
27 8

2010 8 Control Theory & Applications
Vol. 27 No. 8

Aug. 2010

: 1000−8152(2010)08−1081−05

1, 1, 1, 2

(1. , 210094;

2. , IN 47907 )

: , ,

, 3 ,

. .

: ; ; ;

: TP13 : A

Adaptive robust control for a class of uncertain nonlinear system
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Abstract: A kind of nonlinear system with unknown structure and parameters in the presence of external disturbances

is considered. We treat this type of nonlinear system as a time-varying system with a linear structure, and propose for it an

adaptive robust control law which consists of the adaptive model compensation, the stabilization feedback and the robust

feedback. It ensures that all signals in the closed-loop system to be bounded and the tracking errors being within a desired

range. Theoretical analysis and simulation results validate the proposed controllers.
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2 (Problem formulation)
2.1 (System model)

:⎧⎪⎨⎪⎩
ẋ1 = x2,

ẋ2 = f(x1, x2, u) + Δ(x1, x2, t),
y = x1.

(1)

: x=[x1 x2]
T

, u(t) , y(t)
, f(·) ,

Δ(x, t) .
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: u(t),

lim
t→∞

|y(t) − yd(t)| .

, :

1 f(·) x1, x2 ,

, :

∂f

∂xi

∈ [αimin, αimax], i = 1, 2.

2 f(·) u ,

, .

:

∂f

∂u
∈ [β1min, β1max], β1min > 0.

3 f(·) f(0, 0, 0) ,

: |f(0, 0, 0)| � d0M .

4 Δ(x, t) : |Δ(x, t)| �
δ(x)fd(t), δ(x) , fd(t)

, |fd(t)| � fdM .

5 yd(t) .

1 1, 2

; 3 ;

4 .

.

2.2 (Equivalent linearization)
(1), f(·)

, . [8]

,

. , (1)

.

1 1∼3 (1),

:⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
ẋ1 = x2,

ẋ2 = α1(t)x1 + α2(t)x2 + β1(t)u+

f(0, 0, 0) + Δ(x, t),

y = x1.

(2)

ẋ2 = f(x1, x2, u) + Δ(x, t) =

f(x1, x2, u) − f(0, x2, u) +

f(0, x2, u) − f(0, 0, u) +

f(0, 0, u) − f(0, 0, 0) + f(0, 0, 0) + Δ(x, t).

ẋ2 = α1(t)x1 + α2(t)x2 +

β1(t)u + f(0, 0, 0) + Δ(x, t),

:

α1(t) =
∂f

∂x1

|(r1,x2,u), α2(t) =
∂f

∂x2

|(0,r2,u),

β1(t) =
∂f

∂u
|(0,0,r3).

γ1, γ2, γ3 0 x1 0 x2 0 u

. 1, 2 , α1(t),
α2(t), β1(t) , .

2 1 , 4,

f(·) f(x1(t0), x2(t0), u(t0))

, ,

Δ(x, t) ,

.

3 (Design of adap-

tive robust controller)
1 (1)

(2). ,

. .

3.1 (Projection algorithm for

parameter estimation)
θ̂ θ , θ̃ : θ̃ =

θ − θ̂. [9]:
˙̂
θ = Projθ̂(Γτ), θ̂(0) ∈ Ωθ,

Projθ̂(·i) =

⎧⎪⎨⎪⎩
0, θ̂i = θimax, ·i > 0,

0, θ̂i = θimin, ·i < 0,

·i, .

(3)

: Γ , τ .

(3), : ∀t : θ̂(t)∈Ωθ,

, .

3.2 (Adaptive robust con-

troller)

,

. ,

, .

, . :

p = ė + k1e = ẏ − ẏd + k1e =

ẏ − (ẏd − k1e) � x2 − x2eq. (4)

: k1 > 0, e = y − yd, x2eq � ẏd − k1e.

(4) , p , Gp(s) =
E(s)/P (s) = 1/(s + k1), e .

(2)(4)

ṗ = α1x1 + α2x2 + β1u − ẋ2eq +

f(0, 0, 0) + Δ(x, t),
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1
β1

ṗ = u + ϑTϕ +
Δ(x, t)

β1

, (5)

:

ϑ = [
α1

β1

α2

β1

1
β1

f(0, 0, 0)
β1

]T,

ϕ = [x1 x2 − ẋ2eq 1]T.

:{
u = ua + us, ua = −ϑ̂Tϕ,

us = us1 + us2, us1 = −ks1p,
(6)

˙̂
ϑ = Proj(Γϑϕp). (7)

: ua ϑ̂

; us , , us1

(ks1 > 0), us2

.

(6) (5) :

1
β1

ṗ = −ks1p + us2 + ϑ̃Tϕ +
Δ(x, t)

β1

. (8)

1∼4 ,

us2, :

i) p · us2 � 0, (9)

ii) p(us2 + ϑ̃Tϕ +
Δ
β1

) � ε + εdf
2
d(t). (10)

ε εd ,

. (10) , us2

.

1 (9)(10) us2:

us2 = −(
1
4ε

h2 +
1

4εd

δ̄2(x)) · p, (11)

:

h � ‖ϑ̃max‖‖ϕ‖, ϑ̃max = ϑmax − ϑmin,

ϑmax = [
α1max

β1min

α2max

β1min

1
β1min

d0M

β1min

]T,

ϑmin = [
α1min

β1max

α2min

β1max

1
β1max

−d0M

β1max

]T,

δ̄(x) =
δ(x)
β1min

.

(11) 1 (9).

2, (11) (10)

p (us2 + ϑ̃Tϕ +
Δ(x, t)

β1

) =

− 1
4ε

h2 · p2+ϑ̃Tϕp+p
Δ(x, t)

β1

fd − p2 1
4εd

δ̄2(x)�

−(
1

2
√

ε
‖ϑ̃max‖‖ϕ‖|p| −

√
ε)2 + (

√
ε)2 −

(
1

2
√

εd

p δ̄(x) −√
εdfd)2 + (

√
εdfd)

2 �

ε + εdfd
2.

2 (1) (6)(11)

(7) ,

,

p :

p2(t) � e−2β1minks1tp2(0) +
β1max(ε+εdf

2
dM)

β1minks1

[1−e−2β1minks1t]. (12)

Lyapunov :

V (t) =
1

2β1min

p2(t). (13)

(8)(10)

V̇ =
1

β1min

pṗ =

−ks1

β1

β1min

p2 +
β1

β1min

p(us2 + ϑ̃Tϕ +
Δ(x, t)

β1

) �

−ks1p
2 +

β1max

β1min

(ε + εdf
2
d),

V̇ � −2β1minks1V +
β1max

β1min

(ε + εdf
2
dM), (14)

V (t) � e−2β1minks1tV (0) +
β1max(ε+εdf

2
dM)

2β2
1minks1

[1−e−2β1minks1t], (15)

(13) (15) (12). :

lim
t→∞

p2(t) � β1max

β1min

ε + εdf
2
dM

ks1

. (16)

β1min, β1max fdM , , (12)(16)

, ε, εd ks1,

.

4 (Adaptive ro-

bust controller for higher-order system)
.

.

:⎧⎪⎨⎪⎩
x(n) =
f(x(t), ẋ(t),· · ·, x(n−1)(t), u(t))+Δ(x, t),
y = x(t).

(17)

: u(t), x =
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[x ẋ · · · xn−1]T xd = [xd ẋd · · · x
(n−1)
d ]T

.

:

6 f(·) x, ẋ, · · · , xn−1

, , :

∂f

∂x(i)
∈ [αimin, αimax], i = 0, · · · , n − 1.

7 f(·) u ,

, .

:
∂f

∂u
∈ [β1min, β1max], βi min > 0.

8 f(·) f(0, · · · , 0) ,

: |f(0, · · · , 0)| � d0M .

9 Δ(x, t) : |Δ(x, t)| �
δ(x)fd(t) δ(x) , fd(t)

, , |fd(t)| � fdM .

10 yd(t) n .

3 6∼8 (17),

:⎧⎪⎨⎪⎩
x(n) =α0(t)x(t)+· · ·+αn−1(t)x(n−1)(t)+

β1(t)u(t)+f(0,· · ·, 0)+Δ(x, t),

y = x(t).

(18)

:

αi(t) =
∂f(·)
∂x(i)

|(0,··· ,0,γi,x(i+1),··· ,x(n−1),u(t)),

i = 0, · · · , n − 1,

β1(t) =
∂f(·)
∂u

|(0,··· ,0,γn).

γi, i = 0, · · · , n − 1 0 x(i) ,

γn 0 u . 6 7 ,

α0, · · · , αn−1, β1 . 1, .

s(t) = (
d
dt

+ λ)n−1xe(t), λ > 0, (19)

s(t) = ΛTXe(t), (20)

: ΛT = [λn−1 (n − 1)λn−2 · · · 1],

x = [x(t) ẋ(t) · · · x(n−1)(t)]T,

xd = [xd(t) ẋd(t) · · · x
(n−1)
d (t)]T,

Xe = x − xd.

(18)∼(20)

ṡ(t) = ΛT
ν Xe(t) + x(n)

e (t) +

β1u(t) + f(0, · · · , 0) + Δ(x, t), (21)

ΛT
ν = [0 λ(n−1) · · · (n − 1)λ],

1
β1

ṡ(t) = u(t) + ϑTϕ +
1
β1

Δ(x, t), (22)

:

ϑ = [
α0

β1

· · · αn−1

β1

1
β1

f(0, · · · , 0)
β1

]T,

ϕ = [x · · · x(n−1) ΛT
ν Xe(t) − x

(n)
d (t) 1]T.

u :{
u = ua + us, ua = −ϑ̂Tϕ,

us = us1 + us2, us1 = −ks1s,
(23)

˙̂
ϑ = Proj(Γϑϕs). (24)

, us2, :

i) s · us2 � 0, (25)

ii) s(us2 + ϑ̃Tϕ +
Δ(x, t)

β1

) � ε + εdf
2
d , (26)

ε εd , .

2 (25) (26)

us2:

us2 = −(
1
4ε

h2 +
1

4εd

δ̄2(x)) · s, (27)

:

h � ‖ϑ̃max‖‖ϕ‖, ϑ̃max = ϑmax − ϑmin,

ϑmax = [
α0max

β1min

· · · αn−1max

β1min

1
β1min

d0M

β1min

]T,

ϑmin = [
α0min

β1max

· · · αn−1min

β1max

1
β1max

−d0M

β1max

]T,

δ̄(x) =
δ(x)
β1min

.

4 (17) (23)(27)

(24) ,

s :

s2(t) � e−2β1minks1ts2(0) +
β1max(ε+εdf

2
dM)

β1minks1

[1−e−2β1minks1t]. (28)

. 4 , ε, εd ks1,

.

5 (Simulation results)
:⎧⎪⎨⎪⎩

ẋ1 = x2,

ẋ2 = f(x1, x2, u) + Δ(x, t),
y = x1.

f(x1, x2, u) . :
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∂f

∂x1

∈ [−1 1.5],
∂f

∂x2

∈ [−2 2],

∂f

∂u
∈ [0.5 1.5], |f(0, 0, 0)| � 0.1,

f(x1, x2, u)

f(x1, x2, u) =
1 − e−x1

1 + e−x1
+ 2x2 sin t + x1 sin(3t) + u.

Δ(x, t) = 0.05 sin t.

yd(t) = 0.5[sin t + sin(2t) + sin(3t)].

x(0) = [0.1 1]T, u(0) = −1,

Γϑ = 10I4, ks1 = 15, ε = εd = 0.01.

T = 0.001 s,

1∼3 .

1

Fig. 1 Desired and tracking results

2

Fig. 2 Output tracking error

3

Fig. 3 Output of controller

, .

, , .

6 (Conclusion)

. ,

,

. ,

, ,

, ,

.

.
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