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Abstract: From the view point of an insurer, one assumes that 1) the insurance company’s risk is reduced through

proportional reinsurance; 2) the company may invest a fixed amount of money in new technology to reduce its risk as return.

The object of this work is to minimize the ruin probability for the company and to seek the corresponding optimal strategy.

Using the methodology of mixed stochastic control/optimal stopping, we find the quasi-explicit expression for the minimal

ruin probability as well as the optimal investing time-reinsurance policy. Some numerical results are given to illustrate the

inter relationship among the investment effect, investing amount and optimal investing time. The numerical results show

that: 1) Investment is effective in reducing minimal ruin probability; 2) Less investing amount and better investing effect

imply earlier investing time. Otherwise, it is optimal to postpone the investment until the surplus is sufficient.

Key words: ruin probability; mixed stochastic control/optimal stopping problem; proportional reinsurance; variational

inequalities
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2 (The model)
Cramér-Lunderberg[9]

Xt = x + pt −
Nt∑
i=1

Ui (1)

. : Xt t ,

x , p , Nt ,

t , Ui

, i . ENt = βt, EUi =
m, EU 2

i = s2.

τI

I , ( )

(β ) (m, s

)1.

Xt = x + pt −
N ′

t∑
i=1

U ′
i . (2)

: N ′
t , U

′
i

, EN ′
t = β′t < βt, EU ′

i = m′ < m, EU2
i =

s′2 < s2.

, (1)

(2)

Xt = x + η1t + σ1wt Xt = x + η2t + σ2wt (3)

( [4]). :

η1 = p − βm, η2 = p − β′m′,

σ1 =
√

s2 + m2, σ2 =
√

s2 + m2,

wt . η2 > η1, σ2 < σ1. ,

.

, ,

, ,

.

,

, θ > η.

1 − at ∈ [0, 1] t , at t

.

η − (1 − at)θ, atσ1(

) atσ2( ).

t

dXt = [atθ − (θ − η)]dt +

at(σ1 t<τI
+ σ2 t�τI

)dwt − dIt, (4)

It = I t�τI
. τI

, XτI
=XτI−−I . π=({at}t�0,

τI) . π,

τπ
0 = inf{t � 0 : Xt � 0}

.

,

(Ω,F ,Ft, P ). F = {Ft}t�0 W =
{wt}t�0 , t .

1 π = ({aπ
t }t�0, τ

π
I ) :

i) aπ
t ∈ [0, 1] Ft- ,

ii) τπ
I F , τπ

I � τπ
0 a.s.,

π .

Π .

π ∈ Π ,

J(x; π) = P(τπ
0 < ∞ | X0− = x). (5)

,

V (x) = inf
π∈Π

J(x; π), (6)

π∗ = ({a∗
t}t�0, τ

∗
I ),

J(x; π∗) = V (x). (7)

3 (Two special cases)
:

.

Xi, i = 1, 2,

dXi,t = (ai,tθ − (θ − η))dt + ai,tσidwt, (8)

X1,0 = x, X2,0 = x − I. (9)

V1(x) = inf
a1∈[0,1]

P(τ1,0 < ∞ | X1,0 = x), (10)

V2(x) =⎧⎨
⎩

inf
a2∈[0,1]

P(τ2,0 <∞ | X2,0 = x − I), x�I,

1, 0 � x < I.

(11)

1 , , .
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τi,0, i = 1, 2 ai,t ,

τi,0 = inf{t � 0, Xi,t � 0}. (12)

, (10)(11)

V1(0) = 1, V2(I) = 1, Vi(∞) = 0. (13)

[10],

(10)(11).

1 Vi ∈ C2(0, +∞) ,

Vi Hamilton-Jacobi-Bellman (HJB)

inf
ai∈[0,1]

LaiVi = 0. (14)

Lai = (θai − (θ − η))
d
dx

+
σ2

i a
2
i

2
d2

dx2
(15)

Xi, i = 1, 2 .

2 HJB (14) gi 2

, (13), gi = Vi,

a∗
i (x) = arg inf

ai∈[0,1]
{LaiVi}, i = 1, 2 (16)

.

1 1 2 ,

[11].

HJB (14). V ′′
i (x) > 0,∀x � 0,

1 , (14)

ai = − θV ′
i (x)

σ2
i V

′′
i (x)

. (17)

ai � 1, ai , a∗
i = ai.

(17) (14)

− θ2

2σ2
i

[V ′
i (x)]2

V ′′
i (x)

− (θ − η)V ′
i (x) = 0. (18)

(13) (18) :

V1(x) = e−κ1x, V2(x) = e−κ2(x−I). (19)

:

κi =
θ2

2σ2
i (θ − η)

, i = 1, 2. (20)

(19) (17),

a∗
i = ai = 2(1 − η

θ
). (21)

ai � 1, η � θ

2
.

η <
θ

2
, ai > 1, V ′′

i (x) > 0, a∗
i ≡ 1.

a∗ = 1 (14)

ηV ′
i (x) +

σ2

2
V ′′

i (x) = 0. (22)

(13) (22)

V1(x) = e
− 2η

σ2
1

x
, V2(x) = e

− 2η

σ2
2
(x−I)

. (23)

,

3 i) η � θ

2
,

V1(x) = e−κ1x, (24)

V2(x) = e−κ2(x−I). (25)

a∗
i = 2(1 − η

θ
), i = 1, 2. (26)

ii) η <
θ

2
,

V1(x) = e
− 2η

σ2
1

x
, (27)

V2(x) = e
− 2η

σ2
2
(x−I)

. (28)

a∗
i ≡ 1.

Vi, i = 1, 2
(14) (13). ,

. 2 Vi, i = 1, 2
, a∗

i . .

4 (Main results)
(6). ,

4 (6) –

V (x) = inf
π∈Π

Ex[V2(Xτπ
I −)] (29)

.

π ∈ Π , Markov

V (x; π) = P(τπ
0 < ∞ | X0− = x) �

Ex[ inf
a∈[0,1]

P(τπ
0 < ∞ | Xτπ

I −)] = Ex[V2(Xτπ
I −)].

(30)

π

V (x) � inf
π∈Π

Ex
[
V2(Xτπ

I −)
]
. (31)

,

π1 = (a t<τπ1 + a∗
2 t�τπ1

I
, τπ1

I ),

a∗
2 3 , a, τπ1

I .

V (x)� V (x; π1)=Ex[P(τπ1

0 <∞ | Xτπ1
I −)]=

Ex[V2(Xτπ1
I −)]. (32)

, a∗
2 V2

. τπ1

I a
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V (x) � inf
π∈Π

Ex
[
V2

(
Xτπ

I −
)]

. (33)

(31)(33) (29) . .

(29),

1 ( ) a) f : (0,∞) �→
[0, 1]

i) f ∈ C1(0,∞);

ii) f(x) � V2(x), x ∈ (I,∞);

iii)

D = {x ∈ (0,∞) : f(x) < V2(x)},
f ∈ C2(D), x ∈ (0,∞) \ ∂D

La
0f(x) � 0.

iv) {τD<∞} , lim
t→τD−

f(Xt)=V2(XτD−).

f(x) � V (x), ∀x ∈ (0,∞).

b) a∗
D ∈ [0, 1]

La∗
Df(x) = 0, x ∈ D,

f(x) = V (x), x ∈ (0,∞),

π∗ = (a∗
D t<τD

+ a∗
2 t�τD

, τD).

a∗
2 3 ,

τD =

{
inf{t � 0 : Xπ∗

t 	∈ D}, x ∈ D,

0, x 	∈ D.

a) π = (a, τD), Dynkin

Ex[f(Xπ
τD∧T−)] =

f(x) + Ex[
� τD∧T−

0
La

1f(Xπ
t )dt].

ii)iii),

f(x) =

lim
T→∞

Ex[−
� (τD−)∧T

0
La

0f(Xπ
t )dt+f(Xπ

(τD−)∧T )]�

Ex[−
� τD−

0
Laf(Xπ

t )dt + V2(Xπ
τD−)] �

Ex[V2(Xπ
τD−)].

π

f(x) � V (x), ∀x ∈ (0,∞). (34)

b) x∈D, π∗ = (a∗
D t<τD

+a∗
2 t�τD

,

τD), 4 iv)b)

V (x) � Ex
[
V2(Xπ∗

τD−)
]

= Ex
[
f(Xπ∗

τD−)
]

=

f(x)+Ex[
� τD−

0
La∗

D

1 f(Xπ∗
t )dt]=f(x). (35)

(34)(35) f(x) = V (x).

x 	∈ D, ii)iii) f(x) = V2(x−I). τD =
0. .

2 1 HJB–

min
“
inf
a

La
1V (x), V (x) − V2(x)

”
= 0. (36)

x ∈ D,

inf
a

La
1V (x) = 0;

x �∈ D,

V (x) = V2(x).

2

D = (0, xc), (37)

xc . V (0) = 1,

(36)

inf
a
LaV (x) = 0, x ∈ (0, xc), (38a)

V (0) = 1, (38b)

V (xc) = V2(xc). (38c)

η � θ

2
, (10),

(38b), (38a)

g(x) = 1 + c1(e−κ1x − 1). (39)

V xc ,

g(xc) = V2(xc), (40a)

g′(xc) = V ′
2(xc), (40b)

1 + c1(e−κ1xc − 1) = e−κ2(xc−I), (41a)

κ1c1e−κ1xc = κ2e−κ2(xc−I). (41b)

(41b),

c1 =
κ2

κ1

eκ1xce−κ2(xc−I) =

σ2
1

σ2
2

eκ1xce−κ2(xc−I) = νeκ1xce−κ2(xc−I), (42)

ν =
σ2

1

σ2
2

. (43)

2 , (36) , 4.1 ,

(6), .
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(42) (41a)

eκ2(xc−I) − νeκ1xc = 1 − ν. (44)

F1(x) = eκ2(x−I) − νeκ1x, (45)

F1(I) = 1 − νeκ1I < 1 − ν.

κ2 > κ1,

lim
x→∞

F1(x)= lim
x→∞

eκ1x[e(κ2−κ1)x−κ2I − ν]=+∞.

F (x) = 1 − ν (I,∞) ,

xc = inf{x > I : F1(x) = 1 − ν},
(I, xc) F1(x) < 1 − ν, (41a) V2(x) =

1, x ∈ (0, I)

g(x) < V2(x), ∀x ∈ (0, xc). (46)

xc (42) c1.

η <
θ

2
, (38a)

f(x) = c2e
− 2η

σ2
1

x
+ 1 − c2. (47)

, x′
c. V x′

c

,

f(x′
c) = V2(x′

c), (48a)

f ′(x′
c) = V2(x′

c), (48b)

c2e
− 2η

σ2
1

x′
c + 1 − c2 = e

− 2η

σ2
2
(x′

c−I)
, (49)

−2η

σ2
1

c2e
− 2η

σ2
1

x′
c = −2η

σ2
2

e
− 2η

σ2
2
(x′

c−I)
. (50)

(50)

c2 = νe
2η

σ2
1

x′
ce

− 2η

σ2
2
(x′

c−I)
. (51)

(51) (49)

e
2η

σ2
2
(x′

c−I) − νe
2η

σ2
1

x′
c = 1 − ν. (52)

F2(x) = e
2η

σ2
2
(x−I) − νe

2η

σ2
1

x
.

F2(I) = 1 − νe
2η

σ2
1

I
< 1 − ν,

lim
x→+∞

F2(x) =

lim
x→∞

[e
2η

σ2
2
(x−I)− 2η

σ2
1

x − ν]e
2η

σ2
1

x
= +∞.

, F (x) = 1 − ν (I,∞) .

x′
c = inf{x > I : F (x) = 1 − ν}.

x′
c (51) c2.

, :

2 i) η >
θ

2
,

V (x)=

{
1+c1(e−κ1x − 1), 0�x�xc,

e−κ2(x−I), x > xc.
(53)

a∗ =
2
θ
(θ − η). (54)

τ ∗ =

{
inf{t � 0 : Xπ∗

t = xc}, x ∈ [0, xc],
0, x > xc,

(55)

xc (44) , c1 (42) .

ii) η � θ

2
,

V (x) =

⎧⎨
⎩c2e

− 2η

σ2
1

x
+ 1 − c2, 0 � x � x′

c;

e
− 2η

σ2
2
(x−I)

, x > x′
c.

(56)

a∗ ≡ 1. (57)

τ ∗ =

{
inf{t � 0 : Xπ∗

t = x′
c}, 0 � x � x′

c,

0, x > x′
c,

(58)

x′
c (52) , c2 (51) .

η � θ

2
, η <

θ

2
.

, iii),

V (x) < V2(x), 0 � x < xc, (59a)

La
1V � 0, x � xc. (59b)

[0, xc) V (x) = g(x), (46) (59a)

. [xc,∞) V (x) = V2(x). 1, 2

La
1V = La

1V2 � La∗
2

1 V2 = 0, x � xc.

(59b) .

5 (Numerical examples and

conclusions)
.

η >
θ

2
, η � θ

2
.
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5.1 1(Example 1)
: η = 1.2, θ = 2, σ1 = 1, σ2 =

0.8; I = 0.2. V (x) (6).

1 ,

V

V1.

. xc(x′
c),

,

xc(x′
c) .

1

Fig. 1 The dependence of minimal ruin probability on

surplus for an insurance company.

5.2 2(Example 2)
,

( 2 ). : η = 1.2, θ = 2, σ1 =
1.2; σ2 = 1.1, 1.0, 0.9.

2

Fig. 2 The dependence of investing threshold on investing

cost under different investing effect

2 :

1) , ,

.

2) , (

) ; ,

( )

.
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