 m,

0.44 m, 0.83 m, 0.57 m, 0.49 m, 0.43 m, 0.46 m,

0.37 m, 0.68 m, 0.41 m,

, .

5 (Conclusion)

,

, ,

,

,

,

;

,

.

:

.

, ,

.
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